FOUNDATIONS

Sigma-field. 7 C 2%: Q € 7; A € F = A€
Measure. i : F — [0, c0]; (@)
1 (Q) = 1: probability measure.
RV.X: (Q,7) — (R, B(RY)); X measurable iff X~ (B) € F VB € B(RY). Real
X: {X <x}eFVxeR

MCT / DCT. For measurable f,,: MCT:0 < f, T f p-ae. = [ fodu 1 [ fdp.
DCT: f,, — f ae., |fal < h, h > 0integrable = f\f,, - fldpu — 0and

[ fadp > [ fdp.

Change of variables. Sy = g(Sx). Scalar: g strict mono. C', g’ #0;

Fr(») =fx@'»IE™) = fx(g'y)/I1g' (87" y)|. Vectord — d:

g :Sx — Sy C! diffeom., J, = dg/0x’, det Jg # 0;

Ty (v) = fx(g7'y)ldet To-r (¥)| = fx (87" y)/Idet Jg (7' y) | on Sy; 0 o.w.
COMMON LAWS

cF A €eF=U;s Ai €F.
= 0; pairwise disjoint A;: pu(U; Ai) = X u(A;);

Pois(1). 2 > 0, k € No: py = e 1Kk, EX = Var X = 1; Mx (1) = 1D
Ny, 0%). 0 > 0; f(x) = e~ 51127 | (V) Mx(f) = ente )2,
Exp(2). 4> 0; f(x) = de ™, x > 0; F(x)*]—

(EX,VarX) = (A7, 172); Mx () = /(A - 1), 1

Gamma(r, ). Shapc r>0,rate 4> 0: f(x) = /l’ e’“/l"(r) x>0

(BX, VarX) = (r/A,r[A%); Mx (1) = (4/(A=1))",t < A.

x3-k € N; x7 = Gamma(k/2, 1/2); (EX, Var X) = (k,2k); Mx (¢) = (1 - 2t) 7/,
r<1/2.

MGE [ CF / CUMULANTS

MGF/ CF. Mx (1) = Ee'X; M’ (0) = EX” if finite near 0; ¢x (1) = Ee’X always
exists. Equality of MGFs on a common nbhd. of 0, or CFs on R, implies equal dist.
Cumulants. M finite on a nbhd. of 0; Kx = log Mx, k; = K,((” 0). k1 =,
k=02 Kk =B(X - p)?, kg = B(X - p)* =30

X 1Y = k(X+Y) =k (X) +x;(Y).

Taylor at 0. ¢ = £, x/ /! log(1 +x) = 27, (=17 x/ /j, x| < 1.
INEQUALITIES

LP norm.p > 1: [ X[, = (BIX|")7P;p,g>1,p T+q T=1

Jensen. X, g(X) € L'; g convex: g(EX) < Eg(X); concave: reverse.
Holder / CBS. E|XY| < [|X]|, 1Y Il [EXY] < (EX?)!/2(BY?)!/2.
Minkowski / Lyapunov. p > 1: X+ Y|, < [IX|l, +[[Y]l,; X € L*,0<r < s:
1, < IX]ls- ]

Cr EIX+Y] < e (BIX) +E[Y )icp = 1forO<r <1 cp =2 forr > 1.
Marcinkiewicz-Zygmund (iid). X; id X,EX =0,E|X|P? <co: S, =31, Xi,
E[S,|? < BLEIX|P{n, 1 < p <2;nP% p>2}

Markov / Chebyshev. r, a > 0: P(|X| > a) < E|X|"/a";

P(|X - EX| 2 a) < Var(X)/a?.

Hoeffding. X; indep., a; < X; < b; as., Vi, = £; (bi — ai)™:

P(I3 (Xi —EX;)| > z) < 272 /Ve,

Bernstein. X; indep., EX; =0, |X;| < M,v =}, VarX;:

P(X; Xi| > z) < 2e77/R0+Mz/3)]

CQNDIIIQNALMPMENIS_LN_QRMAI

Tower /LIE.Y € L', G C H C 7 E[E(Y [H) | G]
EE(Y | G) =EY.

Conditional variance. Y € L2: Var(Y | X) =E(Y? | X) —
VarY = E[Var(Y | X)] + Var[E(Y | X)].

Multivariate normal. X ~ Ny (u, %), 2 > 0:

F(x) = Qa) 42 (detx) e~ C-w' S /20 AX 4 b ~ N(Au+b, ASA).
Block normal. X = (X{, X})", u = (u}, p3)", X = (X45), Zop > 0:

X1 | Xa = x2 ~ N(p12,Z12); phia = i + 2125, (%2 = p2);

Si2 =21 - ZnE5) T Xy L X, iff £13 = 0.

Truncated normal. Z ~ N (0,1): E(Z | Z > ¢) = ¢(c)/[1 - ®(c) |;

E(Z|Z <c)=-¢(c)/®(c). ForY ~ N(u, o?) standardize @ = (¢ — p) /0.
Dependence chain. X,Y € L>: X 1Y = E(Y | X) =EY = Cov(X,Y) = 0; reverse
false.

=E(Y | G) as.;

[E(Y X))

CONVERGENCE / STOCHASTIC ORDER
Strength.a.s.or L™ (r >0) = p=>d; X, — ciff X, > c.
Orders / products. a, , b, >0 delerminislic, n = Ol,(an) iff X, /a, is bounded in

probability; X,, = o,,(a,,) iff X /an 0. op(a) c Op(a);
Op(a)O, (b) = Op(ab); Op(a)op (b) = op (ab); op(u)op(b) =op(ab).
LIN/CLT

SLLN. X; iid, E[X|] < oo: X,, — pu =EX].
- a

CLT. X; € R¥ iid, EX; = p, B[ X;]|> < 00, £ = Var(X;): vn(X, — p) = N(0,X).

d . a 1
Cramér-Wold. Y,, 5 Y iff ¢’Y,, > ¢’Y V¢ € R¥.
Bias—variance. b = Ey 0 — 6; MSE (0) :=Ey||0 — 0] = tr Vary () + b'b.
MLE invariance. 7 = g(6); L*(7) = supg.y(g)-r L(6):
6 € argmax L = g(0) € argmax, L*(7).
Fisher /IME. sg = 9¢ log fo(Y), Hg = 63“,, log fg (Y'). Under common-support /
differentiation-under-integral regularity: Egsg =0, 11 (8) = Eg (sgsy) = —~Eg Hop; iid
sample: I,, = nl;.
MATRIX CALCULUS
Z~NMOJA)‘A=A':Z'AZ§ L 4,(AU;. U;
Vector derivatives. V. (a’x) = a; Vy (x’Ax) =
Villy - Xb|?> = -2X'(y - Xb); Vf} =2X'X.
Gaussian integral. a > 0: fj: e~ dx = Vn/a.

i _p2. 2 p7 2
~/\( P=P =P : Z"PZ ~ x;u(p)-

(A+A')x (=2AxifA=A);

0 i size = supg., K(0); level aiff size < a.
p-value. Nested level-a regions: p(x) =inf{a : x € Ry }.

Neyman-Pearson. Hy : f = fo vs. H; : f = fi; choose (¢, y) so

&* =1{fi > cfo} +yl{fi =cfo} hasEg¢p* = . ThenE, ¢ < E; ¢* for every

0< ¢ < 1withEy¢ < a; every MP level-a test has this form Py-a.s.

MLR. On common support, fg, (x)/fg, (x) is nondecreasing in T'(x) V&, > 6.
Karlin-Rubin. MLR implies upper-tail power is nondecreasing:

6, > 6, = Py, (T > c) 2 Py, (T > ). Calibrate rejection at 6, to probability a
(randomize at T' = c if needed): reject for large T is level-c UMP for Hy : 6 < 6 vs.
H,:0>6).

‘When no UMP exists. If NP-optimal regions vary with alternative direction/nuisance,
state a comparison criterion: require power > c at every alternative; require null
rejection probability = a for every nuisance value; require invariance to irrelevant
transformations; or maximize weighted-average, minimum, or local power. Weak-IV
example: 7t nuisance. Under iid homoskedastic normal fixed-1V, use the two-sided
invariant-similar class and condition on Q7 (a statistic absorbing first-stage nuisance 7):
choose ko (O1) 50 Pgy .z {LR > ko (QT) | O1} = ; iterated expectations gives size

«a ¥V 7r. Under these conditions, CLR power is uniformly close to the two-sided
invariant-similar power envelope.

Identified set. O (B P}. PointID: ©; (P 6 }. Partial ID:

1©;(P)| > 1 (a proper subset is informative; ®; (P) = © is no ID) Weak ID is a
sequence/strength notion: the identification Jacobian/signal approaches rank deficiency
so total information fails to diverge and root-n theory is nonuniform (e.g. I, = C/y/n),
although each finite-n model may be point-ID.
Mixed IV.y = x'B+z]y + &,z = (z],2}) . E(z&)
T , Y , o m

B(z') = 0,B(z2) > 0. Forw = (x', )/, M =Blzw’] =Blzz']{ ] o );
(B’,y")" is point-ID iff rank M = d +d, iff rankIL; = d,.

Heckitmodel. Y* = X' 0+ &, Y=DY*, D=1{s+n >0}, s =X'm +Z n;
(£,7) | X,Z~N(0,%), 0, =1,Cov(e,n) = 0y P(D = 1| X,Z) = P(s).
Heckitmean/ID. D =1 < 71 > —s and E(& | n7) = 0, 17 imply

E(Y |X,Z,D=1)=X"0+0cyA(s), A(s) = ¢(s)/P(s). Fr R= (X', Z")’,
E(RR’) > 0 identifies 7 by probit; E[lDRR’] > 0, R = (X', A(s))’, identifies
(0, 0cq).

Heckit two-step. Probit D on (X, Z); A; = ¢(3;)/®(8;:). On D = 1, regress Y on
(X, A). Need full rank; credible ID uses excluded Z.

SMOQTH EXTREMUM

=0;x =Tz +Ihz + 17,

EE/ID/UCON. 6, € ©, Q,(6,) < infg Qn(8) +0,(1);

inflo_gze Q(0) > Q(6) Ve > 0;5upy|Q,i (6) — Q)] 5 0; together 6, = 6. An

Sample ULLN. Q,, () = n~' 3; m(W;, ). W; iid; © compact; m(w, -) continuous
Yw; E[supgee|m (Wi, 6)|] < co = UCON.
CF. ) < int®; B,,(0) = 3}y O (0): Vi1 86 Q (60) = N (0. Q0);
SUpjg—gy|<s, 1Bn (8) = Boll 2,06, | 0, By nonsingular;
390 (0,) =0, (n712): ,
V(6 = 60) = ~By'Vn 89 Qn (60) + 0, (1) = N(0, By'Q By ).
NLS. u; (6) =Y; - g(Xi, 6), Di(0) = deg(Xi, 0), H; (6) = 8,5, 8(Xi, 6);
= (2n)7' 02,8900 = —n7! B ui Dy, By (8) = n”! 5, (DD} - wi Hy). At
6o: Ui = u; (69), Dio = Di(60), Hio = H; (60); Bo = E(DioD}, - U;Hio),
Q = E(U}DiD}): E(U; | X;) = 0= By = E(DjoD};); homoskedastic:
Qy = o2 By.
GMM (ﬁxed W,). 8, (60) =n~' 3, 8i(0), G (0) = 8o 8 (0); Qn =
a"uQn =Gy Wagn. Bn(0) =G, WyGr + 35 [Wagn 10024 8ne (0).
W, 5 W =W’ > 0,Eg(6) =0;G =E[dy gi (6)], rank G = d,
Q =E[gi(00)8i(60)']: By=G'WG,Q =G WQWG;
W =Q;' = Bg = Q, Avar = B;'.
SECOND-ORDER GMM RATF
Setup. 0 = (0.,,,6p) . A =0_, = 0_p 0. Ap =0, — 050 0 — 6 and
122 (B) > < 1120 (60)|I> + 0pp (n™"). T = 8, g (6) full column rank,
9o,8(600) =0, B =03} g(6). Pr=T(I"1)"'I", My =1 - Pr, B'MrB > 0.
Derivative averages. Let d = 99, & (60) = O, (n™'/?2). Define I,
line-segment averages of t")n:,, 8n and B,Z,P &n; consistency/local ULLN give rar,
B5 B, . o
Two expansions. g, (0) = 8, (60_p0, 60p) +T'A_;
8n(0-p.0, 0p) = 8, (60) +dpndp + 3 BA,. Since A, = 0, (1),
dpnBp =0, (n7"?); hence g, (0) = g, (60) +TA_ + 1 BAL +0,(n7'1?).
Solve/pro]ev,t With [ = (f"f‘)" I,

(20 (0) - gn(6) — 3 BAL]+0p, (n™!/?). Substitution gives
n(8) = 2 (60) £ PelEn(0) - 20 (60)] + IM:BA 40, (n"'2).
Criterion order. |2, (0)I* < [12x (60)* + 0 (n™") and g, (6p) = O (n™'7)
imply g,, () and their difference are O, (n~'/?). Squaring and using PrMp =0
yields Oy, (1)VAAL +{B' My B/4+0, (1)}ndl = 0, (1).

180 Wan,

as

Rates. Set x,, = \/ﬁAf,A The last equation is ¢, x2 + A, X,, = R,,, where
cn S B'MrBJ/A>0and A, R, =
=Op(n~'*). Then A2,

- = Ol,(n’]/z).

O, (1). Thus x,, = O, (1) and
=0, (n~'72) in the solved equation gives

Common objects. Hy : h(6y) =0,; H=9h(6))/d

Vo = By'QB;'; Vi, =HVyH' =HB;'QB; ' H'.

Wald. W, = n1(0,)" {Ha Vo H; ) h(0,) = X2

Restricted ob]ects n € argming.,(g)=0 On (0): By := By (6,):

V;,,,—H,,B 'Q, B H’

LM. LM, =n {BUQ,.(H W B ALV A B 89 Qu (6,) S X7

QLR.Q) = cBj. ¢ .

QLR, —2n{Qn(9 ) - Qn(9 )} én = LMy +0p (1) = x;.

Local direction. A € R fixed; 6, = 6y + A/m;

() = VH'V;,'HA= |V, P HA| Wy, LM,,, QLR, 5 x2{8()}.

NONSMOOTH / QUANTILE REGRESSION

EE3. 0, €0, Op = 00: Qu(0) = [18n (0)]I: Qn (0n) < info On(0) + 0, (n™'7).

CF-NS. 6 € int©, 8(6p) = 0; g differentiable at 0y, I' = g g () full co]umn rank;

\/78/1(90) EN N (0, Vo); SUP| g6y )<5, Vrll[gn — g1(0) — [&n — g1(60)l 50

V6, 10.

Linear representation. Ar = (I'T)~'T"; (0, — 6y) = ~Aryin g, (6) + 0, (1).
SAMPLING ___

Mean-test setup. X; iid, EX; = u, Var X; = 1; T,, = VnX,,; reject upper-tail

Hy:pu=0vs. H : u > 0whenT, > cv; for two-sided testing use absolute recentered

roots. .

Uncentered bootstrap cancels. Conditionally, Z; := Vn(X;, - X,,) 2, N(0,1), but

the uncentered bootstrap statistic is 7}, + Z,. Thus ideal ¢{_, =Ty, +z1-a + op(1) and

rejection cancels to 0 > zj_o + 0 p(1): as B — oo, NRP and fixed-alt. power tend to 0

if @ < 1/2and 1 if @ > 1/2. For fixed B, with » = [(1 — ) B], both limits are

P{Z() <0} =P{Bin(B, 1/2) = r}, so the test is inconsistent.

Recentered repair. Bootstrap Z;; itself and let B — co: cv KN Zl-a» NRP - a,

fixed-p > 0 power — 1.

Subsampling works. s — oo, s/n — 0 (e.g. s = Vn); Vs (Xs — X,,) LN N(O 1)

conditionally, ¢ “‘” =5 X, +21-a + 0, (1). Under Hy, Vs X, = WT =op(1),

so NRP — a; for ﬁxedy >0,T, - ct8 = (Vi = Vs)p+ O, (1) — o, 50 power

— 1. Use absolute subsample roots for a two-sided test.

Trace / ei; steps. D > dI and cyclic trace give

ON.

Null rejection. Hy : 6 = 69, nuisance y € I'; RP,, (y) = Pg,., {reject Ho}.
Pointwise NRP. V fixed imsup,,_,, RP,(y) < a: fix y before n — co.
Finite-sample size. Sz,, = sup, e R P, (y); correctiff Sz, < a for every n.
Asymptotic size. AsySz(6y) = limsup,,_,, sup, i RPy (y) = limsup,, Sz,; correct
iff < «. Finite-sample correct = asymptotic correct = pointwise.
Test inversion. CS,, = {0 : T,,(0) < c|1-o(0)}.
AsyCS. AsyCS := liminf, infyer Pg, {60 € CS,} 21 - a.
MOMENT-INEQUALITY SIZE CORRECTION
Moment / type-h limit. m = (my, ..., my) ,k=p+v,m, =n_ ' 3, m(W;, 6)).
S(m, X) is continuous, nonincreasing in the first p coordinates, and
S(m,X) = S(Am, AXA) for pd diagonal A. Epm;(6y) =0 (j < p),Erpm;(6p) =0
(> p);vij =Bemj/oF j, Vnyin = hi € [0,]”, hy = Corrp (m).
T 5 0y = S{hY2Z + (h1,0,), ha}s en (1 = 7) isits (1 - ) quantile.
Local nuisance / CR. £ = n~' 3, (m; — m,,) (m; —m,,)’, D = Diag(%),
7=V Dy P,y = DTPEDT P ) — iy S N (0, i), s hy is not
consistently estimable; h KN hy by WLLN/CMT. kg = z1_g/p;
CRy, (1= B) ={hy € [0,00]7 : hy; > max(0, 13; — kg) Vj < p}.so
liminf P{h; € CR} > 1 - .
Why size is only @ + 8. cv(1 = @) =supj; ccr €, i) (1 — @). On
={hi € CR},cv 2 c(j, j,) (1 = @) = C(nyny) (1 = @) +0p (1), s0 for
R ={T,, > cv},P(R) <P(R,h; € CR) +P(h) ¢ CR) < a+B+0,(1). Thus
only AsySz < a + 3: the test need not be conservative relative to a.
Bonferroni repair.0 < 8 < a;set § = @ — Banduse cv(l — 6),ie. thel —a+f
quantile. Then limsupP(R) < (a — ) + 3 = . Power vs. global worst-case critical
values has no uniform ordering: the CR shrinks the nuisance set, but the higher quantile
raises the critical value.
POST-SELECTION MAX-MEAN CI
Intervals/ CLT. 6,, = max{gaxn, tyn}: Cyn = [Jn = 6ynz/Vnl. J =X, Y,
2 = Z1-qa/2; choose Cx,, iff X, > Y,,. Uniform moments give
( V(X —pixn) V(Yo ~ptyn) )

G ’ Gyn

— (Zx, Zy), standard bivariate normal with correlation p.

TXn
Fixed F.If ux > py, WLLN gives P(X,, > Y,,) — 1, hence coverage
— P(|Zx| < z) =1 — a@; symmetric if uy > ux. If ux = py, with
Ag={oxZx > oy Zy},P(0 € Cp) = P(1Zx| < 2, Ag) +B(|Zy| < z, AS), not
automatically 1 — a.
Drift / selection. V7 (tixn — Hyn) = hi, (Oxns Oyn,Pn) — (sx, Sy, p). Then the
selection event converges to Ay, = {sxZx +h| > sy Zy}. If hy > 0, target = ux,, and
the wrong-Y root is Zy — hy/sy:if h; < 0, target = py,, and the wrong-X root is
Zx +hi/sx.
hy 20,
h; <0.

P(1Zx| < 2, An) +B(1Zy - hu/sy| < . AS),
P(1Zx + I /sx| < 2, An) +B(1Zy] < 2, AS),
hy=+t0=C(h)=1-a.

Worst-case coverage. AsyCS = infy, (sy.sy p)ert C (), where H is the set of local
limits allowed by the parameter space.

Local coverage. C (h) = {

WEAK IV

Base model. Y; = BD; + X[y +u;, D; = Z 1, + X[ € +v;, E(Z;u;) = 0. After FWL,
Y, D, Z denote residualson X: Y = 8D +u, D = Zn, +v;

Prsis = (D'PzD) ' D' PzY.

Scalar weak limit. Q77 = plimn~' %; Z% v - 8 = s
nV2 Y (Ziui, Zivi) 5 (U, VY fry = B U[(CQzz + V).
Multiple-IV weak limit. 7r,, = C /\n, Z'Z/n 5 Dz,

12 s d . g (DzC+&)' DS &
nV(Z'u, Z'v) S (&, &) fasts - B = DrCoe) D, (Do

AR artificial-regression F.ry =Y — ByD, p =dimX, Z=MxZ;

r,Pyry/k
ARp = /#
reMix,zjro/(n - p = k)
AR robust moment (residualized). g; (89) = Ziroi, Q=n"'Y; 28}
AR=[n""%, g ]'Q"
WEAK-IV LM-CUE
Statistic. p = dimB, k =dim Z, y; = x/B + &, x| = Z[1l,, + v/, 1, = C/n;
8i(B) = (yi ~xiB)Zi.Gi = ~Zixj. g =n"' 5 81.Q=n"" T gig;:
D=n"'Y{8'0 g - 1}Gi; LMcye =ng’ Q"' D(D'Q'D)"'D'Q ' 8.
Null moment / exact D,. Under Hy, g; (Bo) = Z; &; and

d

Vg =n""23%.Z; & 5 G ~ N(0,Q). For column £,
VD =n""2 5, Zixie = {n7' 8, Zixic . Z[Q7 " }Wng.
Weak expansion. x;; = Z/C¢/\n +vi¢, Q :lE(Z,Zl’)A,Q:E(s‘ZZ.ZI’) >0,
K¢ =E(Z;ivi¢ & Z}). WLLN/CLT and Q 5 Q give
VD = QCr+n "2 5 rig + 0, (1), rie = Zivie - K(Q ' Zi &
Joint law / independence. Let R; = (ryi, ..., 7ip) and ¥ = Vdr(vec R,) K=K,
and Cov(Z; &;,ri¢) = K¢ — QQ~! K’ = 0; hence the joint CLT gives

(‘/;‘/V":fD EN N[ \eL(QC)) (ﬂ 9 )] joint Gaussianity gives Vng L yn vec D
asymptotically.

a -
Projection y2. Write (vVng, vnD) = (G, D); E Q112G ~ N(0, L),
A=Q 2D Ifrank(D) = p ass., then LMcyp — £ A(A A)TTA E = EPAE.
Given D, P4 has rank pand & L D;thus LM | D ~ /\/P
B(LM. < 1) =B[B(LM. < t | D)] = F3 (1), hence LMcuE (Bo) > x}
unconditionally.
Test / recommendation. Reject if LM cye (Bo) > X,z;.l—n' It has limiting NRP «
along fixed-C weak sequences and under strong IV; textbook Wald may severely
overreject and can have worst-case asymptotic size 1 with arbitrarily weak IVs. If p =1
and conditional homoskedasticity holds, use CLR: it retains weak-IV size control and,
under Gaussian fixed IVs, its power is uniformly close to the two-sided power envelope
among similar invariant tests.
Regularity. iid; fixed C; E(Z; &;) = 0, E(Z;v]) = 0; Q = E(Z; Z]) finite, Q > 0;
finite moments for the joint CLT and WLLNs for Z; Z/ and Z; vi¢ &, Z]; ol
rank(D) = p as. (p < k).

Ridge. S = argmin, {1 [[Y — Xb|3 + Z[[b[2} = (X' X + A1) XY’
=E(g&' | X),A=(X’X+AI)"";Bias(Bg | X) = —1AB,

Var(BR | X) = AX’2.XA; MSE(Bg | X) = tr{Var(Bg | X)} + 12’ A? B

Ridge MSE gap.Let S = X’X > 0, D =X, d = Apin (D), and M = S~2

From g - B = -1AB+AX' &

A :=MSE(BoLs | X) - MSE(Br | X)

2i Ziui

7 = C/Vn,

~ Fi n-p-k under Gaussian homoskedastic Hy.

'[n12 5, gi] % x2. Use HAC © under serial dependence.

-A?>0.

=tw(DXMX') - A2’ A%B.

tr(DXMX') > dtr(XMX') =dtr(SM). Since S commutes with A,

SM =S7! - SA? =22A% + S A? > 20A%. Also B’ A’ < (') tr(A?); hence
A2 A2 (D) = AB' B} tr(A?) > 0if 2Amin (D) > AB'B.

LASSO / two oracle notions. Y = X" + w;

Br € argming {(2n) Y = XbI3 + A, bl }: S = {1 B9 # 01,8 = (j : Br; # O}
Selection oracle: P(S = S) — 1. Full oracle property additionally requires

VABs = BY) 5 N(0,Vor). Vor = Q5hQss Q5k (= 02Q5) homosk.),

Oss =E(XisX[g), Qss = IE(W XisXg). The full property generally needs
adaptive/bias- correcled or post- LASSO reﬁllmg for plain LASSO, selection typically
needs vnd, — co while centered oracle AN needs v, — 0.

‘Wainwright design / penalty. £g5 = XsXs/n, l'[; =1-Xg (x&xs)*‘x’.;
Amm(im > Cpin > 03 maxjese (X5 Xs) ' X X, <a<1;

Ap = [IX Iigw /n|«. Then the solution is unique and S ¢ S. Normalized

Z a
columns + sub-Gaussian w give A, (rm

Beta-min / exact support. B(1,; X) = |55 Xgw/nlle + A 1255 s

IBL.s = Bl < B. Buin :=minjes|B)| >B=ScS=S$=5.

Critical discussion. Regularization lowers variance but raises bias; tuning (e.g.
cross-validation) is nontrivial. The eigenvalue condition identifies active slopes; mutual
incoherence requires strong approximate orthogonality between active and inactive
regressors. Beta-min is the crucial/ad hoc assumption: if signals are not well separated
from zero, LASSO creates false exclusions.

LASSO vs. Ridge. Ridge never gives exact zeros. LASSO favors sparse, well-separated
signals but may delete small nonzero coefficients; Ridge may predict better for
dense/small signals.

fn = max{X,,,O) is the constrained MLE Hn = [) If Vap, — h € [0, o], then

VI (fin = i) = max{NR (X = pn), —Nnpan} = Jy = max{Z, —h}. Thus fixed
1>0:Jo =Z; u=0: Jy=max{Z, 0}.

Coverage / repair. For CI = {u > 0: Vn(fi, — p) < z1-a}, C(h) =P(Jp, < zZ1-a)-
Since J), decreases in h, the worst case is h = 0: AsyCS =P(Jy < zj_o) =1 — aif

@ < 1/2,and 0 if @ > 1/2. Repair with ¢ = g1 (Jo): coverage > 1 — a; exactness
for @ > 1/2 requires randomization at 0.

Ordinary nonparametric bootstrap. Let r,, = YnX,, and Z;, = Vn(X}, - X,.).

R; = \/7(;1 — fin) = max{r, + Z,, 0} — max{r,, 0}: along r,, — r, conditionally on
Lhe data R;, — R*(r) := max{r + Z*,0} — max{r,0}. Dependem.e on random r
proves distributional inconsistency. For z = zj_, > 0. its quantile is z if » > 0 and
max{r + z, 0} if r < 0; nevertheless, for the closed “<” CI, r = h + Z gives coverage
P(Z < z) =1 — a by atom/tie cancellation.

Subsampling. Let b — o0, b/n — 0,u =1 - @, cg (u) = g, (Jg) = max{z,, -g}. If
VA, — h < oo, then Vb, — 0: full law J},, subsample critical law Jo. If

Vrp, — oo and Vb, — g: full law Z, critical law Jg. Hence

AsyCS = min{infy, P(J, < co(u)),infg P(Z < co(u))}=u=1-a.

normalization. Y™ =m(X) + &, Y =DY", D =1{p(X,Z) = n},
(&,17) L (X, Z); n continuous and normalized U (0, 1). Z is excluded from 2 but
enters selection, and p(x,z) =P(D =1| X = x, Z = z) is identified.
Selected conditional mean. On D =
q(x,z) =E(Y|X=x,Z=2,D= 1) =m(x)+b{p(x,z)}, where
b(s)=s"" /0 E(& | 7 =u) du. Thus p, g are observable functions, whereas m, b
are unknown.
Sufficient conditions. At an interior support point (x, z): 0 < p(x, z) < 1; local
support contains the neighborhoods needed for derivatives; p, g, m, b are C';the
exclusion is operative: a(x,z) :=V_p(x,z) #0.
Identify the correction slope. Because z does not enter 1,
V.q=b'(p)V.p =b'(p)a;hence b’ (p) = {a’a} ' a’V.q is identified.
Identify the structural derivative. V. g = Vom + b’ (p)Vxp, so
Viem(x) =Vyqg(x,z) - b'{p(x,2)}Vyp(x, z). Therefore Vym(x) is point
identified; the levels of m2 and b remain identified only up to a common additive constant.
QUANTILE REGRESSION / NONSMOOTH GMM
Estimator /moment. Y; = X5, +U;,.F(U; < 0] X;) = 7:
pr(u) =u{t - 1(u <0)}, B € argmin, n™' ; p (Y; = X} b);
gi(b) = Xi{T - 1(Y; < X/b)}.
General feasible V. L,g[ 8i=8i(0)-8,(0);Vo=n"'Y; gigl. If 65 6, local
ULLNSs hold for g;, g: g}, sccond moments are finite, and E[g; (H)g (0)']is
continuous at 6y, then VO EN Vo; use HAC under dependence.
General finite-difference I. T".; = {g,, (0 + €1¢;) — £, (0)}/ €. € — 0,
(\/HE,‘)’I = 0, (1); differentiable population g, CF-NS local remainder, and 0L Qo
give I' 5 T. Do not average pathwise derivatives of the indicator.
Plug-in sandwich. £ = (") "'V Vo ['(IV1) 7! Var(8) = £/n.
Derive QR V). Assume no atom at zero; then I; := 1(U; < 0) | X; ~ Bernoulli(7).
With Q = E(XX'), Vo = E[XX' {7 — I}*] =E[XX' Var(I | X)] = 7(1 - 7) Q.
Derive QRT. g(b) = E[X{1 - Fyix (X' (b - Bo) | X)}]; if fux exists/continuous
near zero and differentiation is dominated, then ' = —J, J := .E[fU‘X(O | X)XX"];
assume J nonsingular. The opposite moment convention flips only this sign.
QR covariance. k = d gives Sog ="'V I'™V = 7(1 - 7)J"'QJ L. Only if
Juix (0| X) = fo may one write Zor = (1 - ‘r)fn’zQ".
QR consistency variant. Q,, (b) =n~' 3; p, (Vi — Xb). High level:
$UPyeo|Qn (b) = Q(b) 5 0and Q(b) > Q(Bo) for b # o imply B = Bo.
Primitives: iid; ® compact; E(|Y| + || X]||) < oo; zero is the unique conditional
7-quantile; and P(X’a # 0) > 0 for every a # 0. ULLN uses
[or (Y = X'b) — pr (Y - X'B)| < |X[[lIb - B.
Shrinking-radius lemma. X,, — . Choose increasing N,,, so
n >N, =P(X, - u|>1/m) <1/m. Set §,, = 1/m for N, <n < Np,;4;. Then
8, L 0and P(|X,, — | > 6,) < 1/m — 0.
Pointwise vs. uniform weak-IV validity. Pointwise NRP fixes 7z before n — oo: Wald
NRP is « for fixed 7t # 0. AsySz takes sup, first and permits 7, = C/+/n; it can equal
1, so nominal p-values/CIs lack uniform guarantees.
Convergence counterexamples. Let U ~ U (0, 1). Spike
X, =nl{0 < U < 1/n} — 0 (hence 2, 0), but EX,, = E|X,,| = 1: as. /p does not
imply L!/mean convergence without UL Typewriter: tor n=2"+k0<k<2m,
T, =1{k/2" <U < (k+ 1)/2'"} has P(T,, = 1) =27" — 0, but equals 1 and 0
infinitely often a.s.; thus 7,, — 0 but T},
MZ sample-mean proof. Let Y; = X; — u1, S,, =2, Y, rp =min{l - 1/p, 1/2}. The
preceding MZ bound and Markov give P{n"7 || X,, — u|| > M} < Cp, 4E||Y1||P /MP.
Hence X, — = Op(n~"r); the rates are n'/P~' for 1 < p <2andn~'2 for p > 2.
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