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Econ 501 Midterm 2—November 19
You are allowed one piece of letter size paper with writing on one side only. Show your work
throughout.

1. (a) Suppose that {(𝐱𝑖, 𝐲𝑖)} is an i.i.d. sequence of random vectors with 𝜇𝑥 = 1, 0 < 𝜇𝑦 <2, and 0 < 𝜎2𝑥, 𝜎2𝑦 < ∞. Assuming that 𝐱𝑖, 𝐲𝑖 are independent, determine the limit
distribution of √𝑛(𝐱̄𝐲̄ − 1). Make sure you get explicit expressions for the mean and
variance.
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(b) Characterize the limit distribution of 𝑛 log2 𝐱̄ − √𝑛(𝐲̄ − 𝜇𝑦) under the same condi-
tions.

2. True or false? Explain briefly. No points without a correct explanation.

(a) If 𝐱 is a random variable with finite second moments, 𝐲 is independent of 𝐱 withℙ(𝐲 = 1) = ℙ(𝐲 = −1) = 1/2, and 𝐳 = 𝐱𝐲, then 𝐱 and 𝐳 are necessarily uncorre-
lated.
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(b) 𝐱𝑛 = 𝑂𝑝(𝑛−1/2) ⇒ 𝐱𝑛 = 𝑜𝑝(1).

3. Suppose that 𝐱 ∼ 𝑁(1, 1) and 𝐲 ∼ 𝑁(0, 1) are joint normal with correlation 𝜌. Determine𝔼(𝐲 ∣ |𝐱| ≤ 1) as a function of 𝜌.
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4. Suppose 𝐱̄ is the sample mean of an i.i.d. mean zero, (positive) finite variance, sequence.
Rank the following objects in terms of their rate of convergence (fastest first): (a) 𝐱̄; (b) 𝐱̄2;
(c) exp(−𝐱̄) − 1; (d) exp(−𝐱̄2) − 1; (e) exp(−1/𝐱̄2); (f) 𝟙(|𝐱̄| ≥ 𝜖) for fixed 0 < 𝜖 < ∞.
Indicate if multiple choices converge equally fast.
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5. (a) Suppose 𝐱̄ is the sample mean of an i.i.d. mean zero sequence for which 𝔼|𝐱𝑖|𝑝 < ∞
for some 1 ≤ 𝑝 < ∞. What convergence rate can you obtain for 𝐱̄ as a function of𝑝? Express using 𝑂𝑝, 𝑜𝑝 notation.
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(b) Suppose 𝐱̄ is the sample mean of an i.i.d. mean zero sequence where 𝐱𝑖 has support[−1, 1]. Obtain an upper bound forℙ[exp(𝑛𝐱̄2) ≥ 𝑒]which holds for any size sample.
Tighter bounds yield more points.
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