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Chapter 1 M EIEHEZEE
(Measure-Theoretic Probability)

5i% - Roadmap (FE£iEXE, F282K)

RS - s, MR N E RGN ERNIES . AT ATEE
XG> Fo—BREARZSEEESR (e [0,1), RAEGE— D THAH
B — MR ——FE AR B A — M ESITNESTE (o-18)
WRER , TR FRE =TT (Q, F,P) il e =4 FR AR, “BadlL
A EE IE A E SCA—A T )k 2

VAN VPR FEX B, mEF = (D) SR — DR,
F B2 R AREHAS R (B2ERI) ;0 (2) DR —3E— 1T E(g(X))
(1R NFE 7S R A — B HE B — B B R g (e A2 E(g(X)) = [ gdPx.
HI 2 B SCHINED) 5 (3) FIERIAMRSS / =R siUE# (MCT/DCT) se4t)
[REFS . X=FFEAREZR IR, JFlC L 2025 FREHE B

1.1 o-185 Borel i

[{ESEZ; eeo FH Med| ##s# 2iE: 2022, 2024, 2025

BAVEREE— M ERZE Q (FETREERINES) « TRATERBER AL T4,
M. PR AT AN FI O G ME A ANEAE"8 A 5 As
.. RAETERRAT o XA o1

Definition 1.1: o-1 (o-field / o-algebra)
A collection F of subsets of ) is a o-field if
(i) Qe F;
(i) Ae F = A° e F (closed under complements);
(iii) A1, As,---€ F = U2, Ai € F (closed under countable unions).

The pair (2, F) is a measurable space; members of F are measurable sets
(events).
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Remark (HAEILZIGEHEHAIILE).
ghes (1)(i) 14 0 = Q° € F; 454 (ii)(iil) 5 De Morgan 15%5 77 & s 3 p: ), Ai =
(U; 4A9)° € Fo FrLA o-3g0 b AIEE. ATEs” = R/ Ea s i .

5E Q MR ETEC, 18 C & o300k o(C), B C £RIY o-15
(BETIAES CH o-HZ8—3 K o-38 {2 o-30) . mELERHIT258 E
¥ Borel I8,

Definition 1.2: Borel o-field

The Borel o-field on RY, written B(R?) (or just B), is the o-field generated by
the open sets:
B(RY) := o ({open subsets of Rd}).

Its members are Borel sets. Equivalently B(R) = o({(—o0, z]| : z € R}).
#o3E: Borel YR UIRAEATATHCUOR . MK RS kA ™—TF S

AIER. s ATECER. XA #RJ2 Borel 8. B3k Borel 43R %3N, %)
FEJURERYX <2}y {X € BY XM, BUA B J2 Borel %o

Fact 1.3: BE#5£ 2 Borel £, H Lebesgue MEAE

QN[0,1] BAHMHEEZIH, FIHM {¢f = Nala— 2,0+ L) 2 Borel £,
M QN0,1] € Bo X A({¢}) =0, WAEAINME M(QN[0,1]) =0, MITCEEEL
% [0,1] \ Q Y Lebesgue MEH 1. X 4F LR 2025 FKHBEE 6 MHHA%K,
AT 1.3.1 ¥

1.2 MESHERZE
[EE eeo I Med] H#s# &ik: 2018, 2024
Definition 1.4: Ul Measure
A measure on (2, F) is a function p : F — [0, 00] with
(i) () = 0;

(ii) (countable additivity) for pairwise disjoint Aj, Ag,--- € F, /L(UZ Ai) =
> 1(As).

A probability measure additionally satisfies p(£2) = 1; we then write it P(-) and
call (Q, F,P) a probability space.

k2B S = K/N 1% — 185 Lebesgue MIFE N 1< B /1H AR /AR FH
(M[a, b)) = b—a) ; TEMEFEEITEDEG MERNEE TN, 2 50—
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P(Q) = 1. {ERMAME +oo (Lebesgue JIEET A(R) = oo), [HMERMEIELE [0,1].
MM S A B AT — B HE R, IR IS A 4R A S T AT T -

Proposition 1.5: #ZNEAERER

P(A°) = 1 - P(A); ¥ A C B = P(A) < P(B); &% P(AUB) =
P(A)+P(B) -P(ANB); LAKELNE Ayt A= P(4,) = P(4).

N\

Remark (At AZRTHAM, MASHERIALAE).
AIRFTICRES (EAH BRI S, X AR T T8 55 A i T 7 X A FR
) 5 ARETECAT ISR 5B S H AR JE—— Bt [0, 5] AR~ B R ATl i,
A0, 3]) =Y, AM{a}) =32, 0=0# 5o AT ARG B A 4T
1.3 BEHZEE = AINERE

[TEER eee & High] ##s% 2ik: 2017, 2019, 2022, 2024, 2025
REEEREBN T N REIERZHE D Q - R FEE, 2
PRIE"X J57E 5 Borel SEE XM AN F# (BT F), BMBEREHITER.

Definition 1.6: f##13%¥ & Random variable (measurable function)

Let (92, F,P) be a probability space. A function X : @ — R? is a random

variable (a measurable function) if

X 1'B)={weQ:X(w)eB}eF forevery B € B(RY).

Theorem 1.7: REXFTAERTTIGUE (AT TEFHE)
#HB=oC), M X "ML EAY XH(C) e Fx—4) C €C . HiniH,
X: Q>R << {X<z}eF X zeR .

SR PR TIEI T H: FUE— BB, R XA Borel 8 B KiF
X'B) e F (ﬁﬁm?ﬁ% ) HiExtEgoe (WA (—oo,z]) EUERITT,
NRGAREE 58 Y, WIS {B: X 1(B) € F} KGR -3, ®&EHIOH

BEHA B,

Definition 1.8: 55 7% / #BIWE Induced (push-forward) dis-
tribution

A random variable X induces a probability measure Px on (R?, B) by
Px(B):=P(X'(B))=P(XeB), BeB.

Px is the distribution (law) of X. The CDF is Fx(z) = Px((—o0,z]) =
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P(X <uz).

1.3.1 Worked example: 2025 %1&% Part 501 5 6 f2t

JR& (Comprehensive Exam 2025, Pinkse, Q6)

Consider (2, B,\) with Q@ = [0, 1], B the Borel field, and A Lebesgue measure.
Define x : 2 — R by

x(w) =

{\@, w rational,

1 —w?, w irrational.

Is x a random variable? Show that it is (or isn’t).

Solution.
Zit: B MHE (Theorem 1.7) HFWMH {w: x(w) <t} € B XNt € R i
o AEE SO T/ TR T

{x<t} = (Qn[0,1]N{w:vw<t}) U (([0,1]\@)ﬂ{w:1—w2§t}).

:ZAt ::Bt

A; & Borel &£: {w: w <t} 2 XA (0. [0,#%] Z2), 5 Borel £ QNJ0,1]
BUAg A2 Borel £2 (F552 2 A4 EE, ik Borel), B; & Borel &£: g(w) = 1 —w?
Tk, {1 —w? <t} EMH%E (Borel); 5 Borel £ [0,1]\ Q B35 Borelo P
Borel 227 3142 Borel £, it {x <t} € B, iFt. A

Remark (% =ig)F).

X B A —FE: (1) B {X < ¢} BHEMIEZE Borel 55 (2) #4%&E X
[ B AR B LE: (3) TR 2 B8R B /K46 (Borel) "5 %8
Q (Borel) "fY3cF, [HIf Borel, ¥4t F 52: Q 1[4 = Borel. {F£I[EFiRLA
R AR T A B R T —— e e R, R Q AT, 4B e S
FERIL. B —42, BT AQN[0,1]) =0, x 5§ 1 —w?® JLFLAME, i
E(x) = [} (1 —w?)dw =2,

1.4 o5 “GRENE: BTAR

[fE5E eee & High] ###% 2iF: 2017, 2018, 2019, 2024
AL Lebesgue 17 E(9(X)) = [, 9(X(w)) dP(w). % [EHH)—MIE
£k E “FRENLEE” (standard machine) : EFE A TR EZER X — P A]
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Bl g BT, VU HESE—e 0 3 = % 4, FERMEEn e & 2% 2%, HA MCT L7
FlAERTMHK, BJEFg=9" — g~ Fl—HRTRHIK.

Theorem 1.9: #7T / #BIA3 (Law of the unconscious statisti-
cian)

[REPRODUCE —memorize this proof]

Let X : Q — R¢ have distribution Py, and let g : R — R be measurable with
E(]g(X)|) < co. Then

Proof for Theorem

Step 1 (indicators). For g =1, Be€ B: [,15(X)dP =P(X € B) = Px(B) =
[ 15 dPx by the very definition of Px.

Step 2 (simple functions). For g = > ;" ¢;1p,, both sides are linear, so
equality follows from Step 1.

Step 3 (nonnegative g). Take simple g, T ¢g pointwise (always possible for
measurable g > 0). By the Monotone Convergence Theorem applied on both sides,
[ gm(X)dP — [g(X)dP and [ gmdPx — [ gdPx; Step 2 gives equality at each
m, hence in the hmlt.

Step 4 (general g). Write g = gt —¢~ with g& > 0. Integrability E(|g(X)|) <
oo makes both pieces finite; apply Step 3 to each and subtract. B

Remark (At AXENRERTEZINE

“indicators — simple — nonnegative — general” X B4 245 2 | B 16 5B &% 18 FH FY IE

ﬁ%’?ﬁ, Tk 2/ =AM (a) oo (B) 5 (b) M E SR

= [ fdp WhE, H [gdv = [gfdp (2018 Q3. 2024 Q1, WF): (c)
ﬁﬁﬂ AR PESE, 1I8EXIY, FEERSHEIFT .

Theorem 1.10: HZEEXHINE (2018 Q3 / 2024 Q1)

[STRUCTURE —know the steps, fudge details]

Let (2, F,u) be a measure space and f : © — [0,00] measurable. Define
v(A) := [, fdu for A € F. Then (a) v is a measure on (2, F), and (b) for

d
any measurable g >0, [gdv = [gfdu. We call f = # the Radon—Nikodym

derivative of v w.r.t. p.

Proof for Theorem
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(a) v(0) = [, fdu = 0andv > 0. Countable additivity: for disjoint A;, v(UJ; 4i) =
f]lUAide = [(Xi1a)fdp =3 [1a,fdp = 3, v(A;), where swapping 3
and [ is the Monotone Convergence Theorem applied to the nonnegative partial
sums. (b) Run the standard machine of Theorem 1.9: it holds for g = 1 4 (that is

the definition of v(A)), extends to simple g by linearity, to nonnegative g by MCT.
[ |

Theorem 1.11: BEiFIsL (MCT) 5#FHks (DCT)

[STRUCTURE —know the steps, fudge details]

Let f, — f pointwise (a.e.). MCT: if 0 < f; < fo < -+, then [ f,dp —
[ fdu. DCT: if |f,| < h for some integrable h (a fixed dominating function),
then [ fp,du — [ fdpand [|f, — f]dp — 0.

Fig: N BB 75— lim 5 E(-). XSHCRIFLR5
(Leibniz i) {85 BUEir Y% 5 MCT/DCT FHIEMAT. % £
—EE AR AL b, DCT gkar. S5PUEE bootstrap — P S48
THENTEAAFE R t2 DCT (4% s ECREE 1) .

1.5 HEM Self-Test

Example (Self-Test 1: RJTE).
(L, F) = ([0,1],B)s BE Y (w) =w Hwe0 5], Y(w) =2-wHwe (3.1]
Y 2R g
Solutlon
FBo {Y <t} XNt HEWNXEZIE (V FEWBL LAGESE ), 2 Borel £8;
BCERE Y B BOELLREL, 7B s a Borel 453, AT,

Example (Self-Test 2: #REH1S).
ix X HEE fx (RF Px(B) = [5 fxd\) o A#ICAR S Theorem 1.10 iEH]
= Jp9(x) fx(x)dz,
Solution.
B Theorem 1.9, E(g(X)) = [gdPx. X Px LA fx NKT X HE Elﬂ Theo-
remllO()(El,u )\I/—PX,f—fX) fgdPX—fngd)\ fg fx(z)dz.
XIE AR E(g = [ gf IR B IR AR o

Example (Self-Test 3: RiRRS5T5).

B (@) =111 my (W) 76 (10,1,A) Fo [ fud BRBEZ AR fr MIE SR
R UL A 5 MCT/DCT FJ515?
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Solution.

J fudh =1 XA n, BB 1o H fo(w) = 0 Bl GHEEPFIE w >0, Hn
KIS fa(w) =0), HBUN 00 APJE: fro BEARIE LT (MCT A&, Wiy
NAEATBUE SRR (EEHET h(w) > sap, fo(w), 1 [ sup, fo = oo, DCT A&
W) o X IE SR BOA T H BB AR IR S T A RESCHR AR T B A1 o



Chapter 2 #1fa. . ERE5FEFR
(Distributions, Moments, Cumulants &
Inequalities)

5i% - Roadmap (FEiEXE, FEARX)

AT EIE R B R, AR E R AL AR B R A A 4R X R A
S — e % 5 A (Bernoulli/Binomial /Poisson/Geometric. Uni-
form/Normal/Exponential/Gamma/x?), #1& {1 pmf/pdf/CDF. #2. J5%
—IRIEETSE: HHBENIAE RE A g(X) ZHURHE S 45 (FIHZEHAY Jaco-
bian, Z = X? XEIERPETY) : B /248 4 Rk MCGF 54 E&8—F
T ME—HhE A BRI PUR PSR % AAE3IANE AR E cumulants 5 R
HEFREL K(t) = log M(t), RiPYKY cumulant 454X} mean / variance / ffi &
DT Ba—BEME R F X (Markov. Chebyshev. Jensen. Cauchy—Schwarz.
Holder. Minkowskis Lyapunov. ¢.) LAN W4 R R (Hoeffding. Bernstein) ,
BA&/EH LLN/CLT. #350)%. bootstrap —Z{tk 152 %

T FEAEX —EEEAM, HEF LIS (1) M hazard / CDF / MGF X
RN R w400 (2) B o(X) WEE (Z = X2 Bigites
PIT 77 Beta) ; (3) M cumulant generating function > cumulants; (4) H]
Markov + Jensen £ R # A BT 44k ORNEFMAL . ANFEMT) FE— 2
HKH; (5) H Hoeffding i — M ABRIEA size-a falr. AFE M, G
F 2020 / 2023 / 2024 / 2025 Yk R

2.1 WESHIEZLE (Named distributions)

[E5EZE e oo 1 Med| a4 2ik: 2020, 2023, 2024, 2025

TGRS ARG, B PEE A A BAR A A LIk 25—
A pmf/pdf REFE T EHE IETTERZL D MGF KA 4. IX— @i ki A
o 2958 BEUN pmf p(x) = P(X = 2), #ZH] pdf f, CDF —{f F(x) = P(X < ),
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2.1.1 BESH
Definition 2.1: MNP BEFE 9%

o Bernoulli X ~ Bern(p), p € [0,1]: p(1) = p, p(0) = 1 —p. E(X) = p,
Var(X) = p(1 —p), M(t) =1 —p+ pe".

e Binomial X ~ Bin(n,p): p(k) = (})p*(1 —p)" ", k=0,...,n. E(X) = np,
Var(X) = np(1-p), M(t) = (1—=p+pe!)™. (X = X1, Xi, X; "~ Bern(p).)

e Poisson X ~ Pois(\), A > 0: p(k) = e MF/kl k= 0,1,2,.... E(X) =
Var(X) =\, M(t) = exp{A(e! — 1)}.

o Geometric X ~ Geom(p) (“BUKBINHTHIRMIRE ) « p(k) = (1
E=0,1,2,.... E(X) = (1-p)/p, Var(X) = (1—p)/p M(t) = p/(1 — (1 -
p)et) for et < 1/(1 — p).

WAk . H—: Poisson & “F G H 130 Bin(n,p) £ n — oo, np — A [
WeELE Pois(N), FrLAEMMEAS T7 £ (XE2W A g Poisson” K HEIR) o H
. Geometric [ TICIHEP(X > s+t | X >s) = P(X > t) ZEH A EE—H
A A, IEX S B FR B A L §2.1.2 5 2020 Q2 [ hazard iR

7l

2.1.2 EEHH
Definition 2.2: AN EEZ &S

o Uniform X ~ Ula,bl: f(z) = ﬁ]l[a,b}(x), F(r) = =% on [a,b]. E(X) =

a b7a2
%b, Var(X) = (b=a)” 12) )

e Normal X ~ N(u,0?): f(x) = \/%U exp(— (m_”)Q). E(X) = p, Var(X) =

0%, M(t) = exp(ut + 30%t?).

e Ezponential X ~ Exp()) (rate A > 0): f(z) = Xe 1900\ (z), F(z) =
1—e™® P(X >1) =e . E(X)=1/) Var(X) = 1/A2, M(t) = 12 for
t <A

o Gamma X ~ Gamma(r,\) (shape r > 0, rate A\ > 0): f(z) =
F’\(;)x’"*le*)‘x]l(o,oo)(x), where T'(r) = [Za" e ®da. E(X) = 7/,
Var(X) =r/A2, M(t) = (525)" for t < A.

o Chi-square X ~ x%: the Gamma(r = k/2, A\ = 1/2) special case, f(z) =
mxk/%le*xﬂn(gm)(x). E(X) = k, Var(X) = 2k, M(t) = (1 —
2t) k2 for t < :.
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Fact 2.3: IERFEBHIXLRE

(i) Exp(\) = Gamma(l,)); iy, Gamma [6 rate FH/1 shape #/0:

Gamma(ry, A) + Gamma(re, \) = Gamma(ry + r2, A) (H MGF I 15)
(i) 7 Z ~ N(0,1) M 22 ~ x}; WOTAREERTFIM X5, 22 ~ xio }:%475
firg Wald / LM #5385~ 77 53 A B4R

Remark (Gamma HIF#SELINER).

11

Andrews P L H rate A\ (MGF = (A/(A—1t))"), A~DEHMH scale § = 1/X (MGF
=(1—-0t)"") o ARG I Andrews [ rate. # FHEZ| f(z) x 27 Le ™ jhik

rate, A e o B scale, XRMESRIE 7/X 5 0.

2.2 MEHZENTH: o(X) HIEE

[TEER eee 5 High]| #4s% 2ik: 2020, 2023, 2024

X WEE, MY = g(X) FEE—XE P B Sk i, 072 Jaco-
bian. PFEE: g R (—xb—) AITAs g EEHRIE (0 g(e) =2?) EY

FEE ME R A TG K -
Theorem 2.4: BT/ (change of variables / Jacobian)

[REPRODUCE —memorize this proof]

Let X have pdf fx on an interval, and let g be strictly monotone and con-
tinuously differentiable on the support of X, with inverse x = g~!(y). Then
Y = g(X) has pdf

W) = I W) | W] v e glsupp X).

Proof for Theorem
[REPRODUCE —memorize this proof]

Take ¢ increasing (decreasing is symmetric). Then Fy(y) = P(g(X) <y) =
P(X <g '(y)) = Fx(97*(y)). Differentiate in y via the chain rule: fy(y) =
fx(g 1 (y)) - %g‘l(y). For decreasing ¢ the event flips to {X > ¢~ !(y)}, giving a

minus sign that the absolute value absorbs. Hence the |-|. B

EHFTE (N Z = X?) HRE=ED

U g A, FAEEIEE Theorem 2.4, MiE“SE CDF. R G 5“4 30k AT™
Step 1. HHi Y K9504%E (g AYMEIED
Step 2. X&4y, KHAFATE 9(z) =y IR 21(y), ..., 2m(y); AR DRI
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g JREREI o
Step 3. %733 [y Jacobian #H: fy (y) = X271, fx(z;(y)) %‘o

Fhik: BEE Fy(y) =P(X) <y) FRS—ARRRANEEER, 15
W=

2.2.1 Worked example: 2020 ##&* Ql(b) (Z = X? HEE)

JRR&% (Econometrics prelim 2020, Q1)

Suppose that (X,Y) has a joint probability density function fxy(z,y) =
8zy1{0 < x < y < 1}. (b) Let Z = X2 Obtain the probability density

function of Z.

Solution.

R X WARREE. [HE v € (0,1), HFEZR y € [2,1], #&

1 1 _:1:2
fX(:U):/ 8ry dy = 8x - 5 = 4z(1 — 2?), xz € (0,1).

OBEFHAE: [} 4r(l —22)de =42 - 1) =1, BEHEHE.)
BMARATR. gx) =2 £ X 5% (0,1) E™iEmss (o x> 0),

HCAT BB Theorem 2.4, A8 o = g7 (2) = /Z, f—z\/g = 2\1/50 N
FA0) = (WD) gz =WE(L=2) = =21-2), 2 (0.1),
Al Z ~ Betaf(l, LIIEfO (1-2)dz=2(1-3)=1. W

Remark (391'['/4\1_%7(\ 9T KRE).

B w e w? A R AR, (0 X B SHEBIREITE (0,1) C (0,00), fEIX
—B g 8. JUH MR VZ. 8 Theorem 2.4 BBEEM . BUEHEA T
SR (O SORAT S0, §22) MRS 0 IE: £ X ~ N(O.1),
W Z=X2 [ARMR £V, [2(2) =2-0(V2) 52 = e % ER X
HE—IXHe Fact 2.3(i0) 1 EHOEN.
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2.2.2 Worked example: 2020 #1&* Q2 (hazard iR7|3iE# 2% + PIT
15 Beta)

J&R% (Econometrics prelim 2020, Q2)

Let Xi,Xo,...,Xn be iid. with P(X;<0) = 0 and
limpo P(X1 <z +h|X1>2)/h = 1 for all ¥ > 0. Let X(; be the j-
th smallest among X7, ..., X,. (a) Compute E(X;) and E(X(l)). (b) Let F be
the CDF of Xj. Derive the CDF and pdf of Y{;y := F(X;)) for j =1,2,...,n

Solution.

(a) B hazard RIMEE P . & X hazard rate A\(z) := limy g P(I<X1§9;+h|xl>x) —
A S MNz) =1 X8 =z >0, HZHEE (0,00)
(K P(X1 <0)=0). f# ODE: % = —%10g(1_p) =1=1-F(x)=e2, [l
X1~ Exp(1).

E(X)) =

B/ME Xy BI92%. P(Xq) >2) =P@l X;>z) = (e)" =™ (Hiid.),
B X1y ~ Exp(n), T2

E(Xw) =
(b) PIT: M4t 24 CDF T8 Betao K4S &4 5 % (Prob-
ability Integral Transform): # X &%k, CDF F, W U := F(X) ~ U|0,1]. mH

FOEREL 0 X, X, WUOTRE RIS U; = F(X) b, #

FREL Yy 2 0 A i BSOS J A Bt . HAME Beta(jn—j+1):
CDF Fi“5/b j ATAE [0,y 300

Fy, (y) =P(Uy <y) =) <Z>yk(1 —y)" kg elo]

k=j
pdf CRHRS:, sCEREMAN ST RRE AT
n! )
fY(j)(y): (]_1)!(n_])‘y]—l(1_y)n—]’ (RS (0,1)

|
Remark (MAEITEZEELARNEAILD).
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8§ AMGIRL Xg) A0y BHER SR 2 - 1 AMREARNT y (%
F(y))s L MATE y GERE f(y)s n—3 PKT y (5% 1- Fy), FRED
ARE G

n!
(= Dln —j)

B F(y) =y (3&%7) stRE%_EHE Betao XA“LIIHEC 02355 LR

1 Beta SH(FE L.

fx (W) = (Y (1= Fw)" 7 fw):

2.3 . FOE. TE
(L% eeo I Med]| ##&#2iE: 2020, 2024, 2025
Definition 2.5: 5 H0%E (Moments)
For a random variable X with E(|X|") < oo:
o the r-th (raw) moment is p, = E(X");
/

o the r-th central moment is p, == E((X — p)") where p = E(X) = .

In particular g = Var(X) = E(X?) — . The skewness is v1 = ps/o® and
the (excess) kurtosis is vo = pa/ot — 3, with o = /1.

Fact 2.6: JEF7ZEMR “mTER” (Lyapunov BIH#ER)
If E(|X]®%) < oo then E(|X|") < oo forall 0 <r <s. (EEGFE = —PIK
M HEAEAE) HEW, Lyapunov AZE= 2.13,

AT R RS SR E(XY) < oo, WELGIHIAE E(X?).
E(X2). E(|X|) 4#AR—CLT EE M. delta J7k RN, 4EHERXS
AR A . RS Cauchy 495 B(|X|) = oo, 1Bk
.

2.4 MGF. $HEEHS “H—HESH’
[{E5EZ: e oo & High] ##s#% 2iF: 2020, 2024

Definition 2.7: AR EE MGF

The moment generating function of X is Mx(t) := E(eX), defined for ¢ in
a neighborhood of 0 when it is finite there. When finite near 0 it generates



Chapter 2 5. 4. ERE5 15 X (Distributions, Moments, Cumulants € ... 15

moments:
d'f‘
—Mx(t)| |, r=1,2,...

) = der t=0

Theorem 2.8: MGF / HH{ERHME—HE D

[STRUCTURE —know the steps, fudge details]

(i) If Mx and My are finite in a common neighborhood of 0 and Mx(t) =
My (t) there, then X Ly (same distribution). (ii) The characteristic function
ox(t) == E(e"™) (i = v/—1) is always finite (|¢*| = 1) and always deter-
mines the distribution: px = py <<= X 2 y. Moments are read off via
%@X(tﬂt:o =¢"E(X") whenever E(|X|") < oo

M A E P TR MGF B FESEUE, ET R A2 (ERS A
Cauchy. t 734 MGF £ ¢t # 0 4bN 400) o FREREAN ¢ Hapl it, 1FEECE R
BLIA_EFRERS (X = 1, K AHEFT AL T S 40 4 FRy #/4F A——CLT [RAEIER]
SUERHERE i ERE. mBEM MGF; ik CLT. o HhERK:
fEER Yo

“IA MGF” R34 % (2020 Q3 / 2024 Q4 E£i%)

L8 H A MGF E () {E4RR51 (X, V)"
1. HREM A Xa# Mxy(t,s) = Mx(t) My (s)—#RE, X LY (J57),
2. HFET GkaR (Def2.2) X5 /2 2 N(0,1) fly MGF,

3. fET& KA aX +bY ] MGF = E (e(@X+0DY) = My v (at, bt);
BN e /2 LA ~ N(0,¢)o B IESHIAb SR RIES.

Example (2024 ##&% Q4(a) B9 MGF i251—%).
2024 Q4 25 E(X YY) = exp{(t* + s%)/2}, MY | 2X + Y [WEHEE.

Solution.
MGF R4t = exp(t?/2) exp(s?/2) = Mx(t)My(s), FMNHEFE N(0,1)
MGF, # X,Y "% N(0,1). T4 (Y, 2X+Y) BEAIES, Var(2X +Y) =441 =5,
Cov(Y,2X +Y) = Var(Y) = Lo TREIES FTEMHAMMIES: Y | 2X+Y =w) ~

N(bw, 1 1) = N(2,4). BH AR —%A 07 SRPEEAA A 3.

2.5 BEMESRAEEHEHY K(t) =log M(t)

[fRER eee B High] ##s% LiE: 2025
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Definition 2.9: 2R EF R 5 ERE (Cumulants)

The cumulant generating function (cgf) of X is Kx(t) := log Mx(t) (defined
where My is finite and positive near 0). The k-th cumulant ki is the k-th
Taylor coefficient at 0:

= d*
Kx(t) = v =S Ke@) .
X() ;Kkk!, Rk dtk X()tZO
Theorem 2.10: BITUR cumulant 5 %893 F R
[REPRODUCE —memorize this proof]
rm=p=EX), m=o’=Var(X), r3=mm=E(X-p?),

R4 = g — 304.

3/2 .
Hence skewness v; = K3/ /<c2/ and excess kurtosis y2 = K4/ H%.

Proof for Theorem

[REPRODUCE —memorize this proof]
Write M (t) = 14 ujt+ %étZ—i- %gt?’—i-- -+ and expand K =log M = log(1+u) =
u— “72 + %3 — -+ with u = M (t) — 1. Collecting powers of ¢:

k1=py, ke =ph— (1)% ks = ph — 3pqph +2(ph)?,
Ky = puly — Aty — 3(ph)? + 12(p7) iy — 6(p) ™.

Re-centerin L— (uh)? = 02, etc.) gives the stated ko = 02, k3 = U3, K4 =
g (Hg 1 g

py — 30t W
Remark (cumulant A{tA1FH).

P AT (1) AIARTE: 7 BENIAE REZ AT, cumulant BRI ce(X +Y) =
k(X)) + re(Y) (B Kxiy = Kx + Ky, 0720 MGF #H33f. HU log FIFHAN) -
L X = 53 X 1 k(X)) = n'~Frp(X0)——k > 3 [EH cumulant L n'~*
FREENS S, IXIE 2 CLT [ IEAML™: k3 ke — 0. (2) EZSEEL: N(u, 02) 14
K(t) = pt + 302 =k $ AKX, W w1 = p, k0 = 0%, T k= 0 X—4) k > 3.
—ADRIEDS < T &L cumulant 428%,
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2.5.1 Worked example: 2025 #&* Qb5(a) (#5# 4 H) cumulants)

[f7% (Comprehensive Exam 2025, Pinkse, Q5)
Let {u;} be i.i.d. standard exponential (i.e. u; has density exp(—u)L(u > 0)).

(a) Determine the cumulants of u;.

Solution.
u; ~ Exp(1), rate A =1, &L (Def 2.2) H MGF 4

M(t)=——= t<1

BOSEUAT cef
K(t) =log M(t) = —log(1 —t), t <1

i log(1 —t) FIRGEL —log(1—) = S50 &, &Y K(t) = dok>1 ki by MR
%

kp 1 k!
e © S — 1) =1,2.3,...
= |m=p=Gk-DH k=123

B ki =00=1 (A =1/A=1, M) ko=1=1 (F7E =1/ =1,
) k3 =21=2, ku=3'=6, A

Remark (FRig)F).

X Def 2.9 IUEEENH: B MGF — B log — £C40 B3 — A K.
EBEE . (1) — &S K(t) =Y set®/k! GEBITED), T k! 2330 ke 50K
ko (2) Weslds ¢ < 1 BE, H0 MGF 16t > 1 & ilt: k3 =2>0
HIHGROMT AT (skewness = rg/ky > = 2), HEEWE .

2.6 BMEFAEXNLR

[fE5EZ e oo & High] ##s# 2id: 2023, 2024, 2025

KRR R RN . FEFEMEAPK: BEMZE (Markov, Chebyshev,
Hoeffding. Bernstein). 4R K/ (Jensen. CBS. Holder. Lyapunov. ¢.). =
AR (Minkowski) . FHIFE e JFRA A
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2.6.1 #EARZEIN (Jensen / CBS / Hélder / Minkowski / Lyapunov /
cr)

Theorem 2.11: Jensen A&z

[REPRODUCE —memorize this proof]

Let g : R = R and X with E(|]X|) < oo. If g is convex, then g(E(X)) <
E(g(X)). If g is concave, the inequality reverses: g(E(X)) > E(g(X)). If g is
strictly convex (concave) and X is non-degenerate, the inequality is strict.

Proof for Theorem

[REPRODUCE —memorize this proof]

Convex case. By convexity there is a supporting line ¢(z) = a + bx at the
point p = E(X) with ¢(u) = g(n) and £(z) < g(z) for all x. Take expectations
of £(X) < ¢g(X): by linearity E({(X)) = a + bu = £(p) = g(p), so g(E(X)) =
E((X)) <E(g(X)). Concave case: apply to —g. B

T DES “EREERES” B (g(E(X) < E(g(X)). me R
. PRI (1) g(e) = o2 1 = (E(X))? < E(X2), B2 > 0: (2)
g =log M = log E(X) > E(log X)——X5c1E/2 M 2025 Q4 55555 MLE —&f:
(Kullback Leibler 67 19315, B4 g(z) = |2| 1 = [E(X)] < E(X]).

Theorem 2.12: Cauchy—Schwarz / Holder / Minkowski

[STRUCTURE —know the steps, fudge details]

Let p,q > 1 with %—1—% = 1 (conjugate exponents). Writing || X]||, =

(E(|IX[P))H/P:

o Holder: E(|XY]) < | X||, [IY]],-

o Cauchy-Schwarz (CBS) (p = q = 2): ‘E(XY)‘ < E(XY]) <
(E(x) " (E(r?)) "

 Minkowski (triangle ineq. for LP) (p > 1): [| X + Y|, < [[ X[, + Y],

=H 2% Holder 2B, p = g = 2 iB{b ik CBS, CBS W IE%5 Minkowski
ER . B3 1 Holder /2 FAIIEE < S HIEHZ R, CBS 21 L? 4], 1IE2
i AR RE | Corr | < 1 HPERJE (X —E(X), Y - E(Y) Bif5 |Cov(X,Y)| <
oxoy). Minkowski ffiIE -], 2 ERAEE GlE =AATERD .

Theorem 2.13: Lyapunov £~%3 (L" SEHBE » 2if)

[REPRODUCE —memorize this proof]
For 0 < r < s (E(|X|r))1/T < (E(|X|S))1/S, ie ||X]|, < ||X|,. Hence
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E(|X]*) <oo=E(|X]|") < oo forall 0 <r <s.

Proof for Theorem
[REPRODUCE —memorize this proof]

Apply Holder to |X|" -1 with exponent p = s/r > 1 and its conjugate g¢:

E(|X|") = E(|X|"-1) < (E((|X|7")p))1/p 1= (E(|X|S))’”/S. Raise both sides to
power 1/r. B

Theorem 2.14: ¢, 5=,

[STRUCTURE —know the steps, fudge details]

For r > 0 and any random variables X, Y,

1, 0<r<l,
E(IX +Y|) < (E(IXI) +E(Y])), &=
271 > 1.

cr AN TOATHY FEAR B WUE 2 A RS E T BB T B e 1EW]: » > 1 I
x> |z|" Y, f Jensen |[2FY|" < F(X|[T+|Y]), 2 M =21 0<r <1
B Ja+ 0" <al” + [b" GRATINME) « EAESATIE LLN (ISR 6 R RD) Y
S B B

Theorem 2.15: von Bahr—Esseen A%, (JMiZEZFRY D %6,
1<p<2)

[STRUCTURE —know the steps, fudge details]

Let z1,...,x, be independent with E(x;) = 0 and E(|z;|P) < oo for some
1 <p<2 Write S, =), z;. Then

E(|S:f) < G Y E(lail?),  Cp=2 (THEEEM2 - 1).
i=1
RERIHL, Lid. B E(]S,P) < 2nE(|z1P) = O(n).

RRATIME— % A2k 2 A TR, R TTRE R R HH R D5 %
8 er REEH (Theorem 2.14 ¥EAR n WL AT E(|SuP) < nP~' STE(|l2fP), HAS)
FEBNT + BEZF + p < 27 FIREH & O(n)—KEIERIXD n Widk nP~t,
A& (1<p<2 . RF p ME. FEFAKES) © B8 E(S.P) = O(n), T2
E(‘nl_l/pa’;}p) =E(|Su|P) /n = O(1), Fxt n'~YPz f Markov (2.16) HJf5

T — = Oyfn -1/,

1E/E 2025 fEREAEE QL(b) HUfEE O WIS EHE 4.18) o B /& Marcinkiewicz—
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Zygmund AEXAE 1< p <2 (I EREH (M-Z W E(]S,P) < E((X 22)P/?),
Xt—fEp>1): M p>2 (FEAR) WMAVHHE, B CLT AHPE Op(n~1/?),
UEW] B % 4 . FEH
F4A, ik [STRUCTURE —know the steps, fudge details]

o

2.6.2 REHR (Markov / Chebyshev / Hoeffding / Bernstein)

Theorem 2.16: Markov A~Z 3

[REPRODUCE —memorize this proof]

For any random variable X and any k& > 0,

E(X])
—

P(X| > k) <

More generally, for any nondecreasing nonnegative ¢ with ¢(k) > 0:

P(IX| 2 k) <E(o(1X])) /¢(k).

Proof for Theorem

[REPRODUCE —memorize this proof]

Split | X| = | X|1{|X| > k} + | X|1{|X| < k}. Drop the second (nonnegative)
term and bound the first below by k1{|X| > k}:

E(X)) > E(X[1{|X|> k) > kEQ{X]| > k}) = k P(X]| > k).
Divide by k. 1

Theorem 2.17: Chebyshev A&

[REPRODUCE —memorize this proof]
If E(X) = p and Var(X) = 02 < oo, then for every b > 0,

[\

1
b_Qv

g

P(’X —;L‘ >bo) < equivalently P(|X —p| >e) < or

Proof for Theorem

[REPRODUCE —memorize this proof]

Apply Markov to the nonnegative variable (X —u)? at level ¢2: P(|X — pu| > ¢) =
P((X —p)? > e?) <E((X —p)?) /e = 0?/e®. Setting € = bo recovers the first
form: P(|X — u| > bo) < 0?/(bo)? = 1/b*. W

Markov HEL—F-4EsfgEH (HERAE MV EEH) . HIR55: Chebyshev
7T =Mr4E, SE—2, 25 A%A (WLLN) fREEHNES (P(X —pl>¢) <
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Var(X) /e = 02/(ne?) — 0) o XWEHINIE S AXBA (~ 1/k & 1/k) .
s 3B, 15 I Hoeffding / Bernstelno

Theorem 2.18: Hoeffding % (FRTEREHER)

[STRUCTURE —know the steps, fudge details]

Let z1,...,2z, be independent (not necessarily identically distributed) with
P(a; < z; <b;) = 1. Then for all z > 0,

((i B(w,) \>Z> < 2ep(sor ).

Theorem 2.19: Bernstein A&, (AAZWERIBHER)

[STRUCTURE —know the steps, fudge details]

Let xi,...,x, be independent, mean zero, with |z;] < M a.s. and
>; Var(z;) =: v. Then for all z > 0,

P(’ixz >z
=1

Hoeffding H H %48 5% B b —aq, 7725 BIRZHE T HESLT 2/ T (b—a)?/4
B KFA. Bernstein fE3- Bl 7 £ v (VN 2z INFT), RBEEM—ARO2EFE
TERIHEEAR . ZiHHik: E—7Da R AEEE) FEMEA. AR, i
#? Hoeffding; #HF 2. H 52/, #l Bernstein, Marcinkiewicz—Zygmund % i‘j:
R (0 E( X (2 — E(x)P) H E((C(w — E(2:)2)P/?) ) J&TF R,
FIT LLN fplcse &, SFAmiAt; H 1 <p <2 1) A% von Bahr-Esseen 7('
X EAE Theorem 2.15 FF| (SR BIET) .

2.7 FAEAHFERELE

[E5EZR e0e & High| #ss# 2id: 2023, 2024, 2025

2.7.1 Worked example: 2025 #i&%E Q4 (Markov + Jensen, RiFH
Eréa &)

JR& (Comprehensive Exam 2025, Pinkse, Q4)

Suppose that for any 4, x; is such that E(z;) = 3 and P(z; > 1) = 1. Show
that P(>_7 | logx; > 3n) < 1/3. You may NOT assume anything beyond the
conditions stated (e.g. no independence, no identical distribution).

Solution.
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BB AL T, FrLLR eIl P([Tai > €¥) $RMafH. 2 Markov Hi—
AR MR ZFIEHMZ, MIHEXSRIEEMER (SIKERTER) « MR
E(Q logzi) A ﬁ?ﬁ%ﬁ—ﬁﬁ Jensen XA 44" He g I EC, RS
B IR THEARYE 2 WA, T E(Z) = 3 2 4.
%—%:. H Jensen HEMHIRE 7 Lo EFHM A={>" logz; >3n} L., W
WLl n 18 L =Y i logx; > 3. H log ek (Jensen, [MJ7[f], Theorem 2.11),
Xfﬁmﬁﬁﬁﬁﬁjﬁi’]’ﬁﬁki (BAE n DR EHS AT FEPLAS ) -

1 & 1 <

- < il ) = T

n;logxl < log(nzng) log z.
TR A A 3<logz, HIl z> e XUHHFEARLR

AC{z>e) — P(A)SP(%>63).

FZH: Xz A Markove [ P(z; >1)=1, #tz; >1>0as., INffz>0

edE i BEdLA E, AT Bﬁarkov (Theorem 2.16) o M A ZMEM (T AL
) =157 E(z)=1-n-3=3. 1%

- 3 1
P<Zlogaji>3n> < 3 ~ 0.149 < 3

(KB I e ~20.09, 3/e3~0.149 < 0.333.) A
Remark (Aft4 R4eE “E(logz;) < log3 B Markov ¥ > logz;” ).

SRR P(A) < Bolosm) o nlogd _ logd ) 366 > 1 £t
75@ Markov FEI{EH T 3n M E  logz;) < nlog3 Ak IEE@E]’]%IE;EJEH
Jensen fHEEANFHRE] 2 B BXEMEM Markov, XEEFIEA K 2 (B oK),
A1 E@) =3 (N, HWEAES 1/3 LT, % X2 5t Jensen X5 .
T Markov #%2"4MmB B, HeRAMT E(z) =3 5 2, > 1 BPMAESR
i, RS 1 o
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2.7.2 Worked example: 2024 #F1&% Q3(a)(b) (FHEZE/IML E(|-|) +
¥E-HRAEHIEER Jensen 7)
JfR&% (Comprehensive Exam 2024, Sung Jae Jun, Q3)

Suppose that X has a probability density function f on R such that f(x) > 0 for
allz € R, and ffooo 22 f(z)dz < co. Fory € R define g(y) := f_oooo lx—y|f(z) dz.
(a) Derive a characterization of the value y* that minimizes g using the density
fo(b) Let a* := [* xf(x)dz (the mean). What is the largest possible
distance between z* and y*?

Solution.

(a) —BHsEPE = BB gly) = B(X ). AT
Y o0
- - da + - da.
s = [ w-nf@des [ @ prea

Xfy kT (B ETBRAEHERRECN 0, $ Leibniz g FIGHA, HRXT v B9
T KPR ERDH o -yl WFEER +£1 5 DCT k) :

)= [ " fe)da - / " fle)dz = Fly) — (1 - F(y)) = 2F(y) — 1.
N i

g y) =01 Fy) =35, Wy B¥as. Lg'(y)=2f(y) >0 (f>0). g
TR T O TP B o) =i > 0 N

F(y*) =

(y*" BIX AYHPALER).

D=

(b) 1E- RSB < oo DI 2* — 4 = E(X)s P y* = me o —
Vv Var(X) (1 E(X?) < oo HR) . KHEZE m FAMe g,

E(IX =m|) =g(m) < g(p) =E(X — pl).
SAEBA |p—m] = [E(X) —m| = |E(X —m)| < E(]X —m]|) (Jensen, |- |
', Theorem 2.11) o XfAAH Jensen / CBS: E(|X —pu|) = E(|X —pf 1) <
(E((X — ,u)Q) )1/2 =0 (X2 L' < L?, Bl Lyapunov, Theorem 2.13)., Hfk:

lw—m| < E(|X —m|) < E(X —pl) < o

WRERKTHRIEZRZ 0 =/ Var(X) (— I riEE):

| mean — median| < +/Var(X) |
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Remark (XA EHE —1TER).

(a) 2 E(IX —y|) WE/MERZFMECH FOC #iS— 02 %kﬁ -yl =
—sgn(x —y), WBFE 2F(y) — 1; SRS s (DCT, 4]
PREL L) o (b) RELWHE-FAKREFX |p—m| <o, WEEE PAEmR/N
tE(X —- \)”i‘_*ﬁ%ﬁt@%ﬁqﬂ@ Wik A H—1K Jensen (|E(-)] < E(]-]) 5
E(|-]) < L* {550 o iX/2 Jensen (477 1A 52 FHZ —

2.7.3 Worked example: 2023 F1&*% Q6 (Hoeffding #)iE& size-o #3E)
[f/& (Comprehensive Exam 2023, Joris Pinkse, Q6)

Recall the Hoeffding inequality: if {x;} are independent (not necessarily iden-
tically distributed) and for numbers {a;}, {b;}, P(a; < x; < b;) = 1, then for all
2> 0, P(| 0 (2 — E(x:))| > 2) < 2exp(—222/ 3% (b; — a;)?). Suppose the
support of the i.i.d. {x;} is [~1/v/2, 1/v/2]. Construct a test for Ho : pg = 0
against Hj : pp # 0, where g = E(z1), that has rejection probability no greater
than o under Hy. Use a decision rule of the form “reject Hy if |z| > C,”.

Solution.

8 Hoeffding £2| z £o %# [-1/v2,1/V2] 44 ai = —1/V2, b; = 1/V/2,
WA TE z_z—fsa:IEZZ':l(z a;)> = n-(vV2)?2 = 2n. {f£ Hy F
E(z;) = po =0, FrLh Y0 (z — E(zy)) = >0 o = nz. KWESIIES |2, &
- A{|z] > C} ={| > zi| > nC}. B Hoeffding Y] z = nC':

Pu,(Jz| > C) = (‘sz

fBlafRE Coo 2400

n

>nC> < 2exp<_2(2”0)2) = 2exp( — nC?).

2
2¢ o = = C, =

Zit: RmHm

reject Hy iff 2| > Co = 1/ L 1og(2/c) |.

MG, /£ Ho & Pg,(reject) = PHO(I:TJI > Cq ) < 26‘”03 = o ﬁ%#"ﬁﬁ«#
A (FE#HE). level-a IUKLE
o W

Remark (5 S1R%F).

/L»
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SRS B Hoeffding H1° BMER < BEC R RA—4RREF o BHl
RAL, FRALE|—MIIIE size BIRT . JEEARUE SS(bi — a;)® =2n 5 2 = nC,
IEHRECA L FIL —nC2. WHHEET CLT [ 283 (Ca = 2026/, Hiiit
£, Hoeffding KM B LS (I FUETE A ThREAT) (H A FRAE AR A4 2o
Viog(2/a)/n XA 1/v/n Wi 5 CLT Y. EE i 5.

2.8 Hillfn Self-Test

Example (Self-Test 1: MGF EUESIA3 7).
W Mx@t)=1-2)73, t<i. X BfFraifi? R EX) 5 Var(X).
Solution.
X Gamma [ MGF (A/(A—1))" = (1—t/A) " X H (1-2t) 73 = (1—t/(1/2))73,
Wer=3 A=1/2, ll X ~ Gamma(3,3). X r=k/2,A=1/2 X k=6, fr
LX ~x2. TREX)=r/A=3/(1/2)=6=Fk, Var(X) =1/ =3/(1/4) =
12 =2k, (AT ERE M'(0), M"(0) 3&1iE.)

Example (Self-Test 2: cumulant K{RE).
& X ~ Pois()\), H MGF M (t) = exp{A(e! —1)}. 3K cgf K(¢)~ i =/ cumulant,
FEE R 710
Solution.
K(t) =logM(t) = Me' — 1) BHRKGFAE t=0: K'(t) =X = k1 =\; K' =
det = ko =X; K" = Ne! = k3 = Ao FL_F Poisson [ #rA cumulant #ZET Ao
(REE 71 = wa/my > = AN/2 = 1/VXo FIBERIE: A BOAMEBERER (R — 0).
5 Pois(A) = N(\, \) —E,

Example (Self-Test 3: F#%F Uniform (PIT) ).
WA X AWK CDF F. il U = F(X) ~ U[0,1]. F]: &
V ~U0,1], X =FY(V) AR 47 GXRBHHRE As k ™)
Solution.
X ue (0,1), PU<u) =PFX)<u) =P(X<F ) = FF (u) =u,
E4E U0,1] 1§ CDF, U ~ U[0,1]. &I: P(X <z) = P(F (V) <z) =
P(V < F(z)) = F(z), #t X iy CDF 458 Fo XPIgEmt2 2020 Q2(b) MR
A N %

Example (Self-Test 4: Chebyshev # WLLN —2%7).
#w X1,..., X, iid, E(X;) = p, Var(X;) = 02 < 0o, i Chebyshev jiIEB] X TS

Solution.
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Var()_() =02 /n. XHF#E e > 0, 1 Chebyshev (Theorem 2.17) P(|)_( —pl > 5) <
Vo) 2 50 (n - 00) o RIERMKBEEIS X B 05, W AMAE. &
HEHHE =44 R

Example (Self-Test 5: Jensen 77 [a]# ).

FIR T o4 < B2 > (X ABRM. HRAEARR) : (1) E(e¥) O M5 (i)
E(1/X) O1/E(X) (X >0); (i) E(J)?) 0 EX) (X >0).
Solution.
(i) e M = E(eX) > &, (i) 1/2 ££ 2 > 0 /) = E(1/X) > 1/E(X). (iii)
Ve 1 = E(VX) < VEX). O @il E(g(X)) = g(B(X)), MURN: 8
LI R o




Chapter 3 [MEHlRE. FHHPESZTIE
75 (Random Vectors, Conditional
Expectation & the Multivariate

Normal)

&% - Roadmap (FE£iEXE, F282K)

b RENLAS BN T R R iX— A Sk N — S F % 4 NG &
S bRy FtEafr s USRI RETT = HEIERNE A FHZ EY | X).
FHE—E: E(Y | X) REEAaX, ME7TEmaH X EriiE, ¥
RER/NIH—D" TR Y X RET XN 2R _EL? %% X%
AL, IR ERE (LIE / tower). 25 Z450# Var(Y) = E(Var(Y'| X)) +
Var(E(Y' | X)) 2#BIERE .

EYEREAES, BILFRIG T REHEN DM ESFILEMER: 4
PRI R IES: HEHRR. AR IES, HAEAMHER v &R
SMTTEE xo TR—XFE p1 + Z1255 (T2 — p2) 5 T11 — 12855 To1 AF
WA AL AICIZ B A B E— Pl N TR inverse Mills ratio
(E(Z|Z >c)=¢(c)/(1 — ®(c))), FAERR—RE "B RIBDFLRFMHE"
) o

FRSEAEARABERNEEZEANUM: (1) HEREGEE/HKE MGF, HildH (hsz
PrRifE) IERS, FREDFEHE; (2) 2PESFHES M ES (2017 JFFEE
i) (3) ARSI (2024, 2025 %%, 4% Mills ) (4) Ol
STvs AAEZR vs SR SMEMST =F R RO FIRERE (2020 2022, 2023 K&
H) o ARFEZR—HFMHIC R

3.1 FEHEE: BKE. Bfr5%H

[ESEZ; eeo FH Med| ##s#%2iE: 2019, 2020, 2024

—A R EBEHLEE X = (X1,..., X)) st Pailimst X - Q - R?
(Efi, o X; MEMiEs) « BENESSH HEKS CDF Fx(r) =
P(X1 <xzy,...,Xg <zq) P58 YHEERAGEE fx B, P(X € B) =[5 fx(x)dz,

27
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Definition 3.1: ARZE 5K HZE Marginal & conditional den-
sity
Let (X,Y) be a continuous random vector on R%¥ x R% with joint density
fxy-
(i) The marginal density of X is fx(z) = [ fx,y(z,y) dy (integrate out y).

(ii) For z with fx(x) > 0, the conditional density of Y given X = z is

frixylz) = w

SR ERRT (Andrews BYHFE) © AR BH" 5 EME P(A|B) =
P(ANB)/P(B), HEZME {X = o} @EMEHEM, 50820 0 L ERER. Hi
R ik fyx(yle) < fxy(z,y), FEREL fx (o) fEEX y 9N 1o ant—k,
MX LY (Bhsr) B fxy = fxfys WHFENL fy ) x = fr—48E X RS Y 1
A7 5EE .

Fact 3.2: FHFER—XELXE, BREEHME/KHEHHE

XEER z (fx(z) >0), y— fyix(ylz) EHH [ frx(ylz)dy =1, il

P(YeGrX=z>=/GfY|X<y\:c>dy, E(Y | X = 2) =/ny|X<y\:c>dy.

Remark ( “S&KiffR, BMEMN SESFEZHIEMAREFN).

R HSHR P XEHTRENKEEE (N=MAFK 0 <2z <y < 1), K
E(Y | X =), =2PEKkE—F: (1) X y fEE#H G R R EFDE fx(z) (R
BREESZ PEAR , ALY (2) MHBRTF fyx: (3) FFBUMESRMAME. 2020 Ql(a)-
2024 Q2 #EIXNER, AE 3.2 5 3.3 FHEA K.

3.2 FHHE = 5 L* @l (%R)

[E5EZR eee & High| k4 2id: 2020, 2021, 2024

XEAENRM. EY|X) WG —TEAEE: HEY|X =2) FIK 2
HIERELC g(x), FHUEl 2 = X, 1BRIREENIAS & g(X) SHc/E E(Y | X))o BRICHZ]E
B ERTATX B (AT R, E(Y | X) &3 iR £ R IR
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Theorem 3.3: FHHEREHIE L? FilllF (Best predictor / L? pro-
jection)
[REPRODUCE —memorize this proof]

Let E(YQ) < oo. Among all measurable functions h : R¥* — R with
E(h(X)?) < oo, the choice g(X) = E(Y | X) minimizes the mean squared

IE([Y — g(X)]2> < E([Y — h(X)]Q) for every such h.

Equivalently, the prediction error Y —E(Y | X) is orthogonal to every function
of X:
E((Y —E(Y|X))h(X)) =0 forall h.

Proof for Theorem
[REPRODUCE —memorize this proof]
Fix any candidate h and write g(X) = E(Y | X). Add and subtract g(X):

2

E(IY = h(X)?) =E| | (¥ = g(X)) + (9(X) — h(X))

= =r(X)

=E(u?) +2E(ur(X)) + E(r(X)?).

The cross term vanishes. By the law of iterated expectations (Theorem 3.4 below),
E(ur(X)) = EE(ur(X)[X)) = E(r(X)E(u| X)),

since (X)) is a function of X and pulls out of the inner conditional expectation.
But
Eu|X)=EY —g(X)|X)=EY |X)—-g(X)=0 as.

Hence the cross term is 0, and IE([Y — h(X)]2) =E(v*) + E(r(X)?) > E(uv?) =

E([Y—g(X)]Q), with equality iff 7(X) = 0 a.s., i.e. h(X) = g(X) as. The
orthogonality statement is exactly the vanishing cross term with g(X) =E(Y | X).
|

i L7 ZE AR RS ), X WA A R R — A F 2. E(Y [ X) #2
Y EEY RN 2R LA E—RE B =AM, 5288 AR R e IR AT
(XIER R IESHE), MHB MR PR Y RIS GRIER /M)
OLS (#8| & i RS []) FURAX A TS [Al il X I &R B0, frlh OLS
2 E(Y | X) B Sl A’

Remark (BEiXSH IR B—REFEFELR).
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EBREIRHLH E((Y — h(X)?) = E((Y — E(Y | X))2)+E((E(Y | X) — h(X))?).
Bh=EY) (FEm) . bz Var(Y), Al —TiE E(Var(Y | X)), £
TR Var(E(Y | X))—— X8t 3.3 M4 2508, — (752

3.2.1 Worked example: 2020 #&¥* Ql(a) (F{E L* Fl)

[f/ (Econometrics prelim 2020, Q1(a))

Suppose (X,Y) has a joint pdf fxy(z,y) = 8zy1(0 <z <y < 1). Obtain the
function g : (0,1) — R such that for any measurable function ~ : (0,1) — R,

E([Y - g(X)?) <E(IY - h(X)P) .

Solution.
H Theorem 3.3, i3k g(z) = E(Y | X = x). JGRilbr. R 0<2 <y <1,

WG E ©, y Moo fE] 1:

1 2
1—
fx(x)—/ 8xrydy = 8x - 23: = 4z(1 — 2?), 0<x<l.
x
Sebe I . 2
Ty Y
= = <y<l1.
Frixylz) dr(1—22) 1—a%’ r=Y=
[

1 3 3

2y 2 1—=z 2 1—=x

:EY X: g . d = . = — .
g(z) =E(Y| ) /xy W12 3 3 1.2

(AL g(x) = 2152522 s 12 = (1-2)(1+a+2?).1-22 = (1-2)(1+2).)
Remark (% RigH).

ERR g AAFRA EY | X = 2)——/EIHEE b WITiRER/N
BSOS T g =E(Y [ X). &AMPEERDR: SZF0<z<y<1
HRESLE v B y>a, Lk fx SEAFHEAN ¢ B2 1, A2 0 2 1.

Example (EXMMEERE (17 2024 Q2(d)) ).
(A Hj 2024 Q2(d) HIYZE f(z,y) =cel(0 <z <y <1) i (X > 0.5);
X BT 8zy FERC 1(X < ¢) Z5[A—4H.) M LR E. K Corr AU
—IERZE Y - E(Y | X) 5EF 1(X <o) A%,

Solution.
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il Theorem 3.3 BYIEACE B A(X) = 1(X <o), VA E(Y —EY | X)1I(X <¢)) =
0: LE(Y —E(Y|X)=0 (B h=1), 2 =E(Y - E(Y | X)L(X < ¢))—
E(Y —E(Y | X))E(L(X <c¢)) =0, &5 FHEERESEM X WREEAH
R—— IR B R TR P ERAEE, AT

3.3 EHE. FUEATESETENRE

[E5EZ eoe & High| k4 2iE: 2018, 2024

Theorem 3.4: IERHEIEE R (Law of Iterated Expectations, LIE
/ tower property)

[REPRODUCE —memorize this proof]

If E(]Y]) < oo, then
E(Y)=E(E(Y|X)).

More generally (tower / smoothing), if o(X1) C (X1, X2) then
E(E(Y|X1,X2) |X1) :E(Y|X1) a.s.,

and any function of X pulls out: E(r(X)Y | X) =7r(X)E(Y | X) a.s.

iE#l. [Proof (headline X E(Y) = E(E(Y | X)), #E%#).] [REPRODUCE —
memorize this proof]

HEZERIER] (Andrews) o X H HAE headline z{; E(Y) = E(E(Y | X)); tower /
pull-out B2 R4 PR SLEREIERS, W F /7 Heif. Hk SEH Fubini 5Bk
7

E(E(Y | X)) = /E(YX = 2) fx(e)dz = //ny|X<yrx> dy fx(z) dz

_ //wa)((x) dyds = [ [y ey dody

:/y(/fx,y(m,y)dx>dy=/yfy(y)dy=E(Y)-

ey i Fubini EFE (E(]Y]) < oo fRIERTHR) , BIECEE X HibrEE AR Bty
BEHP 2L B O
Remark (tower 5 pull-out W& AMMIL (FRESIALEIL) ).
SEFREM tower E(E(Y | X1, X2) | X1) = E(Y| X)) 5 pull-out E(r(X)Y | X) =
r(X)E(Y | X) &R (WENET o-B BT & LWREEe, AYFE

5 H AZTiE: pullout B r(X) KT o(X) AL AEXT X HUERAF 4L
s tower 2“0 (X1) C o(Xq, Xo) B, M o-3 B0 o-38_E A4 s
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b1 Theorem 3.3 {1 L? {EB T Y IE 2 pull-out iX—%%.

tower property TR HA94Z Bevpdpim a9 SoXt (X, Xo) BUSHE (), FX)
Xy B OHD, SRS THEER Xo BUE—2 21 Xo (5 E8INZ IS B
T . — MR Uﬁﬁﬁﬂ%ﬁl@ LN ECER X REL X X BRI e
B AR AN

Definition 3.5: {7 % Conditional variance
Var(Y | X) =E((Y —E(Y | X))?| X) :IE(Y2|X)—(E(Y|X))2, AEE X
HIEREL (— P HELAS )

Theorem 3.6: £ (&) FZEN#E (Law of total variance / EVVE)

[STRUCTURE —know the steps, fudge details]
If E(Y?) < oo, then

Var(Y) =E(Var(Y | X))+ Var(E(Y | X)) .
TR AL P

Proof for Theorem

[STRUCTURE —know the steps, fudge details]
iLm(X)=E(Y|X). i1 LIE, E(Y) =E(m(X)). #JT:

Var(Y) = E((Y —E(Y))?) = E(((Y = m(X)) + (m(X) - E(¥)))*).

JEIT =T 38 LI 2B ((Y — m(X))(m(X) — E(Y))): S6x X Higsft, m(X)—E(Y)
ML BY —m(X)[X) = 0, XN 0. F—T E((Y —m(X) )2) =
EE((Y —m(X))?| X)) = E(Var(Y|X)) (B2 mﬂﬁm;é) o B
E((m(X) —E(m(X)))?) = Var(m(X)) = Var(E(Y | X)), HInRE

Remark (AR 5—AFIFHIREE).

AR X S E(Var(Y | X)) 2 “SHNETT 217, Var(E(Y | X)) &
UL T2, B2 = GUN + 4L 3RE: SNBSS AR
WEF EY|X) b, RREG B2 AR Var(E(Y | X)) 2k 0. FRREEH
Var(E(Y)) =0 f5IE T -
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3.3.1 Worked example: 2018 #F#&* Ql(a) (MEIREERE)
Jf&% (Comprehensive Exam 2018, Guggenberger, Q1(a))

Student i’s true performance is X; ~ N(u,02). The recorded grade is Y; =
Xi+u;+v;, where u; ~ N(0,1) (first grader’s measurement error), v; ~ N(0, 1)
(second grader’s error), and X, u;,v; are mutually independent. Calculate
X =E(X;]Y;) and Var(X;|Y;).

Solution.
(X5, Y:) & Xi,ug,v; FUERMELE, A B8 (LR8P, 1L Theorem 3.10),

B e
E(X;)=pu, EY)=p  Var(X;) =02 Var(Vj))=oc?+1+1=02+2;
Cov(X;,Y;) = Cov(X;, Xi +u; +v;) = Var(X;) = 0 (KX; L ug,v;).
E MR ESSF AR (Theorem 3.11 [—4ER ] E(X|Y) = E(X) +

S —E(Y)):

2

* g
X; :E(XHY%):M*‘m(Yi—M)

Cov(X;,Y;)? 9 ot 202
- =0"— = .
Var(Y;) 02+2 o242

Var(X;|Y;) = Var(X;)
Remark (% =i2)F).

WL S S (1) FAHER Y SRR, R 5 € (0,1) B —
B S/ T I, S AT Y WIS p s (shrinkage)
(2) SHETTEREBT Y A, R EAA PR X v %570k 1
BRI, FFLAMER o2 + 2 TR 02 + 1——JRfsi— 1> grader 25 K51

3.3.2 Worked example: 2024 #Ei&% Q2(c) (REFKMH / tower)

[f&@ (ECON 501 Econometrics 2024, Sung Jae Jun, Q2(c))

For the joint density f(z,y) = ¢-z-1(0 < = < y < 1), characterize the
probability distribution of

Z:=E(E(E(Y|1(X <05)) |1(X <0.5),X?) | X).

Solution.
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Z 2 tower (Theorem 3.4) M B4,

BRAR W :=EY|[1(X <0.5)) 2l —(EHAE D= 1(X <0.5), Hi
W AG REFHAME: £ {X <05} FHla:=E(Y|X <0.5), /£ {X > 0.5} FHL
b:=E(Y|X >0.5).

FEE: X (D, X?) WM. AW B4R D W%, D 2 (D,X?) mil
[, FrLAE(W D, X?) =W (EAEFEFEARZE)

BB A X B, W =1(X <05)a+1(X >05)b 2 X [URE, ik
E(W|X)=W,

FREZ=W=EY|1(X <0.5), 2—1T&L (HK) MNLE$:

p a=E(Y|X <05), w.p. p:=P(X <0.5),
b=E(Y|X >05), wp. 1l—p.

(7l H H %i“characterize the distribution”, FJILEIH: P 7, MR 505N
A PN 73 2

P(X <0.5) 5 P(X > 0.5), #ERME, KEHE c: [y [Yerdedy = [ cdy =

§=1=c=6; Nl fx(x) = leﬁzvdy =6zx(l1—2z), p= 01/2693(1 —x)dx = %o)

Remark (% 212h).

B tower [ MHIZAE™ XM o- SR A LM Am (0(D) C o(D,X?) C
o(X)), AEEBAINESRE". HIEWHLHIE T AR / pull-out: N ELEE
W B4 SE D %, TR EAN (D, X?). Fid X #ml—An— oy
A E LA, R, X4pdr: —HEMNMECEYmEHEEN
B, SRS S AER . B RE BT — RIS R R
RS

3.4 thAZ. HH*X5 Cauchy-Schwarz
[(LIED eeo I Med] H#s# &iE: 2020, 2021, 2023

Definition 3.7: th A Z %M 51HX Covariance matrix & correla-
tion

For random vectors X € R", Y € R™,

Var(X) = E((X - E(X))(X —E(X))) (psd),
Cov(X,Y) =E((X —E(X))(Y —E(Y))") e R**"™.



Chapter 3 W& 2. FHHZE L5 % LELS (Random Vectors, Conditional ... 35

Linear rules: Var(AX +0b) = AVar(X)A and Cov(AX +¢, DY +g) =
A Cov(X,Y) D'. For scalars,

oy = Cov(X,Y)
Y v/ Var(X)/Var(Y)

e [-1,1],

invariant to affine rescaling X — aX + b, Y — ¢Y + d with a,c > 0.

Theorem 3.8: Cauchy—Bunyakovsky—Schwarz (CBS) &=

[REPRODUCE —memorize this proof]

For any random variables X,Y with finite second moments,
BXY)| < (E(x?)"*(E(X?))",

with equality iff X,Y are linearly dependent, i.e. Y = aX a.s. or X = aY a.s.

for some constant a. Consequently |pxy| < 1.

Proof for Theorem

[REPRODUCE —memorize this proof]
Andrews [{J“GHEREL L. 1 a=E(XY) /E(X?) (FE(X?) =00 X =0

as., “‘FrL), H
Y = (Y — aX) + aX.

PO BUHE: E(Y?) =E((Y —aX)?) +2¢E(X(Y —aX)) + a®E(X?). X
I

e

20E(X(Y — aX)) = 2a(E(XY) — aE(X?)) = 2a<IE(XY) - IR (x?) ) -

2
WE(Y?)—a’E(X?) =E((Y —aX)?) >0, HHE(Y?) > W, B RIf . 2
SUHAYE((Y —aX)?) =0, Y =aX as. L X,Y #ift X -E(X), Y -E(Y)
RIS [pxy| <1, A
CBS MIEEASHE M Y I X Jriafddsy. M TFE|EEKRE YV —oX, KE
SFJ7E " ——F1 Theorem 3.3 J&[F]— R LM JoTH 73 B IE 2 5% 440 A 1 3 3
(Theorem 3.11) I X1 — 12855 Xo WIEEX AN Wi HIFkZ" 248
hft——Andrews WX 2 CBS 73 fif 1) 2 4EhfA

3.5 EREESHSH

[E5EZR eee & High| k% 2id: 2017, 2020, 2021, 2024, 2025
TR H R AT . e B S WARMEDT, FHE A A
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Definition 3.9: £JTIEZS Multivariate normal N(u,Y)

Let € R™ and ¥ be symmetric positive definite n x n. X ~ N(u,X) if it has
density

1 _ - n
W(deti)) 1/2exp<—%(az—,u)’2 1(x—u)), x € R".

The distribution is determined entirely by its mean p = E(X) and variance
S = Var(X). Equivalently, X ~ N(u,¥) iff its MGF is My (t) = E(et’X ) -
exp(t'p + $t'St) for all t € R™,

fz) =

Theorem 3.10: fREERTR + KXETHRATE

[STRUCTURE —know the steps, fudge details]

(i) If X ~ N(p,¥) with ¥ pd, then Z = X~1/2(X — ) ~ N(0, I,,), equivalently
X =XY2Z + p with Z ~ N(0, I,).

(ii) (Linearity) For any k x n constant A and k-vector b (with AXA" pd),
AX +b ~ N(Apu + b, AXA’). In particular every linear combination / sub-

vector of a multivariate normal is again normal.

Proof for Theorem

[STRUCTURE —know the steps, fudge details]

(i) W4 © = BAB' (B IEs. A X HXAITNIERHERE) . EX B2 =
BAY2B', x-1/2 — BA12B/ i n12n-12 — w1 w1/2wl/2 w4 7 —
271/2(X 1) . AR (FEATEE (det £)~Y2) 15 f2(2) = (2m) /2 exp(—32/2) =
[Li e /2 01 Z ~ N (0, L) S AR IEZS - (i) ()5 X = 5127 4.
AX +b = (AZV2)Z+ (Ap-+b) (312 Z BG4S I MGF fibie: B (e (X)) —
'R (e(A,t)/X) = exp(t/(Ap+b) + SU/ATA't), 1IE2 N(Ap+ b, AXA) ff) MGF.

Remark (HH MGF RIANES—ZREHNSIMFIS).

ERIA L E(eXTY) = exp{(t? + 5%)/2}, Xt N(u, X) i MGF exp(t'p+ 5¢/St):
PME 0. X =1, B X,V % N(0,1) (MGF A5 = ggu) X2 2020 Q3.
2021 Q2. 2024 Q4 94— AN. it MGF Mi—u @A, INHIER e BB E
THCAIES, TRBEEE,
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Theorem 3.11: SRS ITIESANBFRE FES

[REPRODUCE —memorize this proof]
Let X = (X1, X%) ~ N(u, %) with X; € R™ and partition

[ _ (X X2
n= ’ E - .
2 o1 a2

Marginals: X; ~ N(u1,211) and Xo ~ N(ug,X92); moreover X1 L Xy iff
212 =0.
Conditional: the conditional law of Xy given Xy = x5 is normal,

p12 = p1 + D285, (22 — pa2),

X1 Xo=x9 ~ N(,u1-2, E1-2), Sp = D11 — 15555,
2= - 22 <21

The conditional mean is linear in x9; the conditional variance does not depend

on x5 and satisfies 3.9 < ¥17 (psd order).

Proof for Theorem

[REPRODUCE —memorize this proof]

BFR: Xy = [I,, 01X /& X [ZtEAsie, 1 Theorem 3.10(ii) B N(u1,Z11).
WAL EE: A IESH X1 L Xo <= B = 0—UH"H S 2 ir
25 MSTAEY T2 T Tio = 0 BG40 R ST By s 2 B
(det ¥ = det Xyq det Xoa, —IRAIH I HAFIT) , HIAHS7,

FHSM (Andrews W) o 1EF

X = (X1 — 2122;21X2) +2122521X2.

-

=R
(R, X2) /@& X WyZettAst, MUKGIES. B R Y5 Xo W5 %:
COV(R,XQ) = COV(Xl,Xg) — 21222_21 Cov(Xsg, Xo) = 319 — 21222_21222 =0.

REIEDS + BT E = R L Xoo HIL%E Xo =22, R WS = R T
St AT, BNES, ¥ME

E(R) = 1 — L1255 o,



Chapter 3 W& 2. FHHZE L5 % LELS (Random Vectors, Conditional ... 38

i 7
Var(R) = Var(Xl) + 2122521 Var(XQ) 2521221
— COV(Xl, XQ) 22_21221 — 21222_21 COV(XQ, Xl)

=11+ 2122521221 — 2122521221 — 2122521221

= Y11 — L1285 Yoy =: Ty
A — AN 21255, Xo TEL5E Xo = x2 BHEHEL X108 2, SRR o
W BN :

X1 | Xy =z~ N(p1 — Y19%55 iz + L1255, 2, Y1)
= N(Ml =+ Z31222_21(952 — p2), E12)-

BJE T11— Y12 = 219850 o1t 30 M = T80, M Bap = Yo Toy Boa¥oy =
Yos s A L1285 Y1 = Moo M’ = 0 (IFEM Yo MG, sk <1
St R A S A E . i
XA AR FINLAICAZ. 1023 48 25y AR zo MR EFRHELL”,
Sio & X1 5 Xo T, TR S1255 SR X1 X Xo WEIHRE—EIER X1
X Xo (&4 OLS BRI IESHRE, B(X | Xo) HIFEF T4 X1 on
Xos SHEHIE = BRI, 4501 E(X|Y) = E(X) + (v —E(V)).
Var(X |Y) = Var(X) — %&?2 Hie 2018 MIEHRZ U AIRE

3.5.1 Worked example: 2017 #E1&% Q5 (AREBFGAIHHIES)

Jf& (Comprehensive Exam 2017, Q5)

Assume X = (X[, X)) ~ N(p,X), where p = (pf, pb) and ¥ is partitioned
with blocks Y11, X192, Xo1, Y99, and X; € RPi for 4 = 1,2. Derive the conditional
distribution of X; given X9 = z9. (You may use that linear transformations of
X are again normal, and that two jointly normal random vectors are indepen-

dent iff they have zero covariance.)

Solution.
TXIES& Theorem 3.11 [ E085, 20 ISR AT F = SRS 16 N 1IE B AT v
PP T H . SERES I _EEAUER; 2 EH e S HokRITT, g8

X1 | Xy =m0~ N(p + Y1550 (22 — p2), 11 — 21222_21221).
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ZRAENR (PRESEERH, 15 4)

F—5 (MEERKE): 5 X1 = R+51955, Xo, HF R = X - Y1555, Xo,
£-5 (BHAED): (R’,XQ) X Mg (120 ) X, HORATE
& (A BE—),

E=% (BWMAE = ML) : Cov(R, X2) = Tig — T1a¥5y Voo = 0, f"H
FF R L X,

FOF (R = ZFRMH + F8B): 44E Xo =22, R OMHAZL = N(p —
S1985 pia, T11 — L1255 Lo1), MIEHEL S1oX5) 0 PHHIME, BL5E.

3.6 HITFHIES inverse Mills ratio
[fE5E e oo & High] ##s% 2ik: 2024, 2025
g —HRTHE, LIINSE M RLREN {Z > ) 8 {Z <}, REMPE
F o
Lemma 3.12: tREESEMIAE (Truncated mean / inverse Mills

ratio)

[REPRODUCE —memorize this proof]
Let Z ~ N(0,1) with density ¢ and cdf ®. Then for any threshold c,

E(Z;Z>c):f(70) E(Z]Z<c)——£((2.

The quantity A(c) := ¢(c)/(1 — ®(c)) is the inverse Mills ratio. For o > 0, a

centered normal Y = 0Z ~ N(0,0?) gives

E(Y|Y>c):a%, EY|Y <0)=—0/2.

Proof for Theorem

[REPRODUCE —memorize this proof]
Bolvg ¢'(2) = —2¢(2), Wl 2¢(2) = —¢'(2). T52

Joz0(2)dz [T —¢'(2)dz _ [-9(2)]° _ ¢(c)

P(Z>¢c)  1—-®()  1-®() 1-o()’

#(00) = 0. FHIHE: B(Z|Z <) = f‘“qfi(;)dz . 2
Blec=0: ¢(0)=1/v2r. ®0)=1/2, H E(Z|Z <0)=—-26(0) = —/2/7. R
JERLY = oZ WM {Y <0} ={Z <0}, HHE(Y|Y <0) =0E(Z|Z<0) =

—oy/2/m. A

E(Z|Z>c)=
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WL T E(Z|Z > ¢) = ¢(c) /(1 — () 7kix A EHRKT ¢ (WREHE T/, R
TR AREE S A o 2R IESEHII E(Z | Z > 0) = ¢(0)/®(0) = \/2/7 ~ 0.798, Heckman
ARSI B A TR R T B IE T 20X AC), AU TRAESE T (510) &

SHIE
3.6.1 Worked example: 2025 Fi&* Q2 (BiHTsEHEHIE)

JR7 (Comprehensive Exam 2025, Pinkse, Q2)

Suppose that x,y are jointly normal with mean zero, unit variance, and corre-
lation p for which p? = 3/4. Compute E(y|y < x, x = 0).

Solution.
Fe M x = 0" 2 il il — 4k . R IEASSF A5 (Theorem 3.11, —
4E),

y]x=0 ~ N(O+p-1-(0—0), 1—p2> — N(0, 1— p?).
fEx=0_E, Hf {y <xp Lk {y <0} TRER

E(yly <0, x=0)=E(Y|Y <0), Y ~N(0,1-p%.

K o =+/1—p? ¥ Lemma 3.12 [ F#K E(Y |Y <0) = —0/2/7. XH p? =
3A=1—-p>=1/4=0=1/2:

E(yly<x, x=0)=—%4/2=— ~ —0.399.

3
5l -
3

Remark (FRig)k).

ik (1) Sedmes x=018y ~ N(0,1— p?)—TFERE p FFSAHINE
%, BIAHE] p°, S5 EBTT p- (0—0) = 00 (2) FEXTREAE S HY LEZS RS
BE. FalE: 8 {y <x} 5 {y < E(x)} Z/MIERFHF—HIHAAx=0
JFEHE {y <0}, TEFIE.

3.6.2 Worked example: 2020 Q3 5 2021 Q2 (B¢& MGF — EH —
BT SRMHHE)

[f7&% (Econometrics prelim 2020, Q3 = Spring 2021, Q2)

Suppose X and Y are random variables with E(exp(tX + sY)) = exp{(t* +
s2)/2} for all t,s € R. Compute E(2X +Y | X +2Y > 0).
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Solution.

E—%: INER. X N(p, Z) 1 MGF, exp{(t? + s?)/2} = exp{0+ 5 (t*> + s?)}
S p=0. S =1, B X,Y % N(0,1) (MGF KT = 7).
£ 5: EWMIEMAS. S A=2X+Y. B=X+2Y., WERESES (&%

PEAsHe) , BE 0, H
Var(A) =4Var(X) + Var(Y) =5, Var(B) = Var(X)+4Var(Y) =5,

Cov(A,B)=Cov(2X +Y, X +2Y)=2-1+1-2=14

(Hrir %] Var(X) = Var(Y) = 1. Cov(X,Y) =0.)
B=%: /¥ + Bl A X B AR (EEEMHAR) - E(A|B) =
E(A) + 2B~ E(B)) = 4B, FH tower:

E(A|B>0)=E(E(A|B) |B>0)=4E(B|B>0).

B ~ N(0,5), Hf Lemma 3.12 (R o = /b5, FAkK# EHH.
E(B|B>0)=5-\/2/7 = /10/7. #

EQX +Y|X +2Y >0) = ,/ \/ — & 1427,

Remark (¥ Riglk).

XIEMGF AIED — EMHABAEIES - R H i8I0 R — 3
WrEAE” B VY AR AR . U PR RS — % —k (2020, 2021, 2024 [FIJF). %
AT RERE AL (B >0} LA MR AW B #5Y B
+ 5 B ik E, BREESM {B > 0} Ti@@%ﬁ 0. "3 3E(B|B > 0)

3.6.3 Worked example: 2024 Q4(a)(b) (FHEZE + BiA#EHET / Mills)
[fR&% (ECON 501 Econometrics 2024, Sung Jae Jun, Q4)

Suppose X, Y have E(exp(tX + sY)) = exp{(t*+s%)/2} for all t,s € R. (a) Ob-
tain the conditional density of Y given 2X +Y. (b) Obtain E(Y |2X +Y < 0).

Solution.
A XY AN(0,1). 4 W =2X+Y,

(2) (Y, W) BR&IEAS, ( ) =E(W) =0,

Var(Y) =1, Var(W) =4 Var(X) + Var(Y) = 5,
Cov(Y,W) =Cov(Y,2X +Y) = Var(Y) = 1.
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H-

N Co ) Co 5 2
EAHFFAR, YW = w e V(S Var) - Sigis) = N, 1-
) = N(%,4). BRI

o) Eenl 2 7)

271"5

(S

fyiw(y|w) =

(b) H tower + 5 : E(Y |[W) = 1W, %
E(Y|W <0)=1tE(W|W <0), W ~N(0,5).

TkMr (Lemma 3.12, 0 =+/5): E(W |W <0) = —/5+/2/1 = —\/10/7. T /&

1 /10 2
E(Y|2X+Y<0):—5,/?2—,/§~—0.357.

Remark (FRig)k).

(a) BIASHIESRFMAAT Y SREMFE N, ICA5wENEEY (BE
w/5. 772 4/5)0 (b) 5 F—HUEEHG, FUBHEAW > 0} et {W < 0}, R4S
HZRE1/5 13k 4/5 (FOAMAERSRIEE Y 85 2% Cov(Y, W) / Var(W) =
1/5).

3.7 I vs AHEX vs FEHHEMI

[fE5EZR eee & High| ### 2id: 2020, 2022, 2023
ARSI TR S, B EZEMINES KRS Rl iE, o
i SLRC
Definition 3.13: =17tk 1¥ Three notions
XFENAE T X, Y (ZB AR

(i) M3 (independent): fxy = [fxfy. FH T —0 g h F
E(g(X)h(Y)) = E(g(X))E(h(Y))-

(i) Z&MF{EMIL (conditional mean independence, CMI): E(Y | X) =
E(Y) as. (E(Y|X) AMEHi X)o

(iii) 18K (uncorrelated): Cov(X,Y) =0, HI E(XY)=E(X)E(Y).
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Proposition 3.14: E&%%: i = CMI = A% (KRE¥ARKIL)
[STRUCTURE —know the steps, fudge details]

My = (Y RT X) CMI = (X,Y) AfHEK. —RIME =AHikERTE; M
A4 (X,Y) REESH, =ZFF0 WRARHEX = ).

Proof for Theorem

[STRUCTURE —know the steps, fudge details]

WL = CMI: S fyx = fy, WEY |X) = [yfy(y)dy=E(Y). 5X
X, CMI = FHE%: # E(Y|X)=E(Y) (¥%0, Wi LIE

E(XY)=EXEY |X)) =EX -EY))=EX)E(Y) = Cov(X,Y) =0.

BEEESTAHERX = MiL: Cov(X,Y) =0 K X XA, K1k (Theorem 3.11
A7 FIPE) , WOz . BRI 3.7.1 5 3.7.2: AIAiE “CMI fH AN “ASHH
FAHAE CMI”, W

—okIEIE AR a7 ¢ CMI G VSR GBAEA S YERBOR) o &0 75 épik: CMI
R ARARI—"Y KT X FAEMAGE X KT Y S EMmN" A
AFHRNZXSFRA o HABGERR G IESI IR, =REIA P48 i H

3.7.1 Worked example: 2020 Q7 (¥i&E=#H)

J&&% (Econometrics prelim 2020, Q7)

Create a joint distribution of two random variables z,y with finite variances
for each of: (a) x,y are independent; (b) y is conditionally mean independent
of z but z,y are not independent; (c) y and x are uncorrelated but y is not

conditionally mean independent of z.

Solution.
(a) MIL: B 2,y % N(0,1) (sfiy Bernoulli(1/2)) . BEAME = MbRZBlL, &
SCRIAEAT
(b) CMI BARMIL (FJ528): Bz~ N(0,1), e~ N(0,1) 5z flivz, 4

y=xe. N
E(y|z) =xE(e|z) =2 -E(e) =0 (%, H CMI),

2 Var(y | z) = 2% Var(e) = 2 {&Hf x, 8 v,y Ry (0B B0
(c) AHEX{EIE CMI: Bl z ~ N(0,1), y=a2—1. N

Cov(z,y) = E($(332 -1)) = E($3)—E($) =0-0=0 (XM =N, INHHK),
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HE(y|x) =22 -1 BI/KHE ©, H3E CML,
Remark (% =igH).

PN RBEREIE: (b) RBRE y = - e HHBEMHERZE = JF
BSZT () FHA y =2 — E(2?) B RS BIER « 27 Si 1L
RAEZL S HE Proposition 3.14 RPN RNk Eo R (b)(c) #PEE 2 ab 4k
(FTBTAEN 0) ATt

Example (2022 Q4(f) (F#i&#: #HEZHHEST — THEX?) ).

[R& (2022 Part 501 Q4(f)): True or false: Let X,Y be mean-zero. Then
‘E(X|Y)=0as. and E(Y | X) =0 a.s.”iff “X,Y are uncorrelated.”
Solution.
False (i’ 5 —A7714%) - = Mx: & E(Y|X) = 0, ff LIE E(XY) =
E(XE(Y | X)) =0=E(X)E(Y), RHX. < R&L: PHKIETR R FIFHERN
o JPl: X ~N(0,1), Y =X2-1 (HEZT). Cov(X,Y)=E(X?) =0 (FH
K, HEY[X) = X2 —1# 0. SASERA, . &40 XEL
Proposition 3.14 H1“CMI = RHHKAR L Z AR H W /A<

3.7.2 Worked example: 2023 Pinkse Q2 (y = 2? BJIa])

[f7% (Comprehensive Exam 2023, Pinkse, Q2)

Let y = 22, where z ~ N(u,0?) for p € R and o > 0. For what values of
(u,02) are: (a) z,y uncorrelated; (b) x conditionally mean independent of y;
(¢) y conditionally mean independent of z; (d) z,y independent?

Solution.
(a) FHE: Cov(z,a?) = E(a*) ~ E(2)E(2%). X N(u.0%). E(a?) = p + o2
E(2%) = p® + 3p0?, &

Cov(a;,a:z) = (1 + 3po?) — p(p® + 0?) = 2uo”.

KWo>0, AMHK <= pu=0,

(b) z XF y CMI (R E(z |y) A& y): y = 2? Z5ERH @ € {+/9, — ¥}
=0 o SR, 45E o* =y I o = £y FHE, E(z|y) =0 (FEL
CMD). 2 p# 0 BHIESURSRER, E(c|y) By 25, I OML # (b) <= p=0.

(c) y XF = CMI (R E(y|z) AME#i 2): E(y|z) =E(2? |2) = 2%, WMER
o >0 #j2 x AR FLEREL Wy ARKT o SFAEBEMN 1 (4, 0°) ¥
AT 0

(d) #3L: y =2 2 o 19 (et B8 o,y AR (0>0 F y AR




Chapter 3 W& 2. FHHZE L5 % LELS (Random Vectors, Conditional ... 45

WHEED «
Remark (% miZ1F).

JXHE Proposition 3.14 B AU FRIE BRI (b) 5 () IR R —A o,y
MR AT e, REIAAARR (— 4 p= 0 AL, — M ACRRSE) ——CMI R
SRR EETE R (2) AMISE U 1 =0 (b (b) S8R T, FORIX AR IR 40,
(B (d) 7 AR S —— B R A A 0 M

3.8 ZHRMEEE
AEFEIRF + —4BHIBE
1. REEEER E(Y | X = z): S8Rl fx (EEZHELAHORSR), &
B fyx, BRS. BEIOHMER h BITE/N A g=E(Y | X).
2. REXE MGF: X exp(t/u+ 5t'St) I AR 4. exp{(¢?+
$2)/2} = X,Y % N(0,1).
3. K E(aX +bY | XMEEH >0): & A =aX +bY. B = FEMNLNE

firs 1B ABER G5B + sk A tower 1§ E(A| B> 0) =

Cov(A,B o _
\(;\;(r(B))]E(B | B> 0); f&/5E Mills.

4. BETHE: E(Z|Z > ) = 1ib(<§>)(c)’ E(Z|Z <c) = _28 R o if

e c/o FiTE oo LIESE(Z)=E(Z|Z > 0) =+/2/7,

5. SREBEHDH: BE 11+ T12X5 (22— p2)s Ti1 — D285 Tor; B
SHEWRY R = X1 — S12555 Xo« iE R L X2 V025 (Bt §3.5.1)

6. ML /FHK/CMI Rfl: FI77% y = e (CMI M)  FI7 ¢y =
a? —E(2?) CRMERIE CMI); HWrsiseas &k 7y 10" FH s 4l

3.9 Blf Self-Test

Example (Self-Test 1: DRIESFMHEE).
BE(XY) ~N((3):(23))e REX|Y =y) 5 Var(X[Y).
Solution.
A A E(X|Y =y) = pux + Ty —my) = 1+ 3 - 2):
Var(X |Y) = Var(X) — S50 — g 4= 8 seppira R (R y) . H
< Var(X) =4,
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Example (Self-Test 2: £FESE).
& N ~ Poisson()\), 25 N =n B} Y |N =n ~ Binomial(n,p). 3K Var(Y),

Solution.
Hl EVVE (Theorem 3.6) » E(Y|N) = Np, Var(Y|N) = Np(1 — p). &
E(Var(Y|N)) = Mp(1 — p), Var(E(Y|N)) = p?Var(N) = p*X.

Var(Y) = Ap(1 —p) + A\p? = Apo  (HZZ Y ~ Poisson(\p), J7ZEIERE Ap,
SRERY

Example (Self-Test 3: #lf + %% ({7 2020 Q3) ).
XY % NO,1). REX-Y|X+Y >0).

Solution.
L A=X-Y. B=X+Y, Var(B) =2, Cov(A,B) =Cov(X - Y, X +Y) =
Var(X) —Var(Y) =0, Wt E(A|B) =0, \iME(A|B>0)=0, &%: A B R~
K + A IER = By, GRS A 1 E. AREALM Mills .

Example (Self-Test 4: CMI RHIEIAEITE).

HIMTEE: % E(Y | X)=E(Y) (Y XF X &80y, Myg E(X|Y) =
E(X),
Solution.
o CMI ARFR. Bl (R 3.7.2 Hy = 2® IEE): X ~ N(0,1), &Y = X%, =4
FAERILZ: E(X|Y)=E(X|X?) =0=EX)—%& X>=y i X = +/y 5
KPR, X KT Y 1Y CML BS—AREB:E(Y | X) =E(X?|X) = X?
B X AP LEE, Y RAXRT X 1 CML. —Jor. 75—, B2
CMI AXSFRAYHE-o X 2023 Pinkse Q2 [ (b)(c) F—#ill. (FERE: HHRH]
MY = XU IXERRLRP—H (2,u) = (-2, —u) FXIFRME, X 455%E Y 5%
M, E(XY)=0=E(X), WJ7H#E CML)

Example (Self-Test 5: inverse Mills #{H).
Z~N(0,1)c RKEZ|Z>1) (4FH ¢,0) S E(Z||Z] > 1),

Solution.

BZ1Z > 1) = 720G, WA (121 > 1) 24F. BRFRE BZ| 2] > 1) =0
GEGURERIE - B HAEL Mills 25 BRI B B3t i

FAFMER 0.




Chapter 4 W 5#IAEIL (Modes of
Convergence & Asymptotics)

5i% - Roadmap (FE£iEXE, F&282K)

AIRFEARBRNLFE R B AEBSEIT BB —X, 9. AR
Ti MR AR R 9(Xn) B9R . BGHAE . BHEEIS A (Hdr,
AR n — oo FHAXER— A m: H—NBATMFIMR (FH. SIES.
BRTT) RELHES, MMREERER. EEEXE. M.

X S I A A YRS B DU RIS R, IR By koM .
JUPFRsk “30 LT ¥7) . BfIEMHEARR RES CGHRAD ; HARILH
Op, 0p ZREBERFHE”, R —K R IRZETT— AR F AT 28 1E 0. 24
JE R =K KRECERE (WLLN, S ARETCS5 /7 = B AR BT IER ) FOMI IR
EH (CLT, HAFig. 2480 Cramér-Wold 228) . DU EATHER AN
Slutsky EHGELLMG EH (CMT) . /oM TSRS : delta % (&
—Br SR ERHE R B delta 3%) fbkcscd: (U p MHAER X, 3%,
Marcinkiewicz—Zygmund) o

TR AEIX— AR S, BAEFER R : 2025 % /n(62 — 0f) BIMRIR (—
BraE ER delta) 5“1 p BrAEmSFEARSMERE 2020/2021 —iE true/false f
FIT A S 2019 —3840HF WLLN [ M. —E =W delta H x3;
2019/2020/2021 2% (X,62%) KBRS 2022 FHREAKEZ AEdt
BRELHY delta 3% + op(1) Zethfl. ARFEHIXLEBHE — s Bk, A HRT
it Andrews ¥,

4.1 MAEERAREEZRR

[fE5E e oo & High] ###%ik: 2020, 2022, 2024, 2025

HATE—HIREN A G (BBEPLR &) (Yo}, UWE G T AR Y. H58T”
AR ERE L, wmEAE, F EUmnit. N Y, Y #E LAER—MFR 230
(Q,F,P(-) k.

47
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Definition 4.1: BRI Four modes of convergence

(1) 4R #E %k 8 (in probability) Y, 5 Y: for every ¢ > 0,
P(|Yo, =Y >¢) = 0asn — co.

(i) 4& 4 Msk (in distribution) Y, 4y Fy, (y) — Fy(y) at every conti-
nuity point y of Fy.
(iil) JUFa& R4k (almost surely) Y, “3Y: P({w: Yo(w) = Y(w)}) = 1.

(iv) L™ (47, r=2) k& Y, 25 Y (r > 1): E(|Y, —Y|") — 0, assuming
E(||Y,]") < oo for all n.

IWIEEYE: AR Y, WES Y Bt e X FAIMERIEA" JL P 2R3
LA SRR R w RSELS (BR15 2, RERIE + 2% 0 L7 3t
R R ZZ 0 r YRR, R PR S ERSL: fRiieds, HESR A & 0% i
GEZERD WS, Yo MY EEADER 2SR\ A S R 2 AR 2.

Fact 4.2: & X% (38 = 39)

VSV (v, 5Y) = %3y — v, 3v
A BT 18] — AR R AR 2o WSRA b :

(a) WFRE & £, a4 55 m0y, Lo = Y, & ¢ (Lemma 4.13
Lemma 2),

(b) = 5 L" Z AR S—FHRH (W)

Remark (—ik “3E55E" #H{RIC).

PR RTHE: W 5 L R RGBS (EEAS), ETE S, EE
T 4. % true/false (2020 Q6. 2022 Q4. 2024 Q6) B, SefEikrhERXIKE :
H IR S g W A, e gt a MR, FLAA )\ LRSS R

A ARAN G AR R BIET B, XL TR AR BRI 2Y
Example (RfIEE: BRLEFSKARIL).
(1) & T S 2@ STEH P50 2 ([0,1],7) Eil Yo JBolsa(Ese [0,1] L

RIFEN KRR B W P(Y, # 0) = 0 (= 0), (HE w #BBICYS
ARG, Yolw) RUSL, Bk =3

2) 5 FHE B Y ~ N0,1), &Y, =Y (FHE n. WY, Y (7475) .
B Y, -Y|=2|Y| FET 0., #l: 5.
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(3) B Fif L' (BIRHEREWSL) . U ~ Unif(0,1), Yy, :=n1(U < 1/n). M Y, 50
(P(Y,#0)=1/n—0), HEY, 30, HEY,) =n-2 =1+ 0. XutE
2020 Q6(a)/2022 Q4 HAZIL ] (Bh—BCTAM, W 4.3);5 2025 Q3 NZEH
B G BHASR——2 R fr < TISIFERRIXAN RIE B @il B, 4.3,

(4) L" A 23 B (1) BT FEIUFH) (RS DI E(Y,2) =P(Y, = 1) — 0,
e L? — 0, A 3,

Theorem 4.3: Markov / Chebyshev %3 (i&& 1 5iE WLLN Y
51%)

[REPRODUCE —memorize this proof]

For a random variable X and any € > 0, r > 0,

E(XT)

P(X|22) < —=

(Markov).

With r = 2 applied to X — E(X): P(|X —E(X)|>¢) < Var(X) /e (Cheby-
shev).

Proof for Theorem
[REPRODUCE —memorize this proof]

Fix ¢ > 0. Since |X|" > "1(]X| > ¢) pointwise (the indicator is 0 or 1, and
where it is 1 we have | X|" > ¢"), take expectations: E(|X|") > e"E(1(|X| > ¢)) =
e"P(]X| > ¢). Divide by ¢". B

Markov ZHEERY LML : B HA R FIEL MR, T2 () L7 8 =
MRS (X =Y, —Y): (b) JiZE — 0 = RIS (Chebyshev, 1EZ T
WLLN HJIER) 5 (¢) HAHR = O0p (W 4.2). —5 AL, =4z,

4.2 FEHRY O, 5 o, NEE

[fE5ER eee & High] ##s# 2idk: 2020, 2021, 2022
UEHT 25 R, R ZETUE & — K AR BENL H . FRITFHE—E BN
B R A O, 0, {HAY L fRMER"—— kX —I0n] 208" — IR A )

Definition 4.4: FE#lF O,, 0, (stochastic order)

Let {X,,} be random and {a,} positive constants.

o X, = Op(ay) (bounded in probability, FEFLAFL): for every n > 0 there exist
M < oo and N such that P(|X,| /a, > M) < n for all n > N. Equivalently
{Xn/an} is tight.

o X, =oplan): Xn/an 20, ie P(|X,|/a, > ) — 0 for every € > 0.
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B X, = Op(1) RI“BENLE R Xn = 0,(1) B X, B 0,

Fact 4.5: BBHLMHEERN (5 TRER5T)
B an, by > 00 M1
(i) Op(an) == Op(an) (Op Egi)a rr%_éﬁ( X,=c T\Eé Op(l)o
(i) F’&: Oplan) Op(bn) = Oplanbn);  Op(an) op(bn) = oplanby);
0p(an) 0p(bn) = 0p(anbn)-
(iii) Amik: Oplan) + Op(bn) = Op(max{an,bn}); oplan) + op(by) =
op(max{ay, by}).
(iv) & % % 0 #5 Xo 5 X (X RIEBEHER . N X, = Op(1).

(v) W4ERA2 O, (Markov): 2 E(|Xa|") = O(a?) #3 r > 0.7 X = Op(an).

Proof for Theorem

[STRUCTURE —know the steps, fudge details]
mﬂi HHMM . (v) 5= 0)(1): % > 0. B £M K Fx [yi%s:
P(IX| > M) < n/2 (Fx AR, XN M 575 « X, 5 X,
P(|Xn] > M) = P(X| > M) <n/2, 83 KnHP(|X, > M) <n.Bll {X,} tight,
(v) R = 0,: i Markov (Thm 4.3), P(|X,|/an, > M) = P(|X,| > Ma,) <

E(|Xn|") /(M"ay,) = O(1)/M", XK M —3/). B

B (iv) 2 Slutsky/delta $FEB BARA“V/n(0 — 0o) = O,(1) Wi 0p(1) —
TR T MR LRSS R AT, b2 Op(1), FFLA—A 0p(1) HI
op(1). T FE. HU (v) WE 2020 Q6(b)/2021 Q6(a) HIAFBHA— .

Example (2021 Q6(a) / 2020 Q6(b): H=MIERE 0,(n'/?)).

Prove or disprove (all r.v.s on a common probability space): If E(\Xn|3) =
O(n), then X,, = O,(n'/3).

Solution.

it Ho. ] Markov (r =3), XHE= M > 0:

P(!Xn\>Mn1/3) < E%ni?’) = ](\)4?,1 = (J)\%).

>0, E(X ) /n< ORI C. B0 = 0(m). BM = (C/n)'/? B
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15 P(|1Xn| > Mn'/3) < XFFE n. B X,/n'/3 tight, HI X, = Op(n'/3), W
X IE 2 Fact 4.5(v) BL ap = n'/Br = 3 EH: E(X,]") = O(n) =
O((n'/%)%) = O(ay,).

4.3 —HAITRME: AT AWE R WS HE BT S

[E5EZR eee & High| ##s# 2ik: 2020, 2022, 2025

Fact 4.2 3t “3/L7 /5 ¥R HEH E(V,) — E(Y). WKL EEFHEYE
(2020 Q6a~ 2021. 2022 Q4. 2024 Q6a. 2025 Q3). #}_EiXIEHR AR HEREA, F2
—H TR (UD: B2 (D M4 TP RREL ) X 5. 25T A
i k—— T 2025 Q3 i@ —E M 8 H ISR EAARAZ L ERAAE Ul Mg
LERTHE 2 B 0 RETCEROT

Definition 4.6: —E{A#} Uniform integrability (UI)

A sequence {Y,,} is uniformly integrable if

lim sup E(|Y,| 1(|Y,] > K)) = 0.
K—oco p

Theorem 4.7: > + UI = L' (EAERUkST)

[STRUCTURE —know the steps, fudge details]

IfY, %Y and {Y,,} is uniformly integrable, then Y, L—1> Y, and in particular
E(Y,) — E(Y). A sufficient condition for Ul is a dominating integrable bound
|Y,| < Z with E(Z) < oo (then DCT applies), or a uniform moment bound
suan(|Yn|1+§) < oo for some § > 0.

FIok s ARBEREUAEE T R BRI A B, EAE RN TC 55 AR —/ Mg it
RAFEZ VR UL g5k gk B Te s #HEcEs DCT 2 UL f)—
MRS FME CARHABRESRRED 8 1+ 0 AR ZHA M ELEN T 5%
o

Example (2025 Q3 (EMB): ZE <1 iLaNE 2, 5 0 TiEMAL).
JFRR (2025 Q3, Pinkse)

Let x,, be continuously distributed random variables with bounded support
and density f, < 1. Suppose z, = 0. Prove or disprove: “E(zy) necessarily

converges to zero.”

Solution.
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ER: B ZEAE) BAAE f, <1 ZT, BIHE 2, > 0 RETTREL %
SORIRTE ][5 AT, Seh— B AR B BUFRIRRERMEA S
FEMBER . G E— IR, SR T s R RIE ) n1(U < 1/n) (W
T4 2020 Q6a) & THITEDN Jo (HARA RGBT 1 — & HEER & 0. BT
55, HR fo < T—AERBEARE, AT
ZEHMEEREAR (KB—F). 5F <1 iETRE 2¢ WXAELEH,
W 2e: XD n. B e>0,

P(lzn| <e) = fa(t)dt < 2¢ = P(lzp| >¢) > 1—2e.
—&

Ble=1: Plag] > 1) =L A nolor., 5 n k. ARET 0o 1 2, 2 0
SEXLESR P(|zn] > €) — 0 XM € pior——IEMFIE. BOlR fo < 1 HFHR
THA 20 > 0,

&t ARAETFE, BARTEIE. WREEAFFIREMNBLE f, <1
Fa, 50, HER To, D 0= E(z,) — 01 FEANGRESE, A0SR

AL, A
Remark (FABEEXR: RERIRAAFAKE, ATEE UI).

g [ TERE L) . (a) —MEER: D RHEEeL. e —
SR (UL / Vitali), FELRI TRERARIE ) IR RG] (F4 2020 Q6a). (b)
AR LM [0 <1 RRRIEIE UL T 200 S0 i b e —— 5
WP BRI 0 b, BT D 0 RGNS BES A & IR
[, e MEH— DRI fo <1 2, 5 0v E(2,) A 0 RG] LT
HEXFRFFIAGAE, FTA THBAA RS IRE) AMTFIE. EWAERE
BA A, REEME: 1 f, <1, HB TS, S IS b sl oess
AR 1 — L 9578 [0, L], LR L 987E [non+ 1) GEREE ~n, ©
1), Mt 2, B0 HE(z,) ~ (1 - L)k + L on— 10, BRI 28 (AT
R Jo AT fo < 1 BOFEIELSEMTGeENE . FURIREBILE B4 - ML

Example (2020 Q6(a) / 2022 Q4: “3 0 (] 5 b) FHEHIBIEL

T fl).
[F/ (2020 Q6a)
Prove or disprove: If X,, — 0 almost surely, then E(X,,) — 0.

Solution.

AEA. BL U ~ Unif(0,1), X, :=n1(U <1/n). WEE w (AIEE Uw) > 0),
W >1/U B X, =0, X, 20 (ith 2 0). (H

E(X,)=n-PU<1/n)=n-+=1 Vn, WE(X,) —1#0.

1
n
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RS E — BT AR E(|X,| 1(1X,| > K)) = 1 X n > K, sup AT 0. [H
— M 2022 Q4 (X, Db = E(X,) — b2 ——H, B b=0). B

4.4 KEZFEE WLLN 5 SLLN

[fE5E eee & High] ###2id: 2018, 2019, 2022
KBOEREAER (W [ JLT0R) IS 3 SR H——X & FEA A,
T EARAE”— Pl — 2 e e R Rk

Theorem 4.8: 35K EHE WLLN (L2 iR, BRAZE)

[REPRODUCE —memorize this proof]
Let {X;} be iid with E(X;) = p and Var(X;) = 02 < co. Then X,, 5 p.

Proof for Theorem

[REPRODUCE —memorize this proof]
E(Xn) = u and, by independence, Var (X'n) = 02 /n. By Chebyshev (Thm 4.3,
r =2), for any € > 0,
Var ()_(n) o?

Khinchin WLLN (RZE—B4E)

HAHE E(|X]) < oo (TAERHZE) A X, B po IEBHESRY (FE) ok
RHERRE. WHEZEIEZAE A R RSB it H k.

Theorem 4.9: @K ERE SLLN (F&Fid)

[STRUCTURE —know the steps, fudge details]
Let {X;} be iid with E(|X;|) < oo and E(X;) = p. Then X, “% u (Kol-
mogorov). JL-F- SRSz S iRk, i SLLN tb WLLN 5.,

Example (2019 Q4: HA#WEIE WLLN (FZEA&EXS, MHR) ).

JRR&% (2019 Comp Q4, Guggenberger)

Let X1,...,X, be iid mean-zero random variables with a distribution sym-
metric about zero and variance not necessarily finite. Prove the law of large
numbers by a truncation argument, using X, = n~ !> " | X;1(]X;| < ¢) +
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n~ 3 Xi1(]X;| > ¢) for any constant ¢ > 0.

Solution.
[STRUCTURE —know the steps, fudge details]

Hir: X 5 0. H1% E(X1) =0 HE(]X1|) < oo (Khinchin FARHERTHL ; £5%E—
WY AR ERTCGF M BB TEE L) o RTFRIE AFIE AT (A0AFR Cauchy A E(|X1]) = co),

CAE R AU SRARIE A B B 453944 0.
%15 BE c MBS MHE. 5 X, =Y+ 2Z;, Hp

Yi = Xil(| X5 < ¢) (BBEss), Zi = X;1(|X;| > ¢) (EB#B).

T Xn = Yo+ Zno FMIBIEHEIRE, ik c &YX,

%2 HEET A Chebysheve Y 5 (|Yi] <o), BUTZEAR: Var(V;) <
E(Y?) < o X, X1 KT 0 XK = Xi1(1X1] < o) X T 0 Xk =
E(Y;) = 0. fifLL Y, 2IMH 0. J57% < /n [F1, Chebyshev %5

Var(Y) 4c? .
< — — .
n(e/2)?2 — ne? n—oo 0 (FElEe)

(V] > ¢/2) <

% 3 & BEA Markov + AIf%. E(|Z]) = E(|X1|1(|X1] > ¢)) =: 7(c).
H E(|X1]) < oo S5HIEL, 7(c) = 0 as ¢ = 000 =S Markov,
E((Z.) _ n'SE(ZD _ 27(0)

/2~ £/2 5

P(|Z0] > /2) <

BaP: KEnkEc, RHO H X, =Y, +7Z, 53FHMF,

27(c)

P(X > ¢) < P(¥al > e/2) +P(|Z) > ef2) < 254210

B limsup,, ., (ZF—DijH%): limsupnP(‘Xn‘ > 5) <27(c)/es WIS HEA ¢ ik
N, B c— o0 (1(c) = 0) 15 limsupnP(}Xn’ > 6) =0, X, >0, W

Remark (BETIERAR “=ZBRER” ).

XAE“HiT + Chebyshev (FAJER) + Markov B + 46 n 5 CRAFETR A S
7 ZWARER G, S ERTZE: (1) % [ X s e BB S Bl (2) Hhask
HH = J7ZABR = Chebyshev, il n — oo R85 (3) BHH E(]X4]) < 0o il
7(c) = E(|X1| 1(|X1| > ¢)) — 0; (4) K42 et n B limsup. Fik ¢ = co——
Wy B 1 5l o XSFRIEAELE A R ORIEENT 5433948 0 (RN ZE R E(Y;) I
KIEE — 0)o
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4.5 HOIRREE CLT

[E5EZR eee & High] #a# 2iE: 2019, 2020, 2021, 2022, 2025
~ WLLN MU X — p, AR, S0AGE p 2" CLT ARG
Xn MAETRIEDS, XA EIRATREE B XA SR
Theorem 4.10: O RIREE (AT 2, iid)

[STRUCTURE —know the steps, fudge details]
Let {X;} be iid with E(X1) = ¢ and 0 < Var(X1) = 02 < co. Then

\/E(Xn — ) d

Vn(X, — p) 4 N(0,0?), equivalently — Z ~ N(0,1).

Proof for Theorem

[STRUCTURE —know the steps, fudge details]

(—RABRITZEIE 0 < 0? < oo WIEMRHESEL + Lévy B8 E—F
MERREUSAAAE, TCAUEMBMNESE, BARESSIE. B BT RIAT, AR
TFe FHEZH MGF RIEH % Mx, (1) < oo T 0 SBIRIHEH], LIRS RHERBUR
TaFAT, FURE o ok M, SRS I AERIEES T H )

(MGF 3%, 3% My, () < 0o T 0 {1458, ) 4 Vi = (X; — p)/or. W E(Y) =
0,Var(V;) = 1, H (X, —p)/o = /nY, =n"2 3V, gz F5

My 0 = (v, 0/

Y1 ) MGF ££ 0 #&—Fr Taylor JEJf: My, (s) = 1+ M{. (0)s + 3 M{. (5)s* =
1+ MY (3)s® (B M'(0) = E(Y1) = 0) o fRN s = t/y/n, My, 50 4bjEsEH
5/ — 0, B MY (t//n) - MY, (0) = E(Y?) =1. T2

1 3) +2

(Myl(t/\/ﬁ))n: <1+ §M%L(8) )'n . €t2/2:MZ(t),

H limy, (1 4+ a/n)™ = e*. MGF % s3] N(0,1) ] MGF = A sl (%
SHIRBALAL) . B v/aY, 5 N(0,1). W
Wi R (1) CLT &/ kAFAfe——REL v 24 T ik 2 K3
(Var(Vi(Xn = p) = 0® Kb n ), AFM Ko — p 5 0 384k TeLh n MR
i (Var (n(X,, — 1)) = no® = 00) o Vn R —ib i ERUEMRIE. (2) W25
R4 X1 % 0%, TR 0?/n.

Theorem 4.11: £T& = CLT

[STRUCTURE —know the steps, fudge details]
Let {X;} be iid random k-vectors with E(X;) = g and Var(X;) = ¥ =
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E((X1 — p)(X1 — p)’) (finite). Then

Vi(Xn —p) 5 N(O,5).

# S AHR. U5 52X, — p) S N, L)
(JERR4EE) T &9 Cramér—Wold % & W Theorem 4.12 Z J5¢¥G4ERH )

Theorem 4.12: Cramér-Wold 38 (BET=E CLT IHAZ|LTE)

[INTUITION ONLY —read once, do not memorize]

A sequence of random k-vectors {Y,,} satisfies Y}, 4y if and only if /'Yy, 4 Y
for every ¢ € R¥.

(Cramér—Wold ¥ E A% 649iL7A B HFAE R 8 + Lévy H 44 23, RAFMELL.
EGAEFNRAYT, ATk, TORAERIESZETE CLT.)

JE#. [Proof (£L & CLT (Theorem 4.11) AJIERA——H Cramér—Wold V324
F|BTE).) [STRUCTURE —know the steps, fudge details]

W X;iid, E(X1) = p, Var(Xy) = X, [HE c€ RF ¢ £ 0, M) {dX;} 2 iid k&,
WE dus J7E dSe. 2% % CLT,

Vn(dX, —dp) = \/ﬁn_IZ(c/Xi —p) 4 N(0, d'Sc).

(2

PR N(0,¢50) 102 Y [I5M, Y ~ N(0,3) (34 ¢Se=0, I S #FH ¢ EaH
LA, AR CLT B ¢ Vn(Xn — p) B 0 = Y BREBILIES do. (HHST) o
A TR ¢ = 0 (FfER 0) o Hol &4 ¢ € RE, ¢[ya(X, — )] > Y.
Cramér-Wold (< J7[[), /n(X, — p) 4y~ N(0,%), O
Cramér-Wold [l 11: Bk 4S80 R4 I BN F @ ¢ B—4El8’. if
234t CLT B, WAE—J7 M He iid bridfl, HAsGr CLT BEEHEH: Ml
Cramér—Wold Y [E| 24 . 32414 A5 k46 5 S 4 MFAAS TSR HOBR AR o

4.6 Slutsky B 5iEZME EE

[fE5EZR eee & High| #ak# 2iE: 2019, 2020, 2022
CLT 2810/2 V(X — p) /o 5 N(0,1), {H35 o AH1. B 6 #; AT
WS 2R P FE i 4248 # . Slutsky 5 CMT Fft /& A ik 2 2 # /3 3 PR
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Lemma 4.13: Slutsky 513 (5 REF + 4 EE)

[STRUCTURE —know the steps, fudge details]

Slutsky (in prob, CMT version): If ¥;, % ¢ (¢ a constant vector) and h(:)
is continuous at ¢, then h(Y,) % h(c).
Slutsky (mixing % with 5, Lemma 1): If Y, % Y and Z, % r (r

constant), then

) Zn+Y, Sr+Y, (b) ZYn SrY, (c)Yn/Zn SY/r (r0).

Lemma 2: Y, L — Y, 2 ¢ for a constant c.

(A3 BAF RAH— & in-prob CMT 3" F @ ¢ T 4 AiE ([REPRO-
DUCE], LTF) —RZXREGHFLRF N —Fo BEHS (a)(b)(c) & CMT +
[ & oK s A s FH R A BEEIE ] (Lemma 3, I 4.6 K rmkb) 3% ; Lemma
26 4 esb e Rampsib, HAEEIM.)

Theorem 4.14: EZMEEE CMT

[INTUITION ONLY —read once, do not memorize]

Y, %Y and h: R™ — RP is continuous on a set B with P(Y € B) =1 (ie.
continuous a.s.-Py ), then h(Y;,) 4 h(Y).

(—f& 5 MAIEBR A portmanteau %32 / Skorokhod %77, RAFREEH. £5
HHFIMET, HAREF. TEHIERF AN 5 FHAHH.)

JER. [Proof (ELLMRETAT > BHUFH (V. 5 cv h EETF ¢ = h(Y,) 5 h(o);
Bl Lemma 4.13 #J Slutsky-CMT &) ).] [REPRODUCE —memorize this
proof]

HNESENE, Ve > 030 >0 ff |ly —cl| <0 = [|h(y) — h(o)l| < o WTHRHAFEE
{In(Ya) = h(e)ll > e} S {[[Yn — ¢l >}

P([2(Yn) = h(0)l] > &) < P([[Yn —¢| > 8) = 0.

Remark (CMT 5 Slutsky B%—#5).

CMT RHE 0 2 (Yo, Zn) 5 (Vyr) (), XL h AT (Yo, Zn) 5 h(Y, 7).
7 4 Hr— S S e B, TBRI S E B O B AR S (Lemma 3:
Y, 4V, Z, Bor = (Yo, Z) S (Vir)) . TR A(y.2) = y+ 2 8% yz /5
% Slutsky (1) (a)(b). XEEE: & Z, S Z WHBIHMAN Z HERED . W—
B Yo+ Zy B Y + 2B RIS B a5 (R Ve 5 N(0,1),
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Zn =Y, 5 N(0,1), HY,+Z,=05b N0,2).

Example (CMT RfA: t KitE5 Wald &it=).
(a) t-FLE HIES. 1 CLT va(X, — p)/o % N(0,1), ff WLLN+CMT (h(z) =
VZ) Sxn B o, # 0/Sxn & 1. Slutsky (b):

ViXy —p) _ Vn(Xn—p) o 4 N(0,1)-1=N(0,1).
SXn g SXn

(b) Wald — x2. £k CLT %4 V2 /n(X, — o) % Z ~ N(0,1),). BU%ESE
h(y) =y'y, CMT:

- 1/ — - d
Wy = n(Xn — 10)'S "N (X — o) = R(Z"V2/0(Xn — o)) = Z'Z ~ X3

EIRM, YD S B Hh(y,D) =ySly £ S IEELES:, OMT RN
X2 WP 1T © AR HHE M o

4.7 Delta i (—Mr5 k)

[fE5E eee & High] #4% 2ik: 2019, 2020, 2021, 2022, 2025
TATEROIIAE On AL, T2 ERARLNER e 9(0n) (HLUNJT 222 — B AR o5
PR INED o Delta 354 /n(0, — 6o) BIWHE IEAAEER] n(g(0n) — 9(00))o

Theorem 4.15: Delta i (—%)

[REPRODUCE —memorize this proof]
Suppose v/n(6y, — o) 4 7t~ N (0,02) and g is continuously differentiable at
0o with ¢’(6y) # 0. Then

Vi(g(n) — g(60)) % ¢'(B0) Z* ~ N(0, {g'(60)}%0?).

Proof for Theorem

[REPRODUCE —memorize this proof]
¥(5ER: 9(0n) = 9(00) + 9'(67) (Bn — 00) . 65 1E Bn. 60 2T T

\/ﬁ(g(é\n) - 9(00)) = g/(a;kz) ’ \/ﬁ(é\n - ‘90)

V(0 — 00) 5 Z* 41 0 — 00 B 0 (B, — 0 = \/n(Bn — 00) /it = Oy(1) - 0(1) =
op(1)) . H |05 — o] < en—eo\ 50, # 0, D 0. g fE 00 JELE = ¢'(0]) D

g'(6p) (Slutsky in-prob) . FFH Slutsky (b): ¢'(67) - V0, — 60) LA 9 (00)Z* ~
N(0,{g'(60)}*0*). W
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Theorem 4.16: L& delta £

[STRUCTURE —know the steps, fudge details]
Suppose \/ﬁ(é\n —6) 4 7~ N(0,%) (6p € R™) and g : R™ — R is differen-
tiable at 6y with Jacobian G(6y) = 9g(6y)/06’ (¢ x m). Then

Vi(9(8a) — 9(80)) % G(60)Z ~ N(0, G(6o) = G(6h)).

Theorem 4.17: ZF delta i& (¢'(6y) = 0)

[STRUCTURE —know the steps, fudge details]
If \/n(B, — 0)) % Z* ~ N(0,02), g € C2 near 6y, ¢'(6) = 0 but ¢”(6y) # 0,
then the y/n-rate degenerates and the correct rate is n:

n(90) — 9(60)) % 1¢"(60)(2°)? = Lg"(60) >3,
HAp (292 =02 (2% )a)2, (Z*)0)% ~ X2

Proof for Theorem

[STRUCTURE —know the steps, fudge details]
“t Taylor (g/(60) = 0): g(6) = 9(60) + 59" (03) (B — 60)? . 6} fEIE]. T n:

n(g(0n) — 9(00)) = 19" (05) [Vn(0n — 00)]".
0r B 00 W g"(03) B g"(00); X VB, — 60) 5 Z°, i CMT (h(z) = )
[0, — 00))2 % ()2, Slutsky (b):

n(9(0) — 9(60)) % 14"(60)(29) = Lg"(Bo)o>x3. W

HAt 2 g’ (00) = 0 EHiE] ne —F delta FIRFRE ¢'(00)Z*5 4 ¢'(6) = 0 X
ARAHY 0, B i XA EECR 8 (FEABAE I E. UECREEUN Vi
TR n, WKIA [Vn(6, — 60))* 18UF Op(1). I8 (Z2*)%, TREMEEFF (IEAK
V7)) AR, —AliE: R T, AMAIES A AR, B Vo e—1E
a8 N,

Example (2019 Q6: ZFi delta i&, S 3¢"02x3).

JR& (2019 Comp Q6, Guggenberger)

vn(Y, —6) 4 Z ~ N(0,02), g € C%(U) near 0, scalar-valued, with ¢/(6) =
0. Find the limiting distribution of ¢(Y;) (with correct normalization and
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centering). State any extra assumption.

Solution.
TIMRIZ: ¢"(0) #0 (F —MuitiBe, FESH) . H8%E Thm 4.17 (6, =
an 00 = 9) :

TZ( ) 1 // QX%
(

E A 89 )3 — AL 'v‘ﬂF"uﬂ’mz HOMEAE g(0) ORAEECH n (N2 Vi)« SENETE
n(g(Ya) = 9(0) % 3¢"(0)2%. Z ~ N(0,0%). W

4.8 WER: RE p MrERERHENEE

[ESEZ @00 I Med]| ##s#2iE: 2025
CLT {88 1 =B, 45t X, —p = O ( U ERA p AL (1<p<2),
JTZERRETCSY, CLT A F——ixi X, WSS £4% « R Marcinkiewicz—Zygmund
ZeH .
Theorem 4.18: Marcinkiewicz—Zygmund B & %

[STRUCTURE —know the steps, fudge details]
Let {X;} beiid with E(X;) = pand 0 < E(| X7 — u|”) < oo for some p € (1, 00).
Then

Xp—p = Op(n_(l_l/p)) for 1 <p <2, X,—p= Op(n_1/2) for p > 2.

B K- p = Op(n~™nl-YpU2), gy, n1-Up(X, — ) = Op(1)
(1<p<2),

Bk FARR min{l — 1/p, 1/2} BEFT M p B, p=2K 1-1/p=1/2 5
CLT iy n=Y2 it p — 1T B} 1—1/p — 0, JLPAISE (AE—M. B
WLLN {Eig ) . #id p =2 HEMEREFPERE (5 n~Y2, Hil CLT [WIEAE
ERHE) o
Example (2025 Q1(b): X p MiER 7 RYUELER).

[F& (2025 Q1b, Pinkse)

Establish the convergence rate of  if Z is the sample mean of an iid sequence
with 0 < E(||z||”) < oo for some 1 < p < co. The answer should be a function
of p and work for all such p.

Solution.
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[STRUCTURE —know the steps, fudge details]

BR: 1 p=0p(n 0P iy 0 (00 1 < p <20 F)
n~l2 Y p > 2,

p > 2 WER (BME): AT Var(z1) < oo, CLT 4 /n(z —p) 5 N(0,02),
H Fact 4.5(iv) 15 vn(z — p) = 0p(1), Wl 2 — p = Op(nfl/Q)o

L<p<2WER (TBEEBAHE): % pu=0 (FMb). iC Sy =Y, 750 von
Bahr-Esseen A3 (2.15) Z5H, APz $9{E 0 p AR (1 <p <2) (9H1,

E(15.") < G Y E(lzil") = CpnE(lz1]).

i=1

ﬂ:%x\ j = S’n/ny

B([nra]') =

i Fact 4.5(v) (JEHR = Oy, Woa, =1,r =p {EHT ni=lrg), nl-1/rz = O,(1),
Bl 2 = Op(n=(=1/P)), B

Remark (F250%%).

Sn
nl/P

") - EGS)

L) < G E(ml) = 0(1).

PRIIE & Thm 4.18, F4ige: R = n~ 0P 3 1 < p <20 = n~V2 %t
p>2, &5 p-min{l-1/p1/2} " 3E 1 < p < 2 BiF von Bahr-Esseen 1 E(|Sn|")
7 O(n), ¥ Markov — O,. &% ¥ k% von Bahr-Esseen: T[iR—# H25 %
F+p>28 CLT#®IE + 1 <p<2 WHZEZTRAZG ¥ CLT k. FBA
nm (VP g b e, Gl CAS S

4.9 BAFTERESHEAAEZKRGRRSH

[E5EZR eee & High] ##k# 2iE: 2019, 2020, 2021, 2025
TR A — M R 62 [OIR. Bt (X,62) B eIR. BRgG———i
FEARSES % ild HZ2 /1, 27285 CLT + delta 3 /Slutsky 2. T5%w 46,

Theorem 4.19: ¥R ZE/iENHE 5 %H

[REPRODUCE —memorize this proof]
Let {X;} be iid with E(X{) < oo, u = E(X1), 0 = Var(X;) > 0. Let
62=n"13.(X; — X,,)%. Then

V(62 =o?) & N0, ja—o?),  pai=E((X1 - p)?) = Var((X; — p)?)+ot.

HORRBR T2 = Var (X0 — n)?) = jua — 0% (B Sk, = 7276 BB HAH:
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fRo)

Proof for Theorem

[REPRODUCE —memorize this proof]
K GEIFARM p BRI -

6 = = S (Xi— ) — (K= p)?
T Vi FPLML
Vit = %) = 2= 30 (%= = o] = (K =) VK =)

: (B)
(A)

(A): {(X;—p)?}iid, HME o2, Jy 2 Var (X1 — p)?) = pa—o* (75 E(X}) < 00)e
CLT: (A) % N(O,u4 — o%)e (B): Xn—p B 0 (WLLN) T Va(X, — p) %
N(0,0%) = 0,(1), # (B) = 0,(1)- Op(1) = 0,(1) 2 0 (Slutsky/Lemma 1b: %k
0 LIS S 0)o fi Slutsky (a): a(62—02) = (A)— (B) % N(0, pa— ) + 0.
n
“FETT w ARFEMMMHL T 2 R R A T (B) Sa Rl Xn BRE 1 1R
HER 0p(1)——HHK (Xn—p) B 50, FI—A Op(1) 57T 2o FTLh#7 i EFEA
JIERAHE p B B i B (X5 — p)? B CLT,
Example (2025 Q1(a) / 2020 Q5(a) / 2021 Q5(a): /n(62 — o2) BITRIR).
JRRR (2025 Qla, Pinkse)

Let &2,08 be the sample and population variance of an iid sample of size n
with finite fourth moments. Derive the limit distribution of \/n(62 — o3).

Solution.
BHiEE Thm 4.19:

Vi@ —ad) 5 N0, p—of),  pa=E((X—w').

2020 Q5(a)/2021 Q5(a) ZEFEMIANM 3 " r = 1/2, HFUIMEF E((X1 — p)?t) > of
BRI s — o > 0 (AEEML) . |

AL TR B AR delta 3 62 = g — mi Gy NFEA § BYAE) . Xt
glmi,mg) = my —m? LAkt delta, BEERIEL G = (—2u,1), B&I%
GYXG' = py — ot (5 EZ4H),
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Example (2025 Q1(c): limsup, P(né? > z,) (F% /n-3kEEH) ).

[F/ (2025 Qlc, Pinkse)

HEZE Ql(a) (HL 03 =1)o & 2n~x2 HRETF 6% K hrnsupnP(n&2 > zn)o

Solution.
[STRUCTURE —know the steps, fudge details]

R 1/2. XRERIWIRELT n IARR G —HR. HILES A -k
o

%1% TOSH n, LEFED n-Bo f Thm 4.19 (62 =1), /n(62—1) >
N(07/L4_]—)’ E&

néz—n 4

A~N —1).
\/ﬁ - (05N4 )

X zn ~ xi (RIS n A iid x§ 281, ¥{E n. 757 2n), i CLT

A, = /n(6%—1) =

Zn—"N d

VR B ~ N(0, 2).

%2J/ «E% %E@ .no' _n_\/ﬁAn\ Zn_n:\r n» /\HH/]”*H{%

B, =

P(n6? > z,) =P(n6* —n >z, —n) =P(vnA, > VnB,) =P(4, — B, >0).

2 MSIT 62 451 An L Ba. i (An, Bn) % N(0,Diag(us — 1, 2)), fj CMT
(h(a,b) = a — b HELL)

Av=B, % A—B ~ N(0, (ua—1)+2).

%3 % MIMRIRE 1/2. 0 A— B R 0. Ji% (u—1)+2>0 [iF
. 0 REESE, &

AN

P(A4,—-B,>0) — P(A—-B>0)=3

M FRAEAERL limsup BIiZARPR: | lim supP(n&2 > zn) = % [ |

n

Remark (AFEfEHE: BIEQLERE. b /n-ik%).

n6? 5 2, HLAAA R —BHER n K#L (62 5 10 E(za) = n), BN %B‘Z
too ik WFFRBHARM n, & FHRES I Va-ikds An, B, —E# S
D 0 BIEZS. MR IH S A T ERICE RS, % Ay — By 52
SPARIUIME-0 IEAS——RESA, MR — 1/2, 5 py EMAETCE (E
pa < oo PREIRIRIL) o XK PISIFRM K HUE2EH — 1/272 Pinkse % (175
%o
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Example (2019 Q3(b) / 2020 Q5 / 2021 Q5: (X,,,5%) HIBE&IRR 7).
J&R% (2019 Comp Q3b, Guggenberger)

Xi,..., X, iild, mean p, variance o?. Find the asymptotic distribution of

Vn(X, —p, 62— 02),. State assumptions.

Solution.
[STRUCTURE —know the steps, fudge details]

Ri&: E(X]) < oo (BEWHITZESWMME) « B pus = E(X1—p)?),pma =
E((X1—p)?)e

HiE iid EE. WL L 67 HIMT L(X — w)? (I p B op(1), W
Thm 4.19 1) o #% 5& iid — 2 m)

%=< diw ) E(Vi) = 0.

(X; — p)* — o
HhJy 25
—var(v — (B =) E((Xl—u)3)>_<a2 3 >
WY (‘/1)_<E((X1—M)3) Var(X1-w?))  \us pa—o*)

(fi Bt Cov (X1 — p, (X1 — p)?) = E((X1 — p)?) = p3; A F Var((X1 —p)?) =
Ha _040)
TE CLT + WR. Van 'Y,V 5 N(0,%). i

X, — - nl : 0
\/ﬁ<&2—02> =V ;Vl i <—(Xn—u)\/ﬁ(Xn—u)>’

B TUE op(1) ([ART), H Slutsky AR . K

X, — 2
6% —o p3 pa—0

Remark (IEZ=/M8BR/HEXLEIR).

(1) 8—4 b — N(0,02) (CLT) ; (2) 4k — N0, — o)
(Thm 4.19) ; (3) “FH#iiish s <« pz =0, B X BME6TF p xHFR (fn
EA) B X, 5 6% Wiy — X IERIEASHEAT X 5 S2 fhsr AW A .
2020/2021 [ Q5 HXIEHRK (a)62 (b)X? Fi/NA], JiikRI.
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4.10 HARMEZIFLMEERE: delta iE + o,(1) &K%

[fESEZR eee & High] ##s% 2ik: 2018, 2019, 2022

SRR T A AT 3 Z AR /25 /3 B AFE =05 (1) 2485 OLT 457
PRI A EAS: (2) delta BRI LM, (3) MBEIHEELfiHh — Hkik
= 0p(1)/y/n, HEARBR AL 25

Example (2022 Q3(c)(d): JE&KMEREAY delta iE + o,(1) FH).
[F/ (2022 Q3, Pinkse)

Y = A + e, (Xineo) lid, Xi L e, B(X;) = # 0, E(ep) = 0. Let M, =
71 . 7L71 5 ~ _
(" Xiei, n7 S ), T — P exp (PR 1 EURS), T, — (3 + )

o

with 8 = %, B = Z—X’l (¢) Derive the asymptotic distribution of T},. (d)

Show /n(T,, — Tp) = 0,(1) and give the asymptotic distribution of Tj,.

Solution.
[STRUCTURE —know the steps, fudge details]

S SR M, RIBEATRIR. {(X e, g0} iid, ¥E (E(Xe),E(e)) = (0,0)
(X Le,E(e)=0). W7 i o2 = Var(e),

Var(Xe) = E(X?e?) = E(X?) o2,
Cov(Xe,e) = B(Xe?) = E(X) 02 = po?,
Var(e) = oZ.

LAkt CLT: nM, % N(0,Q), Q= <E(f2) ’1‘)

(c) Delta i%. 5 T, = e’ g(M,,), g(a,b) = exp(E(X2 ) 1 M, By
(0,0) 4k ¢(0,0) = 1, th

G = Vg(0,0) = (g, £)-900,0) = (ks

==
N——

delta 3 (Hl> (0,0), T, = €2Pg(M,), €2Pg(0,0) = 25):

VT, — ) & 2P GN0,9) = N(0, ¢’ GO,
Hrp

E(Xx?2
Gad = “g{u(xa)? + iy + ] = o2 sy + ke + 7 = o2 (ke ).

(LA Q = GQG = 02[GIE(X?) +2G1Gop+G3 ], 1L G1 = 1/E(X?) ,Gs =
1/p Bl Lt ) A
(d) E V(T — Tp) = o0p(1). Blt: 5,5 #2 B M—Efh, HAmERLTF#
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T (ISR — Wit SBZREAb ift it i

-1 X.e; -1 X.e:
noty i€ _ N > 151_1_0[)(”—1/2)’

B—p= n,12X3 - E(XZ)

B n S X2 B E(X?) (WLLN), 437 = 0,(nY?), i 1 =140,01) 1%
B2 0,(n~Y2), [HFH

1N L -1 ,
B-B= :,1 %; == L +0p(”_1/2)

Y, =B8X;+e WYY, =8> Xi+> e, B=

&) . AHm:

A 2 n—1 = n—1 = —
BB =28+ (Tt + R0 ) 4 oy(n ).

W T, = exp(B+4B) = 2P exp(- - -+0,(n"1/?)) = Ty eor (™% = Tn(140p(n=12)),
T = 0p(1) (5 HHIRAFAE),

V(T = T) = Vi T ol 2) = Ty - 0,(1) = (1),
Hﬂ SIUtSkY (a), T, 5 Tn ?ﬁﬁé*&[’gﬂ
V(T =) 5 N0, 0 (g + ).
Remark ( “o,(1) Z&k” 5EX).
(d) Y22 i e B H EI/J SRS BATHE T, }ﬁﬁ%ﬁﬁj\
i, S The oA AL T, RZE 0p(1) /v, T2 V(T —Ty) = 0p(1),
Slutsky il —FH#r it S0 LZEWRE. MOFES: (1) Bio& (é — %) ERES

EDIAE 0p(n~V2) HITTAE Op(n~V2), HUSBBHIR: (2) exp MLtk
LA €50 = e2(1+ 0,(1)), FTE Op(1) 1 T A1 0,(1).

4.11 BN Self-Test

Example (Self-Test 1: USRS true/false (2020 Q6 / 2024 Q6 Z,?é') ).

KIS IR/ SR (2) X 5 X = X)) S (X)) XHESE he (b)
X, 3 0= X, B0, (c) E(Xa—Y)2) = 0 = E(X2) - E(Y2), (d) X,
0=P(X,<0)—1

Solution.
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(a) E——CMT (Thm 4.14) . (b) B——I&K5 5 % S TARMER 2% %5
(Lemma 2), (c) B (F#E Y € L?, B E(Y?) < oo, AHEWK |V, X2 L sk
BRINESE) —— L WSIRIVEEL | Xnlly — 1Y [l GE=MAARER || Xally — Y]] <
1 Xn = Ylly = 0), FIrEIE. (d) B——A&IEEE 0 1 P(IX,| >e) — 0; B
X, ~N(0,1/n), W X, Z0{HP(X,<0)=1/2A1 (T 0 %F).

Example (Self-Test 2: X? HJiR{LIER (2020/2021 Q5(b)) ).
{X;}iid, E(X{) < oo, p=E(X;1),0% = Var(X;y) > 0. 3k n"(m} — p?) (ARE
WARBR (1 = Xo) . 4RHETE 7o
Solution.
R g(m) = m? fl delta ¥, o) = 20 B p £ 00 v =1/2, V(X2 —p?) %
21- N(0,0%) = N(0,4u%0?). & u— 0: ¢'(0) =0, —Fr delta B4k, H - delta
(¢"=2): r=1, nX2 = (V/nX,)? > (JZ) =0T BT IR u RTH 0 5
B A, I BT PR AU

Example (Self-Test 3: TRRKIHIESH (R 2019 Q3) ).

{X;}iid, u#0,0% > O,E(Xl) < o0, Cp = On)Xn HBREREC =0/p. Vil
Cn —31, IF Gt it Vn(Cn — O) MURRFRIT R .
Solution.
—®MH: X, & p (WLLN) , 62 B o2 (WLLN+CMT) L o =62 B oo
(CMT, /- &EZT 62> > 0) , #h C, = 6,/X 2 o/u = C (Slutsky, pu #
0) . Iﬁﬁﬁ?ﬁ Cn = g(Xn,an) g(m,v) = v/m. H Example 4.9 JHE
BB /(X — 6% —0?) % N(0,%) <E/\ 2,u3,u4> X g A2 delta, B
G=(=Vo/m? 5im)| ory = (=012, 55). 13 V(G — C) 5 N(0,GRG).
WO R TT 2R S v B 46 g 5 =946 pg GHGE )6

Example (Self-Test 4: O,/0, EE&).
B /(0 — 00) 5 N(0,02). an B a# 0. HIWITELE: (a) O, — 0o =7 (O, JL
)5 (b) (B — 00)2 =25 (¢) an - /1By — O0) =7 (LRSI )
Solution.
(a) V(B — 00) 3 N(0,0%) = /n(l, — o) = O(1
Op(n™Y2)s (b) (0p(n™1%))2 = Op(n™1)s (c) an
in - /1 (On — 00) > a - N(0,02) = N(0,a20?).

) (Fact 4.5iv) . # 0, — 6y =
a W = a+op(1); Slutsky (b):
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5i% - Roadmap (FEiEXE, FEARX)

HULERAOHERE T T (1), B REAR R TICH B it H s o
B DS WEE . 200 ET (4), AR T H g — A A% B A7
B Bl — N R EISHL O, FFRIPIFE—X M R R CARRFEA
MIRZES¥RE), DR EF R4 (KEARTIMHEEME. $NEES. AAf
BIBERRAMND -

FLEMAMA (MLE), B2 HA—AE: EFTERESEE, PR
A REAE AR TF X AHBAR IR . BlgeX )i, B EREFIGSHE: (1) 5
HUBISK / RPEUBISR. SR—hSetbagi 0 (2) FiI Jensen 7% X + KLIC iBiF
MLE 4; (3) &HWHLES va(@ — 60) % N(0,1(60)7Y) Lt s
% X; (4) Cramér-Rao FAEMLE #iEAR" (5) JINZRBBH—3H
WAL EDRE MLE A2 RGEBZE” (U[-0,0]. FHLK) . UIREAED
B & MLE, f—{#8EC—18 PSU %AE% 5d: 2025 54055 MLE.
2017 [UAZEMEIER . 2018 (950 AL 2019 {9 — T MLE. 2024 %F“E
U TR ARG LA B W R

5.1 fHitE. wZE. MSE

(LS5 e oo I Med| ##s#2ik: 2018, 2024

SAEE I AT —IREEM {£(0) : 0 € ©F (¥R, I {Vi},
P — ANEUY Gy . TR — MEEURML SRS ) — SR 6, =
On(Y1,. .., Vo) —— AL R G BRI, BN HR T2 213 %
#EE.

Definition 5.1: ZtfE« #®Z. MSE (Unbiasedness, bias, MSE)

For an estimator /H\n of a scalar 6 € O:

e Bias: Bias(é\n, 0) :=Ey (é\n) — 0. The estimator is unbiased if Eg <§n> =0
for all 6 € ©.

68
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o Mean-squared error: MSE(@H, 0) :=Eyg ((é\n = 9)2>.

(Eg(-) means expectation taken under the true value 6.)

Theorem 5.2: RE-FHE57#E (Bias—variance decomposition)

[REPRODUCE —memorize this proof]

For any estimator with finite second moment,

MSE(8,,6) = Varg(én) + [Bias(dn, )]

Proof for Theorem

[REPRODUCE —memorize this proof]
Write gn -0 = (§n — g (é\n)) + (Eg <§n> — 0), square, and take expectations.

The cross term vanishes:

B | 26, - B @)) (Eq (an) —9) | =2(E, (én) 9Ky (§n _E, (@L)) —0,
7

constant

leaving Ey ((é\n — Eq (@1))2) + (Eg <§n> —0)? = Vary (9 ) + Bias®. ®

XEMMER AT R AR — MRS = 7% (B8 + WZE° (R
GRS o« CRE T AT 2B I A R B THR R B g —— R B 2T
EXGRIZ R /L MSE JZifii#/he MLE 9 6% #2808 gxf o A (BLL o ek
n— 1), (HEH TCHRHE .

Definition 5.3: fAX{3{ & (Relative efficiency)

For two estimators 9An1,§n72 of 0, the relative efficiency of 5,171 to §n72 is
MSE( 0,2 )/MSE( n,1,0). If both are unbiased this reduces to the variance

ratio Var (9,172) / Var <9n71>; a value > 1 means é\n,l is more efficient.

Remark (AftAFEEEE “R/ML MSE RRRfHITE”

K4 MSE (6, 0) 0T Ao HEME 0. Ml 0, = 13 CEIRHHRIAERE 13)
f£ 0 =13 4 MSE= 0, {HilAbE K. Fril x4 0 # MSE &/ ifliiti— K
BRI A IERILR (A m) EXAMESR A T ERR s . X2 TF 1
UMVU 193h#L.
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Definition 5.4: —8&/NFZXw (UMVU)

An estimator 6, is Uniformly Minimum Variance Unbiased (UMVU) if (i)
Eg <§n) = 0 for all § € O, and (ii) Vary <§n) < Vary (én) for every other
unbiased 9~n and all 0 € ©.

UMVU J&“SefM e 2 0 mAG T, FEAEESLH07 25N IR B8 1) =~
TH, Xp & N(u,o?) 1 p 19 UMVU, 8%, = 227 2(X; — X)? 2 o iy UMVU,
p =X, /& Bernoulli /' p i§ UMVU., {H UMVU A ="1EH—M K372 (7] fE
AN IR T7 22/ IMB 2 BRI « BRI AT 0 — BRIt GBS W R A4
RIS AAAE AR X o VoG5 B (2 e PR 1B 5 2 T B Cramér-Rao 5“MLE it
TR

5.1.1 F MSE itf8§ (MSE — 0 + Markov)

TGRS (0, B 0) SRR T (A) WLLN + %4 H%%T/Slutsky (B)
iE MSE — 0, F§/H Markov A5 JEEUHTH, 8P

Proposition 5.5: HH MSE #tH& (Consistency via MSE)

[REPRODUCE —memorize this proof]
If MSE(@% 0) — 0 as n — oo for every 6 € ©, then 0, 5 0.

Proof for Theorem

[REPRODUCE —memorize this proof]
Fix € > 0. By Markov’s inequality applied to the nonnegative random variable
(é\n - 0)27

~

P(1— 01> <) =P(B— 0 > ) < E@((GZQ— 6y?) ) MSEEfn,@) o

Hence 5 Lo m

TR EM T L2 WL = (RS, B — MR CEED) Bl pi
SEIIE (78 RERZE — 0 B2 — 0, fH15M# MSE = Var + Bias®> — 0,
G fSe BN Xt RZEEH 0, 72 0?/n — 0, # Xn 5 po

5.2 TRAMASR: AP TEULIA. —B &4

[fE5EZ% eee & High] ##s% 2i: 2017, 2018, 2019, 2025
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Definition 5.6: ARSI HIA%A (Likelihood and log-likelihood)

Let {Y;}"; be iid with density f(y;60p) (w.r.t. a common dominating measure
W), 6o € ©. The likelihood function is the joint density viewed as a function of

the parameter,

n

La(0) = [T/(¥i0),  4a(6) :=log La(0) = ) log f(V3; ).

i=1 i=1

The maximum likelihood estimator (MLE) is any maximizer

b, € argmax L, (0) = argmax/{,(6).
0cO 0cO

PR o Ho, Ln(0) A0 HOMES"——0 R AR, A RBENIAE s Ln(0)
RBTULR 0. WIIPRINEN T XL Y (9" MLE SRR A 0
B RFEEINRAZS e K BTN (B / RSH4). H
log PUAfiEHE. RAE argmax, FTLMEAAL £y 55 Lo SER%EH

Z MLE BgfsE=4% (Likelihood — FOC — solve)

Step 1. Write L, (8) =[], f(Yi;0) and take logs: £,(0) = >, log f(Y3;0).
Step 2 (interior case). Take the score S,(0) := 0¢,/00, set Sn(gn) =0,
solve. Check it’s a max (e.g. 0°(,,/06% < 0).

Step 3 (boundary case). If ¢, has no interior stationary point—e.g. ¢, is
monotone in 6 on the feasible set, as in support-boundary problems—do not
differentiate. Maximize directly by inspecting the constraint set (I, 5.7 7).

Remark (— ERIBERZIENE).

“SRSEEER AR AL EL ST WA MARLFIAE . —BSEGFANS A £
FHHFR (1 U0,0] H 0 REEGRNEKME) . MRERMREGRT 34 2 R4,
FOC 25 HIgERE %%, 5.7.1 771 2018 Q4(a) wlt/ BARINAIIX— o

5.2.1 fl: Bernoulli 51E7

Example (#5: p = X,, for iid Bernoulli).
Y; "% Bern(p), p € [0,1]. 3k MLE.
Solution.
flyp) =p*(1=p)' 7Y, Hn(p) = (X1, Yi) logp+ (n— 301, Y5) log(1—p). score
Zﬂ:1Yi i Yi o 1y X
Sn(p): Zp 1_1 0:>p:EZE:Xn
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“r T <0, BEOARK. B 2019 Q5(a) 1 (ZMMAR) BH, T EEM
#o

Solution. )
Uy = —%log(2m) — Blogo? — 5k Yoy (Yi — p)?o XF p sRGFET 4= Xn; AR
Xfo? kG EEM

Z(Yz - Xn)2

i=1

1
&I%AL = n
TR EHEn (RMEn—1), ME(63) = =10 # 0% MLE #9% £ 2 A
8o XEWZETTZ M (Thm 5.2) FHEHA—MLE M mfWZ 0ok 755

5.3 MLE B9tH& 1 : Jensen 5 KLIC i

[fE5EZ e oo & High] ##s# 2id: 2018, 2025

ML BRRMAR BE A BAE? B2 —FERIEFL: [Eirh 0 B, AE
fo " —HbE/ME BB  Kullback-—Leibler fEE5" HUXBIFM AT S, W2
MLE & HHEN] o

Theorem 5.7: MLE #H&H)EFiR5] (Jensen / KLIC)

[STRUCTURE —know the steps, fudge details]
Let {Y;} be iid with true density f(-;6p). Define the (normalized) population

criterion
Q) =B, (log f(Yi0)),  @ul6) = > log f(¥is6).
i=1

Then 6y maximizes ) over ©:

f(Yi;6o)
f(¥i;0)
with equality iff f(-;0) = f(;6p) a.e. If in addition the model is identified
(Po, (f(Y3;6) # f(Yi;6p)) > O for all § # 6y), the maximizer is unique: 6y =
arg maxy Q(6).

Q(00) — Q(0) = Eq, <log > = KL(fo, l| fo) = 0,

Proof for Theorem
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[STRUCTURE —know the steps, fudge details]

‘ Y;; 0

Consider Q(8) — Q(6p) = Eg, <10g;c((y.90))
(3]

inequality gives

F(Y3;0) f(Y;;0
Ry (lgf(YH)> < log EoO(f(Yz,eO) f

zlog/f =logl =0.

). Since log is concave, Jensen’s

y; 00) du(y)

Hence Q(0) < Q(0y), i.e. y maximizes (). The inequality in Jensen is strict unless
the ratio f(Y;;0)/f(Yi;6p) is a.s. constant (= 1 here, since its mean is 1); under
identification this fails for 8 # 6y, so the maximizer is unique. H

Theorem 5.8: MLE #84& (Consistency of the MLE)

[STRUCTURE —know the steps, fudge details]

Under the setup of Thm 5.7 plus standard regularity conditions (compact O, 6
identified, continuity of 6 — log f(y; @), and a dominating integrable envelope
so that the convergence below is uniform), the MLE b, = arg maxy Qn(0)
satisfies é\n 2 9,.

Proof for Theorem

[STRUCTURE —know the steps, fudge detalils]

Four steps (the generic “consistency of extremum estimators”argument):

~

(i) 0, maximizes the random criterion Q,(0) = L 3", log f(Y;;6).

(ii) By the WLLN, Q,(8) % Q(6) pointwise for each 6 (provided Eg, (| log f(Y3; 0)|) <
00); regularity upgrades this to uniform convergence supy |Q,(6)—Q(8)] % 0.

(iii) Uniform convergence of the criterion transfers to convergence of the argmax:

the maximizer 6,, of ),, converges to the maximizer of Q).

(iv) By Thm 5.7 that maximizer is the unique point 6y. Hence 0, > 6,.

HUBBRI0ZE: MAGED Q, —HKi@#M AN Q, M Q & Jensen H—H i 6
BREKR, T2 Qn #95F K E&IE 0o Jensen 17710 Z Flr LAWG I log M = HHEER
XIEL > XEAIAE, 1k O A B RER R X BB BRI —Hr o ——HE
Mg & m Nl gse, 51945 FOC IR IEAS 2 MEMZ YIS,

Remark (KLIC 2114).
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KL(foy |l fo) = Eaq (108272 ) = 0 BN fa, BUEIL fy 1) Kullback-Leibler # 1.
{1 EIE > 0 AL fo = Joy BF% 0. MLE f6 FBR —Q(0) %1 F/ME KLIC
—— ORI = AESHORIER A KL RIGHIAS I, B R 3 (31
SMITAEREI) WKEIERER . 1809 0" = argming KL By by efil, it 2
AL (QMLE) KL,

5.4 MLE #iEESSEEERKEER

[E5EZR eee & High| #sk# 2ik: 2019, 2024, 2025
A HI B ZI55) 007, Rk % e Fedt 2 5 18 FOC ££ 0o Abf—Br Taylor
JRF, s f(9—9o) IR AT o G5B RETE 7 X T AR

Definition 5.9: Score. Hessian. Fisher 582 (—/W)

889 log f(Y;0) and the Fisher

For one observation, define the score s(Y;0) :=

information

1(8y) = ﬂzeo(s(yf;ao)s(yf;aojT) = Varg, (s(Y;60))

—

*

62
2 R (89 agr 108 F(Y; 90))

=

Lemma 5.10: Score M{EAZE + EE5EKEEZ R (Information matrix
equality)

[REPRODUCE —memorize this proof]

Under regularity conditions permitting differentiation under the integral sign:

(FHE) Eo,(s(Y;60)) = 0;

(IME)  Varg, (s(Y;6p)) :—mxﬁ%a%ﬂn%»:u%y
~—_— —
score Jj = ﬁl\iFF\E(ssT) # Hess‘i,an Wt

Proof for Theorem

[REPRODUCE —memorize this proof]

Start from the identity [ f(y;0)du(y) = 1 for all 6. Differentiate w.r.t. 6 under
the integral sign:

01
ae/f f dp = ;ngf(y;ﬁ)du:Ee(S(Y;H)),

s(y;0)

using Jpf = (0plog f) f. This gives the zero-mean property, so Var(s) = E(SST).
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Differentiate again:

OzaiT/s(y;G)f(y;H)dMZ/[ Tf+5@a@fT]d Wﬂ(%)*E@(”T)’

where the second term used 0y f = s f again. Rearranging yields the IME. B

5 BA RS B E R (score 7)) = ZHER CIHBURBAMIHIE) %

B RBULSATE 6o bk 465 th (£ Hessian K) . BURX S EN w4 6 7 B8

(score BHMSMTE) , A Oo dkiE. PIFPE 1(6) 1977 (SMH vs 1 Hessian)
TR RN, BERNAE, “H 2 2B = IR Ra T 2 1R

Theorem 5.11: MLE #iEIE7S (Asymptotic normality of the
MLE)
[STRUCTURE —know the steps, fudge details]

Suppose 0y € int(0), log f(y;6) has continuous second derivatives, 0, 5 0y,
the IME holds, and I(6p) is nonsingular. Then

Vi (B — 00) % N0, I(6)7").

Proof for Theorem

[STRUCTURE —know the steps, fudge details]
Since 6y € int(©) and 6, 5 6y, the FOC %le(Yl,é\n) = 0 holds w.p. — 1.
Mean-value expand the score about 6y:

n

1 S~ 1
0= D00 = 1 3 s(Yis) + E Zam Yis0) | @ — o).

=1

With 6,, on the segment between 6, and 6, (so 0, B 0p). HIESEF, HPE
On JUBJA R AT E—T M hRAXS score BT H—HIERT, Ff4T Hessian
F—#0R % (uniform LLN) 8B 1—IFUkELE] 6o; iXH$% STRUCTURE #xid
fi%J:. Rearrange:

~ 1 s R
Vn(0, — bo) = {—n;m(ﬁﬁn)} \/ﬁ;S(Yiﬁo)-
Two limits. (i) By the WLLN and 6, % 6y, the bracketed matrix %
—Eg, (0s/007) = I(6p) (negative-Hessian form of IME). (ii) The scores s(Y;;6p)
are iid, mean 0 (Lem 5.10), variance I(6p); by the CLT,

\/15 z": 5(Yi; 60) > N (0,1(60))-
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By Slutsky, (8, — 60) = I(60)~2 N(0,1(60)) = N(0,1(60)“1(80)I(60)"") =
N(0,1(65)71). m

% “Kk MLE #iEs#Hh” & (EXE)

For a scalar parameter: (1) compute the score s(Y;6) = dglog f; (2) Fisher
information () = —E(83logf) = Var(s) (either form, IME); (3) state
f(g— 6o) 4 N(0,1/I(6p)); (4) (optional) consistent variance estimate
Var(9) = 1/(n1(9)) for a CLO =+ z_os/1/n1(8).

5.4.1 Worked example: 2019 Q5 —_In MLE K Ei#ES#H
J7& (Comprehensive Exam 2019, Guggenberger, Q5(a)(b))

Suppose X ~ bin(n,p) with pmf f(z,p) = (Z)px(l —p)" T forx =0,...,n
and p € [0, 1]. One observes a single random variable X.

(a) What is the maximum likelihood estimator of p?

(b) What is the asymptotic distribution of the ML estimator of p as n — oco?

Solution.
(@) Uk L(p) = (Mp™(L —p)" = (7) A% p, Al Fo XEUK L(p) = xlogp +

(n — x)log(1l — p) 4 const, score

r n—-x ) X
gl = - =0 = 1— — — p — —.
(p) P z(1—p)=(n—a)p ="
( n\\ = 0 é — O\ X =N é/a\ ﬁ = 19 E/L\\it—‘gio)

(b) X ~ bln(n,p) EA n A~ iid Bern(p) Z2f1 X =" B, W p= B, &
HEAYLE. E(B;) =p, Var(B;) =p(1 —p), i CLT

Vi —p) 5 N(0, p(1 - p)).

p
E(5+d25,) = L+ 4 = sy TR IG) ™ =p(1-p), 5 EH CLT £
W) 7 %A —%——IF 2 Thm 5.11 [{)5L4]. ®

Remark (% =i2)F).

YERIEE4EFE: 21 Bernoulli [ score s(B;p) = B _ %, I(p) = —E(0ps) =
)

‘B bin(n, p), n — oo 2 n 4> Bernoulli FIE" LA p = X /n HYMLLS
fiiiE CLT: /RabHE RS Stirling J@IF I pmf. Pigc (B CLT vs (FEJE
B I(p)~") AU B, XN BRI HS T —— IR R
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5.5 Cramér—Rao TRERE
[fE5EZ eeo FH Med]| H###2if: 2024
Fisher %/_ I1(0) ibthiE AR — 1 fAfh: BHREMAmE 20 Z% 7 — M eik
AR HIM . iXaE Cramér-Rao A, tE“MLE #rRoA30 1R -
Theorem 5.12: Cramér-Rao T 5 (Cramér-Rao lower bound,
CRLB)
[STRUCTURE —know the steps, fudge details]

Let 0, be any unbiased estimator of a scalar  based on iid {Y;}",, under the

regularity conditions of Lem 5.10. Then

Varg(0n) > nIl(O)’

where I(6) is the one-observation Fisher information. An unbiased estimator
attaining this bound is efficient.

Proof for Theorem

[STRUCTURE —know the steps, fudge details]

Let S, (68) = >, s(Yi;0) be the total score; E(S,) = 0 and Var(S,) = nI(6).

Differentiating the unbiasedness identity Eg( ) i 0 )11 f(yi;0) dp = 6 un-
der the integral sign,

;Ee (5 ) _E, <§n sn(9)> - cov(én, Sn(H))

(the last step uses E(S,) = 0). By Cauchy-Schwarz, 1 = Cov(gn,Sn)2
Var<9 ) Var (S, Var( ) , ie. Var(0 ) >1/(nl(0)). N

IN

Corollary 5.13: MLE #1iEE (Asymptotic efficiency)

The MLE’s asymptotic variance (for \/n(6, — 6)) is I(6p)~* (Thm 5.11), so
Var <§n) ~ I(0))'/n = (nI(GO))fl, exactly the Cramér-Rao bound. Hence
the MLE asymptotically attains the lower bound: no regular (asymptotically
normal) estimator can have smaller asymptotic variance. This is the Héjek—Le
Cam convolution theorem: any such competitor 8,, has v/n(6, — 6p) 4L Z+M
with Z ~ N(0,17') and M independent of Z, so its asymptotic variance is
I~' +Var(M) > 11

W=AIE SR CRLB 25 Hit"1/(nd); MLE ¥ J5 2462 171 (FRLA n J5IE
UFERHIA) ;i MLE 2 A2 R CRLB J2 74 FRAF AX Bfm £k 3+ /T 5L
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M “MLE H%0 & # 8Bk (MLE AREAT AR, 0 EIESH 6%) . N 2024

Q6(d) IEZ T Boxff = HNE o AREAG p BN 5 SRAEHIT .

5.5.1 Worked example: 2024 Q6(d) —EBHMAEBAHESB LHHE?
[f7% (Comprehensive Exam 2024, Q6(d))

True or false, explain: Suppose we have an i.i.d. sample {Xi,..., X,,} with
X1 ~ N(po,08). If we knew o9, then we would be able to estimate o more

accurately than we could without knowing oy.

Solution.

False. SCHESE N(u,0?) WS EMMEE (n,0%) B Fead o — DU x50

2 .
log f = —3log(2m) — 3 logo? — % score A
X —p 1 (X =w?
WE T ST T T

LB E(spso2) = g0 B((X = 1)°) = gwE(X = ) = 0 (EA=Hr DS =0,
_“m == 0) o %:/‘\Eé

o [1/0? 0 4 [o* 0
I(“’U)_<0 1/(204)>’ ! _(0 2a4>'

X LT 222 T 19 (u,p) TC = 0%, BRECH 0 k. HHU: Ak
o BHIET, o=X, #2 po (0 MLE/ARb TR, T72E og/ne BXIA = fi p
ik o? & ER, FE—DMARRER —MIEE. BaihiE. u

Remark (RiEEXR).

XIS 1 5 02 A% E % (parameter orthogonality) : Fisher {5 E %)
i, MO —RZE CRLB A A 75— B AR R T B A —— 40— AR A28
ETHCEIEAE, AN ERSEI N R R E 54t 5 84 (ancillarity
PR MRS BN GE ) R AR S —— X, BT H 1, R
ancillary; X571 HESERIE B IEA.

5.6 MLE BT

[ESEZ eeo I Med]| ##s# 2ik: 2017
AR MLE — I ST B, 0 ) — DA T = g(0), AL
et B 0 AR5 g BT,
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Theorem 5.14: MLE BIAZ ™ (Invariance of the MLE)

[REPRODUCE —memorize this proof]
Let 6 be an MLE of 0, and let 7 = g(f) for any function g (not necessarily

-~

one-to-one). Then ¢(f) is an MLE of 7.

Proof for Theorem

[REPRODUCE —memorize this proof]

One-to-one g. If g is invertible, reparametrize § = g~'(7). The likelihood in
the new parameter is L*(7) := L(g~*(7)). Then

sup L*(7) = sup Lig () = sup L(0) = L(9),

attained at 7 with g~ !(7) = 0,ic 7= g(a)
General g (induced / profile likelihood). When g need not be one-to-one,
define the induced (profile) likelihood of T as the largest likelihood consistent with

that value of 7:

L*(t):= sup L(6).
{6:9(0)=7}

The MLE of 7 maximizes L*. Now

supL*(7) =sup sup L(0) = sup L(0) = L(6),
T T {0:g(0)=r} 0

since ranging over all 7 and then over the preimage {g(6) = 7} is the same as
ranging over all 6. The outer sup is attained at 7 = g(#) (take the § = 6 that

achieves supy L; it lies in the slice {g(0) = ¢g(6)}). Hence g(f) maximizes L*, i.e.
g(#) is an MLE of 7. B

X 2017 Q6 FYATPER: ik + EMH. %45 1 one-to-one HIEE (¥t
sup AZ) JUP AR Eli e — & g P — 208 2 Uf $m A
(profile likelihood) L*(7) = supyg)—, L(0). EN“g(0) & 7 B MLE” XA 3E(E g AT
TEIIRA A R U B VR RS 28 L, 55X 7 B sup. FEXEF4ERL sup”
BIHBX A 0 B sup”, L5817,

Example (FZLEAE).
Y "5 N(u,0%)e 3k 0 = Vo? [l MLE 5 P(Y; < ¢) = ®(S2) fij MLE.

o

Solution.
H 63, = L 3(Yi=Y)? A omL = /6%, (9(2) = Va). L g(p,0) = P(SE),
BOZMER MLE 2 ®(SE)——E#BAN, THEEHML.
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5.7 HWBRSEHE MLE: FOC ka9 b

[fE5EZR e e e & High]| ##s% 2if: 2018

MBS ZAERER, POATERL AT T, SREER B HARE R
TG 2018 Q4 —RMEZS TWIFRAL: (a) (USRFEIL AL 2R e KA TS TE 29 SR
s (b) IRFE—BEIXH] F R4 F. MLE Re— (FEH).

5.7.1 Worked example: 2018 Q4(a) —U[-0,0] B MLE

J&R&% (Comprehensive Exam 2018, Guggenberger, Q4(a))

Assume X; are i.i.d. uniform [—0,6], i = 1,...,n, for some 6 > 0. Find the
MLE of 6.

Solution.
FARRE f(1;0) = 5 1{—0 <z <0} = L 1{|z| < 0}, g%

| 1\
La(8) = [T g5 11X:] < 0} = (55) 1460 = max X[},
i=1

FAIA X <0 <= “0 > max; | X;|” BRS: EAT17HE 0 > max; |X;| b
(1/20)" KT 0 AR, 0 Ly ER L% SR

A0 < max; | X[, KA |X| > 0 AN, PR ER = 0 CRAlfT) o B
0 > max; | X;| 38 1/0 JE/ho KRG RAEDR . B

Remark (% =igH).

TIIRFISH = FOC 48, iXH score dplog L = —n /0 < 0 AA4b A KR
HE, HHETL IR EWILE: (1) SRR 0 1842
R 0> max; |X;|: (2) EARE LT Lo(0) (2R 61, FASIELERT I
e 0 = max; | X;| WeAkAE 0 CREAMMEREARZIZAR) . RAERI, Hisibs
BA-n 5 (n(0 - 0) S HE0), Ak Thm 5.11 [IEA— A RS R0
ST H TR
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5.7.2 Worked example: 2018 Q4(b)

FiB%. &£1E MLE
Jf&% (Comprehensive Exam 2018, Guggenberger, Q4(b))

Suppose Y; = 0 + ¢;, i = 1,...,n, where ¢; are ii.d. uniform [—1,1] and
6 € (0,1). What can you say about the MLE of 67

Solution.
ei=Y;—0~U[-1,1], HEANEE fy;0) = 31{-1<y-0<1}=31{A—-1<
y<0+1}. ISR

La®) = (3) 1{0- 1<V <0+ 1¥i} = (3) 1{max¥; — 1 <0 < min¥; +1}.

ZPRO2Yi—1Vi <= 0>max;¥;—1, HOSY+1Vi <= 0 <min;¥; +1.
TEIXEXAL E Ly = (1/2)" 24FE ORE 01). 4518

MLE Ahf———X i [max ¥; — 1, minY; + 1] N (0, 1) HEAT—i#8/E MLE,

A ME— R, EREm. B
Remark (% =i2)F).

MRZERE 32 (uniform) HZEUUR- B, PDUAE 8B BEE, MLE B
WA SEARAEA RN XA X TE S 2 R 5 X— 4. 1035 MLE R
— /B, IFE I A X E . EREXEAES (B max; Y; —1 <min; Y, +1,
Rl max; Y; —min; ¥; < 2, {HKS7, BIATA Y #RIEERACE-2 IXH] [fo— 1,60+ 1]
Mo X (a): (a) BUAARIM. Sk ptEss b (b) LSRIH, foR iR — 5.
BRI E FOC P pifift Q4(c) BEELLIRIRH GMM (£ E(|Y;]) ¥R %8
TERXA BN RME, ABE GMM ZE N4 .

5.8 %M MLE (AEHhTE)

[AER eee & High] is% Lit: 2025

EEAE R (Y, Xa) B, RATRD Y 2506 X WEEAT fly | 2:0). &4 MLE
R F XA —— H BB R BB AT g(x) A5 0, Bt MUSKE S5
A R TCRm,

Theorem 5.15: 52 MLE: MEEZE 5SS (Conditional MLE)

[STRUCTURE —know the steps, fudge details]
Suppose (Y;, X;) areiid, Y; | X; = 2 ~ f(y | z;6p), and X; has marginal density
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g(x) not depending on 6. The full log-likelihood factors as

n n
= "log f(Y; | Xi30) + Y logg(X;)
=1 =1
free of 6

Hence the (full-data) MLE of 6 equals the conditional MLE O, =
argmaxg » ;log f(Y; | X;;0): the regressor distribution is irrelevant to the
f-argmax.

LR EASEIAR MLE = OLS™ 5 JGHHLH: Y; | X; ~ N(a+ BX;,02) I, 4%
PR o — 55 S (Y; — a — BX;)?, BBt B/ MUK F IR, 15 &, 6 1
OLS. g(x) [EAFEERAT M
Q5(b) XA M FIHEHORZ ML |,

Remark (fRI&AIIAREE ZIT).

FEREY(Y;, X) iid Xy AAERGEER g" FURN T R ISR T 5 kBT IR A
2B BIFRIE R HLE Sy HEid e (X} & Y; for. 54
W fy | 2;0) BOELM. H {X:} 19 JE) amng 0, A4 /\@Fﬁéﬁlﬁwﬁ
> ilog f(Yi | Xi30) KT 0 1Y argmax Az X BRI
[El AT EAERK, ﬁﬁrgf o ¥FH Z I g idT R NIRRT E, Tu BFX
WHEEAT 0 5 B X — & HE IR

5.8.1 Worked example: 2025 Q5(b) FEHFEEEFRS MLE

[f& (Comprehensive Exam 2025, Pinkse, Q5(b); cf. Q5(a))

Let {u;} be ii.d. standard exponential (density e *1{u > 0}). Suppose y; =
0o x; u; where x; has bounded support on the positive halfline and 6, > 0.
Determine the (conditional) maximum likelihood estimator 0 of 6y if the u;’s
are independent of the x;’s.

Solution.

Step 1! BEHFEHEE. & v (H w L x) . yi = (Oows)us 2 1IEFE oz
TehRUEFE R, WIdg oA A Ooxy (F 1/(0ox;)) « AR v = y/(0z).
du/dy =1/(0x):

1 .
exp(—y—l), y; > 0.

f(yi | zi;0) = 0z,

Step 2: FMIEINA. 2 WGBS 0 (How La), d Thm 515 HEfE
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PN

n

£n(0) :Z [—logG—logm— Hiﬂ = —nloge—znjlogxi_ ;zn:g@
i=1 z i1 =

Step 3: FOC (XERANSM®, AIKE).

/ _.n 1 ¢ Yi ! ~ 1 . Yi
zn(e)_—0+92;$i_o:> e_ﬁzf.

CHE O = - F L M= 2 -2 = -2 <0, FARA.

BEMEAE. E(yi/v | o) = Efou) = 0 (GRUEEEIIME 1) . # 0 = (y/2),
T . WLLN {54 RN 0o X Var(y;/x; | 7;) = 03 Var(u;) = 03 (hrifETEAL
J7%E 1, 11 Q5(a) FTHERED , # Va0 — 60) S N(0,62). m

Remark (FRRE%E + 5 Q5(a) HIEKR).

KA y = O - u thou FRIRIRE = 40E o By EHE 0 s, 5
OB EERI T . Q5(a) SEIAREFRIEIRE B AR F ke = (k — 1)! GRE CGF
K(t) = —log(1—1)) ——#1 = 1 (W) ke = 1 (7 25) IELFIT LRI B 75, A
S IS5 MLE”, fH 0 AE 0, FOC AR ML 0= 13 y/x;
W vz BIFEARI(E

5.9 HBHillf# Self-Test

Example (Self-Test 1: jH# MLE 5i#iEs7).
Y; i Poisson(\), A > 0, pmf f(y; A) = e 2\ /ylo 5k A \/ﬁ(j\—/\) I 5341 o

Solution.

la(A) = Y.(=A + YilogA —logY;!), score £, = —n+ $>Y; =0 = A=Y,
HE: 0 = =52 Y, I(A) = —E(&Blog f) = E(Y) /X = A/A% = 1/, %
VA=A S N(0,)). HEE: Var(Y;) = A, B CLT RS N(0,)), X ET.

Example (Self-Test 2: U[0,0] ] MLE (i15) ).
X, " U00,6], 60> 0. sk MLE, F350] M7 FOC 2624,

Solution.

f(z;0) = %]1{0 <z <0}, Lp(0) =0"1{0 > max; X;}. /£ 0 > max; X; [ 67" i
U, # 0 = max; X; = X ()0 FOC K30 dplog L = —n/ < 0 KRN, F L
SRR 00 (152018 Qd(a) FIHE. |X| B Xio) 6 Afi: E(X(n) = 7270 < 6
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Example (Self-Test 3: AL MEFRA + —AIIER).
PR MLE At Al —8 g OR L) R ATIE A 2.

Solution.
BRIA: 47 0 52 0 1Y MLE, 7 = g(0), Il g(#) /& 7 1§ MLE, &4%: & { %= (profile)

~

(S L*(T> = SUP{g:¢(9)="} L(e) i Sup; L*(T) = Supyg L(e) = L<9) , MET = 9(9)

~

WS, W g(0) AL Lo (H 2017 Q6.)

Example (Self-Test 4: {§2IEZX / parameter orthogonality).
X3 M N 0?)e B o BT 0 OS2 o A3/

Solution.
Ao I(p, o) Hortf (W 5.5.1), o JFRMEHL T 2R 11 1 (62, 02) JC = 20,
5 p BAIETE K. X2 2024 Q6(d) FMEM—Z8UER, FE—MASGEES —

AN

[To

Example (Self-Test 5: &% MSE).
B 0 W E(6,) =0+ 2 (40 H Var(6a) = 2. i 6. 5 0.

Solution.
Bias = ¢/n — 0, Var = v/n — 0, fift MSE = Var + Bias? = T+ 5—22 — 0., H
Prop 5.5 (MSE— 0 + Markov) 75 6, % 6. JX& %17 “L? L = MMERIEL Y
FRIERIE



Chapter 6 2ZH{RiIZ#IT (Classical
Hypothesis Testing)

5i% - Roadmap (FE£iEXE, F&282RK)

B R A R R — D FRR A FEA—hEdE, EEMDTRImE (F
i Ho 53R Hi) ZREHEE . ABRXEARE AN — B2
—AEER R T4 / AFE4E ) (RN (RN THEE — 14 43k) , B0
FEER: FHE (B S5FK0 (B2 RAVEH size / level. DIREREL
p-value XLEFRIE, HIEAZD: £ THEBEE vs fiHf& | X D& THIE
T, Neyman-Pearson 3| 8245 HME—R R I —— ARG, HOEHE
FE AR, EHEEAMAL (MLR) 5 Karlin-Rubin &2, 153 — U5
B —8m it (UMP), X4 UMP AfFLERS (Z4EXME. W&EEE) , IBTK
HRH G ar B AR e LR Wald. score = # %, =ZHEZEFE NEMLEE
Xoo

EME X — TP EE R, Bl 2R (1) Bernoulli / Binomial
3 NP 5|3, simple-vs-simple UMP. FH MLR 2%l one-sided & & UMP
—BSMEIE (2017, 2019); (2) THARLE ) AI@—X; ~ N(u, 1) JU57, F056
B =0, HIMEAEUERFE. & n =2 WG JFIERA&4£ UMP 5
3% (2018, 2025), AFEXHXPHSETLL B M ELHE ML

6.1 ICARIEARMMHE: EHE. MEEIR. size 5

[E5EZR eee & High| #ts# 2ik: 2018, 2023, 2025
B X = (Xq,.... X)) WOMHZSE 0 € © 2, FTAHESEES 78S Rl M
©=00uUBe;, THE
Hy:0e€ 0 VS. Hy:0c 0,

Z IR 27 O (E ©1) J2HR FRIZ AR R 4 (simple): /7 NIFK & 4 (composite).
AR IHUE N, SN TAEREAR S ] AR E R AR @ (Il FK critical
region) : MFEN @ iiids Ho, SNIAIEL. @ AYAMEE ©° M4 23k (acceptance

region) o

85
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Definition 6.1: FZ$&iR . size+ level (Type I/II error, size, level)
For a test with critical region ®:

o Type I error (33 H): rejecting Hy when it is true; its probability is Py(X € @)
for 6 € ©y.

o Type II error ({£fh): failing to reject Hy when H; is true; probability
PQ(X ¢ (I)) =1 —PQ(X € (I)) for 6 € ©;.

e The size of the test is the worst-case Type I error rate,

a® = sup Pyp(X € D).
[ISCH

o The test has level a if a* < « (a level is any upper bound on the size).

size Ml level B XL L5500 501F : size BFEHIRAFEME (— Pl
ME—TE D , level EARFEFREEGMER LA (0.05. 0.10 iXFp&4 LAH) o —> size
= 0.03 fYKEG [R] S 42 level-0.05 )2 level-0.10 FURGEG . H S FRIL T size B sup, iX
A sup HAE O R FES (U Karlin-Rubin) , X/& 2017 Q2(e) &R

Definition 6.2: IR EH % Power function

The power function of a test with critical region & is
K(0) = Pyg(X € &) = Py(reject Hp), 0 co.

The size is supgeg, K (6); the probability of Type II error at 6 € Oy is 1 - K (0);
and power at § € ©1 means K (0) itself.

YIREeRE K (0) J2F—RRAE O £/ ©1 _ERIPRITL: ££ O LB M4
IR ) BOBER GBUNBdY, H ERIFUE size) ;s ££ ©1 LER TIERIEL | HIBER
GBORGBS , XA IR0 » BARGKE O LJEE] < o ©1 ERETE 1. BERL
WHIF—UMP—i/2 [4£ size < o YLK, ©1 EALALAE K(0) TEIHRE 1.

Definition 6.3: p-value

[REPRODUCE —memorize this proof]

Suppose tests are indexed by level a € (0, 1), with rejection region ®, nested
(Po € @, for a < @’). The p-value at observed data x is

p(z) = infla:x € ®,},

the smallest level at which Hy would be rejected given the data. Equiv-
alently, for a test that rejects when a statistic T'(z) is large, p(z) =
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supgee, Po(T(X) = T(z)).

Proof for Theorem

WHFAE TT KR4 | X B I0 I @ A 5 ik — 2 BN N T /B % $ (survival
function) A
Glt) = sup Py(T(X) > 1),
0€0g

CRT t ARG, W T f£ Ho NHIA NES: CRPE S HR IR FAE R — 105
W G L H #8080, T2 level-a BIREUGFE co = G Ha)——HI0fE—1f
supgee, Po(T(X) > ca) = o OAE—H @0 = {2 : T'(x) > cato o Co =
G Ha) ik, o K co B/ ALK, XERBREE @0 C o (o <d) [
R R ERM @, FEFRGEN G /ERRIAE ML (OF ) -

r€®, = T(z)>co =G a) <= G(T(z)) <a.

Frlh T4 @ HHRLE level | PAHRIRIXTE] {a 2 € o} = [G(T'(2)), 1), HUTH
SRS

p(z) =inf{a:x € ®,} = G(T(x)) = sup Py(T(X) > T(x)).
USISH)
(T BIRFHBEEUIEIE : SO0 TT PR T I P EA R4 ) stBate, Rz,
SRR p fE Ho TREAUE TS50, B Po(p < o) < o, AFFHEH Unif(0,1)0)

p-value fit [LE(RHAIFHHE AN level ) —— 40 TRIEI S A 210 ) JE
g — [0, 1] FUBL A p-value oAty T4 5% TEZA ) FREES, BOYEETH
%o p<agiiifs. —PEIIRX: p-value A2 [Hy NERIMER ), TE & Ho
WEL. FEBX AR AR AR B |

6.2 Neyman—Pearson 5|¥: simple vs simple B LI5S

[EEZR eee 5 High] 4% 2if: 2017, 2019
HTHIEEER 2R vs %2 &: Hy:0 =10y vs. H : 0 = 01, iXH ©p, 01 %l
B size UE K (o). TIRGE K(01). FATEAE K(0) = o FIZIAR T E K(61)
TEIHRAK . NP 5| BRME—, HEmMmA s,
Definition 6.4: {A%Xe&# Likelihood
Let X = (X1,...,Xy) gk f(x;0) w.r.t. a dominating measure pu. The likeli-
hood is

n

L(0;2) = L(0; 21, ..., xn) = [ [ f(2::6).

=1
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Theorem 6.5: Neyman—Pearson 5| # (Neyman—Pearson
Lemma)

[REPRODUCE —memorize this proof]

Consider Hy : 0 = 0y vs. Hy : § = 0;. Among all tests of level «, the most
powerful (MP) test rejects Hy on the critical region

o= {o: Td <k} = {o: foig > k)

where k > 0 is chosen so that the size equals a, i.e. Pg (X € ®) = a.

o (F7 Existence & Sufficiency) A test of this form with Py, (X € ®) = «
exists (continuous case) and is most powerful.

o (WZE Necessity) Conversely, any MP level-« test must (up to the boundary
{L(6p)/L(61) = k}, which has probability 0 in the continuous case) coincide
with a likelihood-ratio region of this form.

FE: RSREE L(Oosx)/L(01;2) /N, TWRAE THARAE 61 FEHAE 60 NEBK,
HIRRZAELS Hoo NP 5IFIEXSANR BT — S IR E R : FEFTA size < o
AR aG B, A A DI RRE R I IX SR LA G o TE Andrews P SUHEHE 28355 ik
L(0o)/L(61) < k (/NELAESEAE) . 5 Casella—Berger 5l L(01)/L(6y) > k' (CKHAHE
fE4e) S, U kT, 5 EREE R 48k RS U R

Proof for Theorem

[REPRODUCE —memorize this proof]

A JRAE size aa < o WRIGHUIEAEEL, © 2 LIABSRIER I AIEZEEL. size
‘fé.\jﬂ oo BHIE @ B/ A —FEET, W

PQI(X S (I>) —Pgl(X S A) > 0.
A dP = Ldp, fEMAEERIFEI AL S TAMYED L

Po, (X € @) —Pp, (X € A) = / L(6y;x)dp — / L(61;x) dp,
NAe dcnA

=

NRIEER @ N A L. AN @ BYE CHH L(61) 5 L(0o):

e fE @ LH Llna) < kLOyz). B LOuz) > LL(6oa): MO —T0
L0y dp > ;LMCL(QO)CZMO

i

@ A L(Bo;x) > kL(6;z). R L(0i;2) < £L(Op;x): W& 00
[} PcNA
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[ENEriE
1
Py, (X € ) =Py, (X € 4) > . umc L) dy — [WA L(60) du]
= L [Pay(X € )~ Py, (X € 4)].

BEETHE =a—aa >0 (FFRAAEHOHEHE. B onA° 5 nA R 5
A ] size)s HH E>0EEK >0, B

Remark (FiFZEBIER).

NP 5[ BB PR e : (1) 5 PSR L(0;2) = [ f(2i;0):(2) G RISRE L(6o)/L(61)
IHCE T GEtH R T(2) WERIFEE: (3) 8 [L(00)/L(61) < k1 B
[T(x) >c) 8 [T(x) <c) EEAESAREBRT 60 5 0) MRNDEXR, F
W (4) | T 18 0o THAIE ¢ (il size = a0 WEM (GREUR) HaE
T =3z, InFEHEFRIATEL

6.2.1 Worked example: 2017 Part-501 Q2 (Bernoulli, NP — UMP
— Karlin—Rubin)

JR& (Comprehensive Exam 2017, Part 501, Q2, 25 pts)

Suppose X1, ..., X, are i.i.d. Bern(p) random variables.
(a) State the lemma by Neyman and Pearson.
(b) What is the likelihood function in this case?
(¢) Find a UMP test for Hy : p = pg versus Hy : p = p1, where pg # p;.
(d) Show that the test from part (c) is UMP for Hy : p = pg versus Hy : p >
Po-

(e) Is the test from part (c) UMP for Hy : p < pg versus H; : p > py? Why,
why not?

Solution.
(a) W, Theorem 6.5 (FRiRfEZad, L(0y)/L(61) < k~ k H size = o &+ HIZKWKAE
simple-vs-simple N4 /1) o

(b) it T =37 2o M fla;p) =p"(1—p)t==,

n

Lip;z) = [[p"(—p)' " =p" 1 —p)" "
i=1
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(c) simple vs simple, HA NP 5|3, {LI9ALL

L(pi;z) _ (@)T(l —pl)”*T _ (1 —pl)n(m(l —po))T

L(po;z)  \po/ \1—po 1L—po/ \po(1—p1)

AL TR T R ?51 pg L s po B > 1. BEBSRHE T

AR 2 pr <po BF <1, & T = A&BEE. T2

#rp1 > po : Reject Hy < T > ¢; #p1 < po: Reject Hy<— T < c,

Hrp e 1 Ppo(T > ¢) =a (8 Py (T < ¢) =a) Wi, T ~ Bin(n,po) EEF. #%
BHUEH, WFE B4 & RO CRE BEkeR / BLL) o X PSR
IS H2 simple-vs-simple [ MP (R UMP) &%,

(d) EEFRWEEGH Hy : p > poo KEEAE (¢) HIELSL {T > cf MHiInH
B e (B Pp(T>c)=aiF) TEARBEEE pr——HE p1 > po, BALIELS
WEGEFE AT > cfo PN EE&EE Hi 2 p > po BEHE—A p1 > po, X[FA—
MR R XT1Z p1 B9 MP 1656 [ — M &ES8E A R — M5
B2 UMP HE L, MUE@ Ho = p =po vs. Hy :p > po By UMP #0%. (F52
Bernoulli JZk+ T = > x; 4 MLR, Il 15 Karlin-Rubin.,)

(e) &, iZ UMP. IR EEMT ME AN Ho - p < poo KA (FE4
T >c, el Py (T > ¢) = a E). TilEM A (1) B2 level-a [, Hl size < a5 (ii)
©Al UMP. DRl

K(p) = Py(T > ¢)

KT p #AFMK (I ~ Bin(n,p) FEYIHE KT p, XIEZE MLR iR, W
Lemma 6.8). Kt

sup K(p) = K(po) = a,

p<po
Rl size fEIAFE p = po BUAG 165FT o, W size = a < a, level H%. XENEAE
F/NEREE {p =po} vs. {p > po} LERZ UMP (f (d)), W4 KFME%H %8
/N TASES T RS (BRI {p < po} & level-a INFESS, BB {p = po}
g level-a) , WAEE KN Ho T EMRIIERTE level-a F56HIIRUR K. &516: X
Hy:p<pgvs. Hi:p>po, Ih2 UMP,

6.3 EIFIZLE MLR 5 Karlin—Rubin EIE

[fE5EZR eee & High| ### 2ik: 2017, 2019, 2023

bR AT > e} XA pr > po && AL ) FFIEYS &, /&4 Bernoulli
A SRR AR P IXAREEIIPETUZH NP 5[ simple-vs-simple —28HES] — 1) £ &
PRZ IR
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Definition 6.6: BEif{il#ALtk Monotone Likelihood Ratio (MLR)

A family {f(z;60) : § € © C R} has monotone likelihood ratio in a statistic T'(x)

if for every 61 > 6y the ratio
L(Ql; x)

L(Qo;x)

is a nondecreasing function of T'(x) (on the set where it is defined).

Fact 6.7: —2HIE#%#E MLR

# f(z;0) = h(z) exp{n(0)T'(z) — B(0)} &2 ZSHEREIRHLBASE n(0) KT
0 P, I Gt = exp{[n(6r) ~ n(60)] (o) + const} 5 (o) MP°Hske
R, WOZiEkT T A MLR. Bernoulli. Binomial. Poisson. N(u,1) (RF
X)) 1R A B IS

Lemma 6.8: MLR = W3R # & iF

[STRUCTURE —know the steps, fudge details]

FIZEFT T A MLR, WXHMEA#IM {T > ¢} B4l TRRE K(9) =
Py(T > c) KT 0 AT Bo

Proof for Lemma

B 01 > 000 {T > c} 2—MUKHE T 1FEH. i NP 5B ATELS (PSR
K35 f A 1) T T simple 0 vs. simple 6y: 7E MLR ', UUSALL L(61)/L(6o) /& T
FIREEREL, # TRSREE > k) BTSN T 1T > c) FEA co XEWRE {T > ¢} i
B & size = K(bp) ] MP {56 (GELEHIDLA {T = ¢} MEH 0, THHEIL) -
e EAUSEE: AR K(0o) BNUIEL. NEEE ) MHib—F& e
A K(0o)~ size g K(6p). MP :25H K (61) > K(6p). # K RNig. W

Theorem 6.9: Karlin—Rubin EIE

[STRUCTURE —know the steps, fudge details]
B {f(2;0) : 0 € © C R} KTFLiHA T(2) A MLR. & MRk

Hy: 0 <6 VS. Hy: 0> 0.
N TReject Hy iff T(z) > c) (HH ¢ B Poy(T > ¢) = a Hi3E) 72 level-a [
UMP 5% . WHFRHs, Ho: 60 > 6y vs. Hy : 0 < 6y ] UMP #5652 [Reject iff
T(x) <clo

Proof for Theorem
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] Lemma 6.8 fUHIAME, Xagull * = {T > ¢} ¢ 1 Py, (T > ¢) = o 5E:

sup K (0) = K(6o) = o,
6<0o

e @* /2 level-av, H. size fEA R 0y BUUS . FFiE UMP: BUEHFET— 01 > 0po T
AT (0< 00} 1 level-ar [H0%, #EBH simple 0 0 level-a: it NP 3]
FH, X} simple Oy vs. simple 01, ®* ={T > ¢} (HERF M 6, &) 2 MP . T
& O TR 01 > 0y _LEVARPAEMT level-a X Fid, HP UMP., B

Remark (H{t4 one-sided H UMP. two-sided i&H).

MLR s I7ET THRARAELIR {T > o} MBKRAREHESENTE ] —IXIER2
UMP fFAERFEEE . —H&FESM Hy 1 0 # 0y, SIHNRERE (T > o}
SRR {T <}, P meess. SRR ieR IR, UMP A
B (A 6.5 4545 2025 Q3). X4 PR GRERFEMA ) M, 1ER2 2023
Guggenberger Q1(b) HAJE %,

6.3.1 Worked example: 2019 Comprehensive Q5 (#)X Binomial I}
)
Jf&% (Comprehensive Exam 2019, Guggenberger, Q5, 12 pts)

Suppose X ~ Bin(n,p) with pmf f(z;p) = (Z)p’”(l —p)" 7 x=0,...,n,
p € [0,1]. One observes a single random variable X.

(a) What is the MLE of p?
(b) What is the asymptotic distribution of the ML estimator of p as n — 0o?
(c) State the Neyman—Pearson Lemma.

(d) Find the level-ae UMP test of Hy : p = pg versus Hy : p = p; for p; > po.
Simplify the form of the test as much as possible. (Treat the critical value
as if the distribution were continuous.)

(e) Find the level-a UMP test of Hy : p < po versus Hy : p > pp.

Solution.
(a) log f = const + X logp + (n — X)log(1 — p); —Mst: % 4= =0 25 H
p=X/n.

(b) Fisher {55 I(p) = 1/[p(1 - p)]. # vn(p—p) % N(0, p(1-p))o (ZffiHr
i CLT: X/n J2& n /) Bern(p) HY¥1H.)
(c¢) W Theorem 6.5,
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(d) simple vs simple, p1 > po. LIIALL

L(pi; X) _ (@)X(l—pl)"—X _ (1—p1)”( pi(l = po) )X
L(po; X) Po 1 —po 1 —po po(1—p1) 7
—_———
>1 since p1>po

& X HPEAS IR NP 51 HZ5H : Reject Hy iff X > ¢, c H Ppy(X > ¢) =«
E GEZALALTEE) .

(e) B (d), MAAELIR {X > c} MH ¢ KA p1, BONEED Hi:p>po —E
/ft» Binomial j%Z%T X 5 MLR (?8 io >1), i Karhn—Rubln (Theorem 6.9):
[A—F5538 [Reject iff X > c) Xf Ho:p < pg vs. Hy : p> po /& UMP, size ££i1 5
WG supy<p, Pp(X > ¢) = Py (X > ¢) = a (U13K K(p) = Pp(X >¢) KT p A
Vi, Lemma 6.8),

6.4 UMP AEERZE—REE: LR / Wald / Score =3

[fESEZR e oo & High| #ts% 2ik: 2022

BRI S HUR 24t S0A T RS (nuisance parameters) [, UMP
AR AL XNLE EH T =KREHEK | —LJAK (LR). Wald. score (X4
Lagrange multiplier / Rao) o B IARIERIL, (HA [SHEEFIR, HAERMBK
THERSEN E A X2 AT, I FUEECR T BT . 1

Hy : h(0) =0, VS. Hy : h(0) # 0,

h:RE = RT HELHM. r < d, %T%H()—ah(@/@@”‘{ﬁﬁé&roajj(9@&/3
%) MLE, 6 ﬁéﬁ% MLE (f£ h(0) = 0 T kM), I(0) A Fisher {F5, Sn(0) =
>_;0log f(Xi;0)/00 7y scoreo

Definition 6.10: LR Fit2 5] X{ASALLIRIE

The (generalized) likelihood ratio is

max: o= L0 2) _ LBiz) _
maxg L(6; x) L(6; z) T

Az) =
and the LR test rejects Hy when A is small, i.e. when —2log A is large.

Theorem 6.11: —2log A FIZERRSH (LR #&I8)

[STRUCTURE —know the steps, fudge details]
Under the ML regularity conditions and Hy,

—2log A(Xy,..., X,) = 2[logL(§)—logL(6~)] A X2 asn — oo,
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where 7 is the number of restrictions. The level-« test rejects Hy if —2log A >
X72",1—a'
Proof for Theorem

[REPRODUCE —memorize this proof]

NHESEEE h(0) =0 — 0 (Bl Hy: 0 =6y, v =d) X hrabfil—ix1E
ST G ER R  Z IR EB AT *ﬂi h (r<d, IR ITIE /293K MLE 0.
FERFHA v AR R A X2 AR x3) AR s SR, K E A f).
HEE S HE, KRR (W van der Vaart, Asymptotic Statistics, Ch. 16) .
Hy TEAEN 6o 5

—210gA:22 log f(X;;0) — log f(Xi;60)].
=1

%t 32 log f(Xi; 00) 15 0 405 B Taylor JBFF (07 12 60 15 6 2 7)) :
; log f(Xz; (90) = ; log f(XZ, 5) + Sn((/g\)/(ao - 5)

=0

+ 30— 00) | Y g0 1o £(Xis01)| (9 — 60).
H—HT0 S, (0) = 0 ETLHE MLE [J—W 4t (LT 1 s, F
0o € int(©)) . fL[al:
—210gA (0 00 |: Z 9000" 1Og f(X’La 0T):| (0 60)

= f(@ ‘9 [ Z 90007 log f( i )} \/ﬁ(é\* 90)-
PINs: (1) B WLLN (07 5 6) —1 37,02 log f(Xi;01)/0000" 5 I(6o): (i)
MLE #iEiE 4 (0 — 60) % Z ~ N(0, 171 (60)). FELEME T,

—2logA % Z'1(00)Z.

4 8 =IY%(00)Z ~ N(0, IV2I711Y%) = N(0,1,), | Z'1(60)Z = S'S ~ x?. W

Theorem 6.12: Wald #:3&

[STRUCTURE —know the steps, fudge details]
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B E Vi@ - 6) LA N(0,V(0), Vi, BV(0), Wald %it+%

~ A ~ —1

W, = nh(9) [H(O)V,H(0)'] " h(H).

-~

1E Ho F Wy 5 %2 (1 delta 773 h(8) % N(0, HVH'), F§ CMT). Reject
Ho if Wy > X210

Definition 6.13: Score (LM / Rao) #&I&

Score statistic (f£#5% MLE 0 AMTA, HEBAHRMEIT)

LM, = L8,0)1(6)7'S,(6),

1

n

where S, (0) = >, 0log f(X;;6)/06. Under Hy, LM, LN x2; reject if LM, >
2

Xr,l—a'

ET@B@EEI—':]@*?@@W@E@E%UE?L, DA TR ER AT 5 ) Wald HEE
ZJR MLE 6 (%5 h(0) B 0 Z1z) : score/LM HEZH MLE 6 (FBAELH 5L score
B0 Zim— Ho B, Z9RRUOHEEER I 0); LR PP HEEE (Hb AL B X EULLIA
FEZE) e ZHEERTH — xF, JAiaE LDl = (—BEEm) s AR
TFEMERT T E o Z 10 TWald HIEA R LM HZ9HK. LR #65 J. FE Wald
AEZENABYE O b WAREM ESHUR) . LR BAEE——X 2 W H R A
Remark (p-value (Z#3EEH) ).

BEMME AR E t, (= —2logAv W, 5 LM,) . N pvalue = P(Q >t,) =
1= Fe(tn), Q~xie p<a < ty>x2, , < 4.

6.5 IR [HRI | G5 UMP AEEH

[fE5EK eee & High] ### 2ik: 2018, 2025

TR J IR 4E T (2018 Econ-501 Q2. 2025 Part-510 Q3). EHIA

TR AR AR b B PHE (size) « BIIRREL. JHE UMP A7, FHIZ
2025 F5EEERE (2018 2[EML, (L n —ffb BREE—F0.

JR7 (Comprehensive Exam 2025, Part 510, Q3)

Suppose X; ~ N(u;, 1), i = 1,...,n are independent. Consider the following
five tests of Hyp : u1 = -+ = pun = 0 versus Hy : “not Hy” with acceptance
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regions

Al = {($17' o '7$n) : Z;L:l g S kl}, A2 = {(1‘1, 000 ,.’L‘n) 3 ‘Z:L:I .’Ez‘ S ]{;2}’
Az = {(x1,...,2,) 22 < k3 for all i}, Ag={(x1,...,2n): 22 < kyg},
As ={(z1,...,%0) : Doy 37 < k5},

where k; are constants (possibly depending on n) chosen so the tests have size
« for some a € (0,1).

(a) Determine kj;, j=1,...,5.

(b) Let n = 2 from now on. Determine the power functions of the first and
the fourth test.

(c) Show that none of the five tests is (weakly) more powerful than all the
other tests considered here uniformly over the alternative space {(g1, p2) :
p1 < 00, pig < 00}

Remark (JZf8: B4 = EZEHAILH).

A R4 2 Ay, HAIEGE ©5 = ASe Pl &1 = Doz >k} (M), @ =
(S i > kot G, By = {maxi a2 > ks}, &4 = {a2 > ku}. D5 = {322 > ks}e

size = Py, (veject) = P (X c A;) = 1-Py (X €A =a, WUE H FEk
PHO(X S Aj) =1—-a,

Solution.

o A (=) 3 X~ N(O,n)e POCXi<k)=1-a= \Ijlﬁ = Z1—a, Bl

o

ki =vVnzi—a.

o Ao (Xlﬂﬂslj) P(]ZXi|§k2):1—a:>\];%=z1a/2, ED‘kQZ\/ﬁZl,a/g.

(] A3 (é%ﬁ S k3’ Sidék): Xi 3’$E,

P(X?<ksV¥i) = [POE <ks)]"=1—a = P(J <hg) = (1—a)/",

E]] k'S = Xi(l_a)l/n (X% B/‘J (1 _a)l/n ﬁ\{j%[), éﬂ‘é/ﬁl\ﬂﬂ k3 = (Z(1+(1,a)1/n)/2)2o

o Ay (BEHR): X?~xd P(XP<h)=1-a=|ki=xi1 0

e A5 (omnibus): Y, X2 ~x2, P(C X2 <ks)=1-a=|k; = X%,l—a'
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(b) THREEL (n=2)0 BAE X1 ~ N(p1,1)s Xo~ N(p2,1) 57,
Test 1 (&1 = {X1+X2 > kl}, k1 = \/izl_a): X1+ Xo ~ N(,u1 +M2,2), e

_ _ ky— (p1 4 p2)\ 1+ po
Kl(ul,ug)—P(Xl—l—XQ>k1)—1—@<T> —1—@(2’1_0[— \/i )
CERARB p1 4+ p2, KT pr + po HIIE Y 0+ pe < 0 NIIRHUAT o (biased,
17 1 JLPTE D)

Test 4 (04 ={X} > ka}, ks =XT1 0 =2 o)t XT ML XF (D)o B
B @4 = {|X1| > VEa}:

K4(M1au2)=P(|X1|>\/E)Zl—P(—\/HS)QS k‘4)
=1—®(Vks — p1) + @(—V'ka — 1),

Hft VEs = 2120 BREH p1, SERL% pp (M =08 Ky =a, B po
EFNE

(c) ENBERASER ZHE AR B AT — M ERA SR B (5)
P Haait. g : MW, HH—DEESR (1, p2), ER—1MREEZ
RUPFEEER. XERERE THE (AR

TRt U T BT A S ) R aedE il TAAAE UMP | —— A8 ) UMP
RRBEIANZ—, B LEEAERGEZ AN AFENSETEIA, 5 THAETA
GO A E. BEIRIE TAfEAE UMP ) |1, 2 N7 R T RALIE LB K&
F 7w B EILIE (WEIBR) .

e Test 1 (—1)”']%!1) T w1+ pe <0 7'3‘['515’6&"&0 B H1 = po = —t (t>0 j()o il
K =1 —q>(zl,a+%) — 0, EMET ao I Test 5 (®5 = {X?+ X7 > ks}, I
Huly X3(1d + 13)) AYTHRE pd + 43 = 2t2 — oo T — 1o 4 Test 5 (LA™
KA T Test 1,

o Test 4 (REBEHEHR 1) ZRBE oo W1 =0, po=t t K)o M Ky=a (5 po
TeK) o 1M Test 5 HYLIRGH p3 = t2 — oo 1] — 1, A& H &. (Test 2. Test 3
TEM AT > a.)

e Test 2 / Test 5 (£[6] omnibus) 7 TB—7E] E£# Test 1 H¥. Hl
= =t> 0 G (FL 1) D L e s = 22 L NE ). =i

B IS TR LIS S Rt @1 = {S > z1-0}s P2 = {|S] > 21_qsp2}, MM
@5 = {X] + X3 > ks} RIEAEINT. L

Ky =1-®(z1-a—V2t), Ky=1-8(21_njo—V2)+&(—21_n/0— V21).

%4 (NP 3132) : fEfiSEN Hy (0,0) vs. Hy : (t,t) L, ISR 5((578)) =
exp{t(X1+Xa) 2} T X1+ Xo () S) ML ¢ Test 1 FHIALHE (S > 210}

AR B AR LERR S —— 1 NP 5IBEAE size = o TiRATS (MP) ,
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H (M%ij%@i\ %E?) Z‘E a.e. %E\X‘Fv,ﬁv.o ﬂ:%,f{_,fm‘ level-a jfﬁgﬁfl: (t,t)
SR < Ky SIS (S > 21-0) FEERRE ERRE B < Kio 3%
— BT 5 Test 2 5 Test 5:

— A7 Test 2: P 5 {S > Zl—a} Z‘EI—E*E%Z%ZEEKJ:Z:@ ({Zl—a <8< 21704/2}
IR Test 1 B {S < —21_q0) RAE Test 2 H, WEMEY >0), %

Koy < K3 (Vt>0)

XX RTA > 0 #soL, A [t K. SRR (SLEFF) @ DI FE

Ky = [1—=®(21_a/2 — V21)] + P(—21_ay2 — V21), FEIEMI TR
Wifg Ky <1—®(z1_q0 — V2t) Jo F4—A3F 50, HHIH2 Ko 1 TR
FEEF: Ko >1—®(z21_00 — V21) =0 A, G < TR T . F¥B TH
Zicaje > Z1-a A< K1) A, BRFEAA K>A 5 A< K——
XA Ko 5 Ky A/ Ko < Ky Z5182E1, AU 6% L
NP iBIE, ANRESE TR

— AT Test 5: O5 ZEGLSNR HFAEE-FHE, 5 {S > z1-a} IMEIEMRE L
ANEL WEEE Ks < Ky (VE>0). E3%: Test 5 {LREFENIE 5 HE it 4k
JEruly x3(26%) 16 TIGFUA ks, T Test 1410 o &AL ERR—2ET7 17 L.
BAEFHE: a = 0.05.t = 1.5 (Bl gy +po = 3) B} Ky = 1—®(1.645—-2.121) =
®(0.476) ~ 0.683, 1fii K5 = P(x3(4.5) > 5.99) ~ 0.460 < K1,

e Test 3 (max B!) 5 Test 5 (sum &) BEAHE—ABEAE I REE.

— EFEPAEELAF (11 =c K. pp = 0): Test 3 FYFELSE max; X2, FERIHEN
(EHCRI X7 5 Test 5 48 X3 (4fiM ) thindk & ittt 468 116 FUHE ks, S
B55 . B4R, Bl o = 0.05, up =3, g = 0: Test 3 IFH ks = Xi(o,95)1/2 ~
5.00, HARZA5E max; X7, #t K3 = 1—P(x1(9) < 5.00) P(x7 < 5.00) ~ 0.783
CAEHR 1 IR xT(9) AbhR 2 24T x3) ;s Test 5 I 5 ks = X3 0.05 ~
5.99, K5 =P(x3(9) >5.99) ~ 0.771 < K3, #ult i Test 3 f#AfT Test 5.

— fF 5 A A LA (1 = p2 = c )+ BERHEL Test 5 [HAIRF S
1) A5 Test 3 T HERASIR] IAL. B o = 0.05, pug = pp = 2
(13 +p3=8): K5 =P(x3(8) >5.99) ~ 0.718, [fif Test 3 FFAARIEHFILSEL
0 p2 =4y Kz=1—[P(x3(4) <5.00) > ~ 1 - (0.594)2 ~ 0.648 < K5. i
S Test 5 P44 T Test 3.

XA SR AR AE ] Test 3 5 Test 5 HAVEL.

it MRS [T MR ER— D . RARE : &8 H
&5 A (1, po) PTRAERTT MR B AD 10 NP 5[ FREE H Y fe U HE 4 35
HARME&FET @R E— ] (+1,+1) 2 { X1+ Xo > cf, FHATRRILT
& {1 X1] > e}, WHERETTIMSAMHIE, A R EE R I s A T A f . i)
E#E UMP €. |
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Remark (FS8R%: T4AR{E UMP F%&#&).

By B kE&ESY (FE) BTk, UMP &%, —Ffh
AT (1) WA Hy 2 0 # 0o (A MEALEEE); (i) 24 / 22580398
() 25 (AL, 257 TR 5e) s (iid) A RS E. #0507 [H] (2023 Guggenberger Q1(b)
M 22) : BREIE R # Bh HESR UMPU (uniformly most powerful unbiased) ; 5k
R Z SR UMP invariant ; SEGEN—IACFEIZHR (weighted-average power)
AR (least-favorable) « minimax. H omnibus [ Y X2 #6% (Test 5)
B2 THEsEAAR | fEN A UMP invariant #55

6.6 HillfR Self-Test

Example (Self-Test 1: NP 5|3 (EZSHE, AEEH) ).
X1,...,X, bl N(u,02), o B4 ¥ Ho: = po vs. Hy = pp= py (1 > po)o
K level-a MP 555, JFUiHIEXS Hy : p > po 2175 UMP,
Solution.
WA T = oxp {ghal2nan — ) — (i — ]} AR o fi
o w1 > po, [PUSREL/N) < T K, # Reject Hy iff X > pg + ﬁzl_a,
Gl T = Y0 > 2o EFMES m K. H N(no?) %F X 4 MLR,

i Karlin-Rubin, Z#@%x5 Hy @ p > po (J3% Ho @ p < po) 52 UMP. ZHEL
K(,UJ) =1— (I)(Zl—a _ \/ﬁ(#—uo))o

o

Example (Self-Test 2: size TEIIRESF).
WIRREL K(0) T 6 B AW (1 MLR FE—WALK) « iEAXNESZ
Hy:0 <6, I size FT K(0)o
Solution.
size = supg<g, K (0) K A = Xf—1] 0 < 6y H K(0) < K (o), 5 supg<g, K(0) =
K(0o), 1R85 0 BifG. XIEE [EAEFT size EHFIEE] ) 19— BALH, 12
2017 Q2(e)~ 2019 Q5(e) ! one-sided 4 M simple-null J}-% %] composite-null [¥]
KR

Example (Self-Test 3: WF UMP).
X1, oo, X R N (1) o SRR Ho o o= 0 vs. Hy : p 0 R4 UMP #al.

Solution.
Xf simple 4% p = py >0, NP Z5HI[ MP fa4udel 2 {X > ey} X p=p1 <O,
MP fE£4I8E {X < c_}o WETRMI. EAAEX T F_ B ({X > ey}
B p <0 WIRE < a)o WAHBR—FICRERII X FTA 1 # 0 &AL, # UMP AN(F1E.
S5 EMOARAUN | X| > ¢ GXRE LR #3. thi2 UMP £aiE%) .
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Example (Self-Test 4: LR / Wald / Score E&EHNMEITE).
s Ho: 0 =00 (d=r=1). AR =ESFHFEW M. mitaBA 5%
B3 A o
Solution.
LR: )25 MLE 0 5255 MLE 6 = 6y —2log A = 2[log L(8) —log L(6p)] % x2.
Wald: 15 0: W, =n(0—00)2/V, % x2 (V, & I71), Score/LM: 15 6 = 6,
(TFAATCLFMAL) LM, = 15,(00)21(00) " % x3. =HRM&E FHNES
ffrs Wald REZEAAZNE, LR HAEM,

Example (Self-Test 5: A&z Test 5 NI (n=2) ).
AL 1% E T (n = 2), 5 Hf omnibus 1646 Test 5(®5 = { X7+ X3 > X%,l—a})
P IhReR %L, R SARH (w1, pe) BB & o

Solution.

X7+ X3 BMAEFLARTT 30, AEFDSE N = pd + pd 1
Ks(p1, po) = P(X%(M% + 1) > X%,ka) )

SURH pf + 3 (BIFRSBRREE R J7) . KT iZ et g Hoakss R &o IXMRE
TN Test 5 /2 [4J7101) K45 : X ArA T H—MFC, B e — BT
MO HEZ T MR E RS (I Test 1) #H——FRENET UMP, B4 B 2jiE
EEAASYHEN] NS UMP invariant #55% .
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