
FOUNDATIONS
Sigma-field. F ⊆ 2Ω : Ω ∈ F; 𝐴 ∈ F ⇒ 𝐴𝑐 ∈ F; 𝐴𝑖 ∈ F ⇒ ⋃

𝑖≥1 𝐴𝑖 ∈ F.
Measure. 𝜇 : F → [0,∞]; 𝜇 (∅) = 0; pairwise disjoint 𝐴𝑖 : 𝜇 (

⋃
𝑖 𝐴𝑖 ) =

∑
𝑖 𝜇 (𝐴𝑖 ) ;

𝜇 (Ω) = 1: probability measure.
R.V. 𝑋 : (Ω, F) → (R𝑑 , B(R𝑑 ) ) ; 𝑋 measurable iff 𝑋−1 (𝐵) ∈ F ∀𝐵 ∈ B(R𝑑 ) . Real
𝑋: {𝑋 ≤ 𝑥} ∈ F ∀𝑥 ∈ R.
MCT / DCT. For measurable 𝑓𝑛 : MCT: 0 ≤ 𝑓𝑛 ↑ 𝑓 𝜇-a.e. ⇒

∫
𝑓𝑛 𝑑𝜇 ↑

∫
𝑓 𝑑𝜇.

DCT: 𝑓𝑛 → 𝑓 a.e., | 𝑓𝑛 | ≤ ℎ, ℎ ≥ 0 integrable ⇒
∫
| 𝑓𝑛 − 𝑓 | 𝑑𝜇 → 0 and∫

𝑓𝑛 𝑑𝜇 →
∫
𝑓 𝑑𝜇.

Change of variables. 𝑆𝑌 = 𝑔 (𝑆𝑋 ) . Scalar: 𝑔 strict mono.𝐶1 , 𝑔′ ≠ 0;
𝑓𝑌 (𝑦) = 𝑓𝑋 (𝑔−1𝑦) | (𝑔−1 ) ′ (𝑦) | = 𝑓𝑋 (𝑔−1𝑦)/|𝑔′ (𝑔−1𝑦) |. Vector 𝑑 → 𝑑:
𝑔 : 𝑆𝑋 → 𝑆𝑌 𝐶

1 diffeom., 𝐽𝑔 = 𝜕𝑔/𝜕𝑥′ , det 𝐽𝑔 ≠ 0;
𝑓𝑌 (𝑦) = 𝑓𝑋 (𝑔−1𝑦) |det 𝐽𝑔−1 (𝑦) | = 𝑓𝑋 (𝑔−1𝑦)/|det 𝐽𝑔 (𝑔−1𝑦) | on 𝑆𝑌 ; 0 o.w.
COMMON LAWS
Pois(𝜆) . 𝜆 > 0, 𝑘 ∈ N0 : 𝑝𝑘 = 𝑒−𝜆𝜆𝑘/𝑘!; E𝑋 = Var𝑋 = 𝜆; 𝑀𝑋 (𝑡 ) = 𝑒𝜆(𝑒

𝑡 −1) .
𝑁 (𝜇, 𝜎2 ) . 𝜎 > 0; 𝑓 (𝑥) = 𝑒−(𝑥−𝜇)2/(2𝜎2 ) /(𝜎

√
2𝜋) ; 𝑀𝑋 (𝑡 ) = 𝑒𝜇𝑡+𝜎

2 𝑡2/2 .
Exp(𝜆) . 𝜆 > 0; 𝑓 (𝑥) = 𝜆𝑒−𝜆𝑥 , 𝑥 ≥ 0; 𝐹 (𝑥) = 1 − 𝑒−𝜆𝑥 ;
(E𝑋,Var𝑋) = (𝜆−1 , 𝜆−2 ) ; 𝑀𝑋 (𝑡 ) = 𝜆/(𝜆 − 𝑡 ) , 𝑡 < 𝜆.
Gamma(𝑟, 𝜆) . Shape 𝑟 > 0, rate 𝜆 > 0: 𝑓 (𝑥) = 𝜆𝑟 𝑥𝑟−1𝑒−𝜆𝑥/Γ (𝑟 ) , 𝑥 > 0;
(E𝑋,Var𝑋) = (𝑟/𝜆, 𝑟/𝜆2 ) ; 𝑀𝑋 (𝑡 ) = (𝜆/(𝜆 − 𝑡 ) )𝑟 , 𝑡 < 𝜆.
𝜒2
𝑘 . 𝑘 ∈ N; 𝜒2

𝑘 = Gamma(𝑘/2, 1/2) ; (E𝑋,Var𝑋) = (𝑘, 2𝑘) ; 𝑀𝑋 (𝑡 ) = (1 − 2𝑡 )−𝑘/2 ,
𝑡 < 1/2.
MGF / CF / CUMULANTS
MGF / CF.𝑀𝑋 (𝑡 ) = E𝑒𝑡𝑋 ; 𝑀 (𝑟 )

𝑋 (0) = E𝑋𝑟 if finite near 0; 𝜑𝑋 (𝑡 ) = E𝑒𝑖𝑡𝑋 always
exists. Equality of MGFs on a common nbhd. of 0, or CFs on R, implies equal dist.
Cumulants.𝑀𝑋 finite on a nbhd. of 0; 𝐾𝑋 = log𝑀𝑋 , 𝜅 𝑗 = 𝐾 ( 𝑗)

𝑋 (0) . 𝜅1 = 𝜇,
𝜅2 = 𝜎2 , 𝜅3 = E(𝑋 − 𝜇)3 , 𝜅4 = E(𝑋 − 𝜇)4 − 3𝜎4 .
𝑋 ⊥ 𝑌 ⇒ 𝜅 𝑗 (𝑋 +𝑌 ) = 𝜅 𝑗 (𝑋) + 𝜅 𝑗 (𝑌 ) .
Taylor at 0. 𝑒𝑥 =

∑∞
𝑗=0 𝑥

𝑗 / 𝑗!; log(1 + 𝑥) = ∑∞
𝑗=1 (−1) 𝑗+1𝑥 𝑗 / 𝑗, |𝑥 | < 1.

INEQUALITIES
𝐿𝑝 norm. 𝑝 ≥ 1: ∥𝑋∥𝑝 := (E|𝑋|𝑝 )1/𝑝 ; 𝑝, 𝑞 > 1, 𝑝−1 + 𝑞−1 = 1.
Jensen. 𝑋, 𝑔 (𝑋) ∈ 𝐿1 ; 𝑔 convex: 𝑔 (E𝑋) ≤ E𝑔 (𝑋) ; concave: reverse.
Hölder / CBS. E|𝑋𝑌 | ≤ ∥𝑋∥𝑝 ∥𝑌 ∥𝑞 ; |E𝑋𝑌 | ≤ (E𝑋2 )1/2 (E𝑌2 )1/2 .
Minkowski / Lyapunov. 𝑝 ≥ 1: ∥𝑋 +𝑌 ∥𝑝 ≤ ∥𝑋∥𝑝 + ∥𝑌 ∥𝑝 ; 𝑋 ∈ 𝐿𝑠 , 0 < 𝑟 ≤ 𝑠:
∥𝑋∥𝑟 ≤ ∥𝑋∥𝑠 .
𝑐𝑟 . E|𝑋 +𝑌 |𝑟 ≤ 𝑐𝑟 (E|𝑋|𝑟 + E|𝑌 |𝑟 ) ; 𝑐𝑟 = 1 for 0 < 𝑟 ≤ 1, 𝑐𝑟 = 2𝑟−1 for 𝑟 ≥ 1.
Marcinkiewicz–Zygmund (iid). 𝑋𝑖 𝑖𝑖𝑑∼ 𝑋, E𝑋 = 0, E|𝑋|𝑝 < ∞: 𝑆𝑛 =

∑𝑛
𝑖=1 𝑋𝑖 ,

E|𝑆𝑛 |𝑝 ≤ 𝐵𝑝E|𝑋|𝑝 {𝑛, 1 ≤ 𝑝 ≤ 2; 𝑛𝑝/2 , 𝑝 ≥ 2}.
Markov / Chebyshev. 𝑟, 𝑎 > 0: P( |𝑋| ≥ 𝑎) ≤ E|𝑋|𝑟 /𝑎𝑟 ;
P( |𝑋 − E𝑋| ≥ 𝑎) ≤ Var(𝑋)/𝑎2 .
Hoeffding. 𝑋𝑖 indep., 𝑎𝑖 ≤ 𝑋𝑖 ≤ 𝑏𝑖 a.s., 𝑉𝑏 =

∑
𝑖 (𝑏𝑖 − 𝑎𝑖 )2 :

P( |∑𝑖 (𝑋𝑖 − E𝑋𝑖 ) | ≥ 𝑧) ≤ 2𝑒−2𝑧2/𝑉𝑏 .
Bernstein. 𝑋𝑖 indep., E𝑋𝑖 = 0, |𝑋𝑖 | ≤ 𝑀, 𝑣 =

∑
𝑖 Var𝑋𝑖 :

P( |∑𝑖 𝑋𝑖 | ≥ 𝑧) ≤ 2𝑒−𝑧2/[2(𝑣+𝑀𝑧/3) ] .
CONDITIONAL MOMENTS / NORMAL
Tower / LIE.𝑌 ∈ 𝐿1 , G ⊆ H ⊆ F: E[E(𝑌 | H) | G] = E(𝑌 | G) a.s.;
EE(𝑌 | G) = E𝑌 .
Conditional variance.𝑌 ∈ 𝐿2 : Var(𝑌 | 𝑋) = E(𝑌2 | 𝑋) − [E(𝑌 | 𝑋) ]2 ;
Var𝑌 = E[Var(𝑌 | 𝑋) ] + Var[E(𝑌 | 𝑋) ].
Multivariate normal. 𝑋 ∼ 𝑁𝑑 (𝜇, Σ) , Σ ≻ 0:
𝑓 (𝑥) = (2𝜋)−𝑑/2 (detΣ)−1/2𝑒−(𝑥−𝜇) ′Σ−1 (𝑥−𝜇)/2 ; 𝐴𝑋 + 𝑏 ∼ 𝑁 (𝐴𝜇 + 𝑏, 𝐴Σ𝐴′ ) .
Block normal. 𝑋 = (𝑋′

1 , 𝑋
′
2 ) ′ , 𝜇 = (𝜇′1 , 𝜇′2 ) ′ , Σ = (Σ𝑖 𝑗 ) , Σ22 ≻ 0:

𝑋1 | 𝑋2 = 𝑥2 ∼ 𝑁 (𝜇1.2 , Σ1.2 ) ; 𝜇1.2 = 𝜇1 + Σ12Σ−1
22 (𝑥2 − 𝜇2 ) ;

Σ1.2 = Σ11 − Σ12Σ−1
22 Σ21 . 𝑋1 ⊥ 𝑋2 iff Σ12 = 0.

Truncated normal. 𝑍 ∼ 𝑁 (0, 1) : E(𝑍 | 𝑍 > 𝑐) = 𝜙 (𝑐)/[1 − Φ(𝑐) ];
E(𝑍 | 𝑍 < 𝑐) = −𝜙 (𝑐)/Φ(𝑐) . For𝑌 ∼ 𝑁 (𝜇, 𝜎2 ) standardize 𝑎 = (𝑐 − 𝜇)/𝜎.
Dependence chain. 𝑋,𝑌 ∈ 𝐿2 : 𝑋 ⊥ 𝑌 ⇒ E(𝑌 | 𝑋) = E𝑌 ⇒ Cov(𝑋,𝑌 ) = 0; reverse
false.
CONVERGENCE / STOCHASTIC ORDER
Strength. 𝑎.𝑠. or 𝐿𝑟 (𝑟 > 0) ⇒ 𝑝 ⇒ 𝑑; 𝑋𝑛

𝑑−→ 𝑐 iff 𝑋𝑛
𝑝−→ 𝑐.

Orders / products. 𝑎𝑛 , 𝑏𝑛 > 0 deterministic; 𝑋𝑛 =𝑂𝑝 (𝑎𝑛 ) iff 𝑋𝑛/𝑎𝑛 is bounded in
probability; 𝑋𝑛 = 𝑜𝑝 (𝑎𝑛 ) iff 𝑋𝑛/𝑎𝑛

𝑝−→ 0. 𝑜𝑝 (𝑎) ⊂ 𝑂𝑝 (𝑎) ;
𝑂𝑝 (𝑎)𝑂𝑝 (𝑏) =𝑂𝑝 (𝑎𝑏) ;𝑂𝑝 (𝑎)𝑜𝑝 (𝑏) = 𝑜𝑝 (𝑎𝑏) ; 𝑜𝑝 (𝑎)𝑜𝑝 (𝑏) = 𝑜𝑝 (𝑎𝑏) .
LLN / CLT
SLLN. 𝑋𝑖 iid, E|𝑋1 | < ∞: 𝑋̄𝑛

a.s.−→ 𝜇 = E𝑋1 .
CLT. 𝑋𝑖 ∈ R𝑘 iid, E𝑋1 = 𝜇, E∥𝑋1 ∥2 < ∞, Σ = Var(𝑋1 ) :

√
𝑛(𝑋̄𝑛 − 𝜇) 𝑑−→ 𝑁 (0, Σ) .

Cramér–Wold.𝑌𝑛
𝑑−→ 𝑌 iff 𝑐′𝑌𝑛

𝑑−→ 𝑐′𝑌 ∀𝑐 ∈ R𝑘 .
ESTIMATION / INFORMATION
Bias–variance. 𝑏 = E𝜃 𝜃 − 𝜃; MSE𝜃 (𝜃 ) := E𝜃 ∥𝜃 − 𝜃 ∥2 = tr Var𝜃 (𝜃 ) + 𝑏′𝑏.
MLE invariance. 𝜏 = 𝑔 (𝜃 ) ; 𝐿∗ (𝜏) = sup𝜃:𝑔 (𝜃 )=𝜏 𝐿 (𝜃 ) ;
𝜃 ∈ arg max 𝐿 ⇒ 𝑔 (𝜃 ) ∈ arg max𝜏 𝐿∗ (𝜏) .
Fisher / IME. 𝑠𝜃 = 𝜕𝜃 log 𝑓𝜃 (𝑌 ) , 𝐻𝜃 = 𝜕2

𝜃 𝜃 ′ log 𝑓𝜃 (𝑌 ) . Under common-support /
differentiation-under-integral regularity: E𝜃 𝑠𝜃 = 0, 𝐼1 (𝜃 ) = E𝜃 (𝑠𝜃 𝑠′𝜃 ) = −E𝜃𝐻𝜃 ; iid
sample: 𝐼𝑛 = 𝑛𝐼1 .
MATRIX CALCULUS
𝑍 ∼ 𝑁𝑘 (0, 𝐼𝑘 ) , 𝐴 = 𝐴′ : 𝑍 ′𝐴𝑍

𝑑
=
∑𝑘
𝑗=1 𝜆 𝑗 (𝐴)𝑈 𝑗 , 𝑈 𝑗

𝑖𝑖𝑑∼ 𝜒2
1 ; 𝑃 = 𝑃′ = 𝑃2 : 𝑍 ′𝑃𝑍 ∼ 𝜒2

rank(𝑃) .
Vector derivatives. ∇𝑥 (𝑎′𝑥) = 𝑎; ∇𝑥 (𝑥′𝐴𝑥) = (𝐴 + 𝐴′ )𝑥 (= 2𝐴𝑥 if 𝐴 = 𝐴′);
∇𝑏 ∥𝑦 − 𝑋𝑏∥2 = −2𝑋′ (𝑦 − 𝑋𝑏) ; ∇2

𝑏 = 2𝑋′𝑋.
Gaussian integral. 𝑎 > 0:

∫ ∞
−∞ 𝑒

−𝑎𝑥2
𝑑𝑥 =

√
𝜋/𝑎.

CLASSICAL TESTINGPower / size / level.𝐾 (𝜃 ) = P𝜃 (𝑋 ∈ R) ; size = sup𝜃∈Θ0
𝐾 (𝜃 ) ; level 𝛼 iff size ≤ 𝛼.

𝑝-value. Nested level-𝛼 regions: 𝑝 (𝑥) = inf{𝛼 : 𝑥 ∈ R𝛼 }.
Neyman–Pearson.𝐻0 : 𝑓 = 𝑓0 vs. 𝐻1 : 𝑓 = 𝑓1 ; choose (𝑐, 𝛾) so
𝜙∗ = 1{ 𝑓1 > 𝑐 𝑓0} + 𝛾1{ 𝑓1 = 𝑐 𝑓0} has E0𝜙

∗ = 𝛼. Then E1𝜙 ≤ E1𝜙
∗ for every

0 ≤ 𝜙 ≤ 1 with E0𝜙 ≤ 𝛼; every MP level-𝛼 test has this form 𝑃0-a.s.
MLR. On common support, 𝑓𝜃1 (𝑥)/ 𝑓𝜃0 (𝑥) is nondecreasing in 𝑇 (𝑥) ∀𝜃1 > 𝜃0 .
Karlin–Rubin. MLR implies upper-tail power is nondecreasing:
𝜃2 > 𝜃1 ⇒ P𝜃2 (𝑇 > 𝑐) ≥ P𝜃1 (𝑇 > 𝑐) . Calibrate rejection at 𝜃0 to probability 𝛼
(randomize at 𝑇 = 𝑐 if needed): reject for large 𝑇 is level-𝛼 UMP for 𝐻0 : 𝜃 ≤ 𝜃0 vs.
𝐻1 : 𝜃 > 𝜃0 .
When no UMP exists. If NP-optimal regions vary with alternative direction/nuisance,
state a comparison criterion: require power ≥ 𝛼 at every alternative; require null
rejection probability = 𝛼 for every nuisance value; require invariance to irrelevant
transformations; or maximize weighted-average, minimum, or local power. Weak-IV
example: 𝜋 nuisance. Under iid homoskedastic normal fixed-IV, use the two-sided
invariant-similar class and condition on𝑄𝑇 (a statistic absorbing first-stage nuisance 𝜋):
choose 𝜅𝛼 (𝑄𝑇 ) so P𝛽0 , 𝜋 {𝐿𝑅 > 𝜅𝛼 (𝑄𝑇 ) | 𝑄𝑇 } = 𝛼; iterated expectations gives size

𝛼 ∀𝜋. Under these conditions, CLR power is uniformly close to the two-sided
invariant-similar power envelope.
IDENTIFICATION / HECKITIdentified set. Θ𝐼 (𝑃) = {𝜃 : 𝑃𝜃 = 𝑃}. Point ID: Θ𝐼 (𝑃) = {𝜃0}. Partial ID:
|Θ𝐼 (𝑃) | > 1 (a proper subset is informative; Θ𝐼 (𝑃) = Θ is no ID). Weak ID is a
sequence/strength notion: the identification Jacobian/signal approaches rank deficiency
so total information fails to diverge and root-𝑛 theory is nonuniform (e.g. Π𝑛 = 𝐶/√𝑛),
although each finite-𝑛 model may be point-ID.
Mixed IV. 𝑦 = 𝑥′𝛽 + 𝑧′1𝛾 + 𝜀, 𝑧 = (𝑧′1 , 𝑧′2 ) ′ , E(𝑧𝜀) = 0; 𝑥 = Π1𝑧1 + Π2𝑧2 + 𝜂,

E(𝑧𝜂′ ) = 0, E(𝑧𝑧′ ) ≻ 0. For 𝑤 = (𝑥′ , 𝑧′1 ) ′ , 𝑀 = E[𝑧𝑤′ ] = E[𝑧𝑧′ ]
(
Π′

1 𝐼

Π′
2 0

)
;

(𝛽′ , 𝛾′ ) ′ is point-ID iff rank𝑀 = 𝑑𝑥 + 𝑑𝑧1 iff rankΠ2 = 𝑑𝑥 .
Heckit model.𝑌∗ = 𝑋′ 𝜃 + 𝜀,𝑌 = 𝐷𝑌∗ ,𝐷 = 1{𝑠 + 𝜂 ≥ 0}, 𝑠 = 𝑋′ 𝜋1 + 𝑍 ′ 𝜋2 ;
(𝜀, 𝜂) ′ | 𝑋, 𝑍 ∼ 𝑁 (0, Σ) , 𝜎𝜂 = 1, Cov(𝜀, 𝜂) = 𝜎𝜀𝜂 ; P(𝐷 = 1 | 𝑋, 𝑍 ) = Φ(𝑠) .
Heckit mean / ID.𝐷 = 1 ⇐⇒ 𝜂 ≥ −𝑠 and E(𝜀 | 𝜂) = 𝜎𝜀𝜂 𝜂 imply
E(𝑌 | 𝑋, 𝑍, 𝐷 = 1) = 𝑋′ 𝜃 + 𝜎𝜀𝜂𝜆(𝑠) , 𝜆(𝑠) = 𝜙 (𝑠)/Φ(𝑠) . For 𝑅 = (𝑋′ , 𝑍 ′ ) ′ ,
E(𝑅𝑅′ ) ≻ 0 identifies 𝜋 by probit; E[𝐷𝑅̃𝑅̃′ ] ≻ 0, 𝑅̃ = (𝑋′ , 𝜆(𝑠) ) ′ , identifies
(𝜃, 𝜎𝜀𝜂 ) .
Heckit two-step. Probit𝐷 on (𝑋, 𝑍 ) ; 𝜆̂𝑖 = 𝜙 (𝑠̂𝑖 )/Φ(𝑠̂𝑖 ) . On𝐷 = 1, regress𝑌 on
(𝑋, 𝜆̂) . Need full rank; credible ID uses excluded 𝑍 .
SMOOTH EXTREMUM
EE / ID / UCON. 𝜃𝑛 ∈ Θ,𝑄𝑛 (𝜃𝑛 ) ≤ inf 𝜃 𝑄𝑛 (𝜃 ) + 𝑜𝑝 (1) ;
inf∥𝜃−𝜃0 ∥≥ 𝜖 𝑄 (𝜃 ) > 𝑄 (𝜃0 ) ∀𝜖 > 0; sup𝜃 |𝑄𝑛 (𝜃 ) −𝑄 (𝜃 ) | 𝑝−→ 0; together 𝜃𝑛

𝑝−→ 𝜃0 .
Sample ULLN.𝑄𝑛 (𝜃 ) = 𝑛−1 ∑

𝑖 𝑚(𝑊𝑖 , 𝜃 ) . 𝑊𝑖 iid; Θ compact;𝑚(𝑤, ·) continuous
∀𝑤; E[sup𝜃∈Θ |𝑚(𝑊𝑖 , 𝜃 ) | ] < ∞⇒ UCON.
CF. 𝜃0 ∈ intΘ; 𝐵𝑛 (𝜃 ) := 𝜕2

𝜃 𝜃 ′𝑄𝑛 (𝜃 ) ;
√
𝑛 𝜕𝜃𝑄𝑛 (𝜃0 )

𝑑−→ 𝑁 (0,Ω0 ) ;
sup∥𝜃−𝜃0 ∥≤𝛿𝑛 ∥𝐵𝑛 (𝜃 ) − 𝐵0 ∥

𝑝−→ 0 ∀𝛿𝑛 ↓ 0, 𝐵0 nonsingular;
𝜕𝜃𝑄𝑛 (𝜃𝑛 ) = 𝑜𝑝 (𝑛−1/2 ) :√
𝑛(𝜃𝑛 − 𝜃0 ) = −𝐵−1

0
√
𝑛 𝜕𝜃𝑄𝑛 (𝜃0 ) + 𝑜𝑝 (1)

𝑑−→ 𝑁 (0, 𝐵−1
0 Ω0𝐵

−1
0 ) .

NLS. 𝑢𝑖 (𝜃 ) = 𝑌𝑖 − 𝑔 (𝑋𝑖 , 𝜃 ) ,𝐷𝑖 (𝜃 ) = 𝜕𝜃𝑔 (𝑋𝑖 , 𝜃 ) , 𝐻𝑖 (𝜃 ) = 𝜕2
𝜃 𝜃 ′𝑔 (𝑋𝑖 , 𝜃 ) ;

𝑄𝑛 = (2𝑛)−1 ∑
𝑖 𝑢

2
𝑖 , 𝜕𝜃𝑄𝑛 = −𝑛−1 ∑

𝑖 𝑢𝑖𝐷𝑖 , 𝐵𝑛 (𝜃 ) = 𝑛−1 ∑
𝑖 (𝐷𝑖𝐷′

𝑖 − 𝑢𝑖𝐻𝑖 ) . At
𝜃0 : 𝑈𝑖 = 𝑢𝑖 (𝜃0 ) ,𝐷𝑖0 = 𝐷𝑖 (𝜃0 ) , 𝐻𝑖0 = 𝐻𝑖 (𝜃0 ) ; 𝐵0 = E(𝐷𝑖0𝐷′

𝑖0 −𝑈𝑖𝐻𝑖0 ) ,
Ω0 = E(𝑈2

𝑖𝐷𝑖0𝐷
′
𝑖0 ) ; E(𝑈𝑖 | 𝑋𝑖 ) = 0 ⇒ 𝐵0 = E(𝐷𝑖0𝐷′

𝑖0 ) ; homoskedastic:
Ω0 = 𝜎2𝐵0 .
GMM (fixed𝑊𝑛). 𝑔̄𝑛 (𝜃 ) = 𝑛−1 ∑

𝑖 𝑔𝑖 (𝜃 ) ,𝐺𝑛 (𝜃 ) = 𝜕𝜃 ′ 𝑔̄𝑛 (𝜃 ) ;𝑄𝑛 = 1
2 𝑔̄

′
𝑛𝑊𝑛 𝑔̄𝑛 ,

𝜕𝜃𝑄𝑛 =𝐺′
𝑛𝑊𝑛 𝑔̄𝑛 , 𝐵𝑛 (𝜃 ) =𝐺′

𝑛𝑊𝑛𝐺𝑛 +∑𝑘
ℓ=1 [𝑊𝑛 𝑔̄𝑛 ]ℓ𝜕2

𝜃 𝜃 ′ 𝑔̄𝑛ℓ (𝜃 ) .
𝑊𝑛

𝑝−→𝑊 =𝑊 ′ ≻ 0, E𝑔𝑖 (𝜃0 ) = 0;𝐺 = E[𝜕𝜃 ′𝑔𝑖 (𝜃0 ) ], rank𝐺 = 𝑑,
Ω𝑔 = E[𝑔𝑖 (𝜃0 )𝑔𝑖 (𝜃0 ) ′ ]: 𝐵0 =𝐺′𝑊𝐺, Ω0 =𝐺′𝑊Ω𝑔𝑊𝐺;
𝑊 = Ω−1

𝑔 ⇒ 𝐵0 = Ω0 , Avar = 𝐵−1
0 .

SECOND-ORDER GMM RATE
Setup. 𝜃 = (𝜃 ′−𝑝 , 𝜃𝑝 ) ′ , Δ− = 𝜃−𝑝 − 𝜃−𝑝,0 , Δ𝑝 = 𝜃𝑝 − 𝜃𝑝0 ; 𝜃

𝑝−→ 𝜃0 and
∥𝑔̄𝑛 (𝜃 ) ∥2 ≤ ∥𝑔̄𝑛 (𝜃0 ) ∥2 + 𝑜𝑝 (𝑛−1 ) . Γ = 𝜕𝜃 ′−𝑝 𝑔 (𝜃0 ) full column rank,
𝜕𝜃𝑝 𝑔 (𝜃0 ) = 0, 𝐵 = 𝜕2

𝜃𝑝
𝑔 (𝜃0 ) . 𝑃Γ = Γ (Γ′Γ)−1Γ′ , 𝑀Γ = 𝐼 − 𝑃Γ , 𝐵′𝑀Γ𝐵 > 0.

Derivative averages. Let 𝑑𝑝𝑛 = 𝜕𝜃𝑝 𝑔̄𝑛 (𝜃0 ) =𝑂𝑝 (𝑛−1/2 ) . Define Γ̂, 𝐵̂ as
line-segment averages of 𝜕𝜃 ′−𝑝 𝑔̄𝑛 and 𝜕2

𝜃𝑝
𝑔̄𝑛 ; consistency/local ULLN give Γ̂

𝑝−→ Γ,
𝐵̂

𝑝−→ 𝐵.
Two expansions. 𝑔̄𝑛 (𝜃 ) = 𝑔̄𝑛 (𝜃−𝑝,0 , 𝜃𝑝 ) + Γ̂Δ− ;
𝑔̄𝑛 (𝜃−𝑝,0 , 𝜃𝑝 ) = 𝑔̄𝑛 (𝜃0 ) + 𝑑𝑝𝑛Δ𝑝 + 1

2 𝐵̂Δ
2
𝑝 . Since Δ𝑝 = 𝑜𝑝 (1) ,

𝑑𝑝𝑛Δ𝑝 = 𝑜𝑝 (𝑛−1/2 ) ; hence 𝑔̄𝑛 (𝜃 ) = 𝑔̄𝑛 (𝜃0 ) + Γ̂Δ− + 1
2 𝐵̂Δ

2
𝑝 + 𝑜𝑝 (𝑛−1/2 ) .

Solve / project. With Γ̂+ = (Γ̂′ Γ̂)−1 Γ̂′ ,
Δ− = Γ̂+ [𝑔̄𝑛 (𝜃 ) − 𝑔̄𝑛 (𝜃0 ) − 1

2 𝐵̂Δ
2
𝑝 ] + 𝑜𝑝 (𝑛−1/2 ) . Substitution gives

𝑔̄𝑛 (𝜃 ) = 𝑔̄𝑛 (𝜃0 ) + 𝑃Γ̂ [𝑔̄𝑛 (𝜃 ) − 𝑔̄𝑛 (𝜃0 ) ] + 1
2 𝑀Γ̂ 𝐵̂Δ

2
𝑝 + 𝑜𝑝 (𝑛−1/2 ) .

Criterion order. ∥𝑔̄𝑛 (𝜃 ) ∥2 ≤ ∥𝑔̄𝑛 (𝜃0 ) ∥2 + 𝑜𝑝 (𝑛−1 ) and 𝑔̄𝑛 (𝜃0 ) =𝑂𝑝 (𝑛−1/2 )
imply 𝑔̄𝑛 (𝜃 ) and their difference are𝑂𝑝 (𝑛−1/2 ) . Squaring and using 𝑃Γ̂𝑀Γ̂ = 0
yields𝑂𝑝 (1)

√
𝑛Δ2

𝑝 + {𝐵′𝑀Γ𝐵/4 + 𝑜𝑝 (1) }𝑛Δ4
𝑝 =𝑂𝑝 (1) .

Rates. Set 𝑥𝑛 =
√
𝑛Δ2

𝑝 . The last equation is 𝑐𝑛𝑥2
𝑛 + 𝐴𝑛𝑥𝑛 = 𝑅𝑛 , where

𝑐𝑛
𝑝−→ 𝐵′𝑀Γ𝐵/4 > 0 and 𝐴𝑛 , 𝑅𝑛 =𝑂𝑝 (1) . Thus 𝑥𝑛 =𝑂𝑝 (1) and

Δ𝑝 =𝑂𝑝 (𝑛−1/4 ) . Then Δ2
𝑝 =𝑂𝑝 (𝑛−1/2 ) in the solved equation gives

Δ− =𝑂𝑝 (𝑛−1/2 ) .
SMOOTH RESTRICTION TESTSCommon objects.𝐻0 : ℎ (𝜃0 ) = 0𝑟 ; 𝐻 = 𝜕ℎ (𝜃0 )/𝜕𝜃 ′ , rank𝐻 = 𝑟 ;
𝑉𝜃 = 𝐵−1

0 Ω0𝐵
−1
0 ; 𝑉ℎ = 𝐻𝑉𝜃𝐻′ = 𝐻𝐵−1

0 Ω0𝐵
−1
0 𝐻

′ .
Wald.𝑊𝑛 = 𝑛 ℎ (𝜃𝑛 ) ′{𝐻̂𝑛𝑉̂𝜃,𝑛 𝐻̂′

𝑛 }−1ℎ (𝜃𝑛 )
𝑑−→ 𝜒2

𝑟 .
Restricted objects. 𝜃𝑛 ∈ arg min𝜃:ℎ (𝜃 )=0 𝑄𝑛 (𝜃 ) ; 𝐵̃𝑛 := 𝐵𝑛 (𝜃𝑛 ) ;
𝑉̃ℎ,𝑛 = 𝐻̃𝑛 𝐵̃−1

𝑛 Ω̃𝑛 𝐵̃−1
𝑛 𝐻̃

′
𝑛 .

LM. 𝐿𝑀𝑛 = 𝑛 {𝜕𝜃𝑄𝑛 (𝜃𝑛 ) }′ 𝐵̃−1
𝑛 𝐻̃

′
𝑛𝑉̃

−1
ℎ,𝑛 𝐻̃𝑛 𝐵̃

−1
𝑛 𝜕𝜃𝑄𝑛 (𝜃𝑛 )

𝑑−→ 𝜒2
𝑟 .

QLR. Ω0 = 𝑐𝐵0 , 𝑐̂𝑛
𝑝−→ 𝑐:

𝑄𝐿𝑅𝑛 = 2𝑛{𝑄𝑛 (𝜃𝑛 ) −𝑄𝑛 (𝜃𝑛 ) }/𝑐̂𝑛 = 𝐿𝑀𝑛 + 𝑜𝑝 (1)
𝑑−→ 𝜒2

𝑟 .
Local direction. 𝜆 ∈ R𝑑 fixed; 𝜃𝑛 = 𝜃0 + 𝜆/√𝑛;
𝛿 (𝜆) = 𝜆′𝐻′𝑉−1

ℎ 𝐻𝜆 = ∥𝑉−1/2
ℎ 𝐻𝜆∥2 ;𝑊𝑛 , 𝐿𝑀𝑛 , 𝑄𝐿𝑅𝑛

𝑑−→ 𝜒2
𝑟 {𝛿 (𝜆) }.

NONSMOOTH / QUANTILE REGRESSION
EE3. 𝜃𝑛 ∈ Θ, 𝜃𝑛

𝑝−→ 𝜃0 ;𝑄𝑛 (𝜃 ) = ∥𝑔̄𝑛 (𝜃 ) ∥;𝑄𝑛 (𝜃𝑛 ) ≤ inf 𝜃 𝑄𝑛 (𝜃 ) + 𝑜𝑝 (𝑛−1/2 ) .
CF-NS. 𝜃0 ∈ intΘ, 𝑔 (𝜃0 ) = 0; 𝑔 differentiable at 𝜃0 , Γ = 𝜕𝜃𝑔 (𝜃0 ) full column rank;√
𝑛 𝑔̄𝑛 (𝜃0 )

𝑑−→ 𝑁 (0, 𝑉0 ) ; sup∥𝜃−𝜃0 ∥<𝛿𝑛
√
𝑛∥ [𝑔̄𝑛 − 𝑔] (𝜃 ) − [𝑔̄𝑛 − 𝑔] (𝜃0 ) ∥

𝑝−→ 0
∀𝛿𝑛 ↓ 0.
Linear representation. 𝐴Γ = (Γ′Γ)−1Γ′ ;

√
𝑛(𝜃𝑛 − 𝜃0 ) = −𝐴Γ

√
𝑛 𝑔̄𝑛 (𝜃0 ) + 𝑜𝑝 (1) .

BOOTSTRAP CANCELLATION / SUBSAMPLING
Mean-test setup. 𝑋𝑖 iid, E𝑋𝑖 = 𝜇, Var𝑋𝑖 = 1; 𝑇𝑛 =

√
𝑛𝑋̄𝑛 ; reject upper-tail

𝐻0 : 𝜇 = 0 vs. 𝐻1 : 𝜇 > 0 when 𝑇𝑛 > 𝑐𝑣; for two-sided testing use absolute recentered
roots.
Uncentered bootstrap cancels. Conditionally, 𝑍∗

𝑛 :=
√
𝑛(𝑋̄∗

𝑛 − 𝑋̄𝑛 )
𝑑∗−→ 𝑁 (0, 1) , but

the uncentered bootstrap statistic is 𝑇𝑛 + 𝑍∗
𝑛 . Thus ideal 𝑐∗1−𝛼 = 𝑇𝑛 + 𝑧1−𝛼 +𝑜𝑝 (1) and

rejection cancels to 0 > 𝑧1−𝛼 + 𝑜𝑝 (1) : as 𝐵→ ∞, NRP and fixed-alt. power tend to 0
if 𝛼 < 1/2 and 1 if 𝛼 > 1/2. For fixed 𝐵, with 𝑟 = ⌈(1 − 𝛼)𝐵⌉, both limits are
P{𝑍(𝑟 ) < 0} = P{Bin(𝐵, 1/2) ≥ 𝑟}, so the test is inconsistent.
Recentered repair. Bootstrap 𝑍∗

𝑛 itself and let 𝐵→ ∞: 𝑐𝑣
𝑝−→ 𝑧1−𝛼 , NRP → 𝛼,

fixed-𝜇 > 0 power → 1.
Subsampling works. 𝑠 → ∞, 𝑠/𝑛→ 0 (e.g. 𝑠 =

√
𝑛);

√
𝑠 (𝑋̄𝑆 − 𝑋̄𝑛 )

𝑑∗−→ 𝑁 (0, 1)
conditionally, 𝑐𝑠𝑢𝑏1−𝛼 =

√
𝑠 𝑋̄𝑛 + 𝑧1−𝛼 + 𝑜𝑝 (1) . Under 𝐻0 ,

√
𝑠𝑋̄𝑛 =

√
𝑠/𝑛𝑇𝑛 = 𝑜𝑝 (1) ,

so NRP → 𝛼; for fixed 𝜇 > 0, 𝑇𝑛 − 𝑐𝑠𝑢𝑏1−𝛼 = (√𝑛 − √
𝑠)𝜇 +𝑂𝑝 (1) → ∞, so power

→ 1. Use absolute subsample roots for a two-sided test.

UNIFORM SIZE / TEST INVERSIONNull rejection.𝐻0 : 𝜃 = 𝜃0 , nuisance 𝛾 ∈ Γ; 𝑅𝑃𝑛 (𝛾) = P𝜃0 ,𝛾 {reject 𝐻0}.
Pointwise NRP. ∀ fixed 𝛾: lim sup𝑛→∞ 𝑅𝑃𝑛 (𝛾) ≤ 𝛼; fix 𝛾 before 𝑛→ ∞.
Finite-sample size. 𝑆𝑧𝑛 = sup𝛾∈Γ 𝑅𝑃𝑛 (𝛾) ; correct iff 𝑆𝑧𝑛 ≤ 𝛼 for every 𝑛.
Asymptotic size. AsySz(𝜃0 ) = lim sup𝑛→∞ sup𝛾∈Γ 𝑅𝑃𝑛 (𝛾) = lim sup𝑛 𝑆𝑧𝑛 ; correct
iff ≤ 𝛼. Finite-sample correct ⇒ asymptotic correct ⇒ pointwise.
Test inversion.𝐶𝑆𝑛 = {𝜃 : 𝑇𝑛 (𝜃 ) ≤ 𝑐1−𝛼 (𝜃 ) }.
AsyCS. AsyCS := lim inf𝑛 inf𝛾∈Γ P𝜃,𝛾 {𝜃 ∈ 𝐶𝑆𝑛 } ≥ 1 − 𝛼.
MOMENT-INEQUALITY SIZE CORRECTION
Moment / type-ℎ limit.𝑚 = (𝑚1 , . . . , 𝑚𝑘 ) ′ , 𝑘 = 𝑝 + 𝑣, 𝑚̄𝑛 = 𝑛−1 ∑

𝑖 𝑚(𝑊𝑖 , 𝜃0 ) .
𝑆 (𝑚, Σ) is continuous, nonincreasing in the first 𝑝 coordinates, and
𝑆 (𝑚, Σ) = 𝑆 (Δ𝑚, ΔΣΔ) for pd diagonal Δ. E𝐹𝑚 𝑗 (𝜃0 ) ≥ 0 ( 𝑗 ≤ 𝑝) , E𝐹𝑚 𝑗 (𝜃0 ) = 0
( 𝑗 > 𝑝) ; 𝛾1 𝑗 = E𝐹𝑚 𝑗 /𝜎𝐹, 𝑗 ,

√
𝑛𝛾1𝑛 → ℎ1 ∈ [0,∞]𝑝 , ℎ2 = Corr𝐹 (𝑚) .

𝑇𝑛
𝑑−→ 𝐽ℎ := 𝑆{ℎ1/2

2 𝑍 + (ℎ1 , 0𝑣 ) , ℎ2}; 𝑐ℎ (1 − 𝜏) is its (1 − 𝜏) quantile.
Local nuisance / CR. Σ̂ = 𝑛−1 ∑

𝑖 (𝑚𝑖 − 𝑚̄𝑛 ) (𝑚𝑖 − 𝑚̄𝑛 ) ′ , 𝐷̂ = Diag(Σ̂) ,
𝜂̂ =

√
𝑛 𝐷̂−1/2

11 𝑚̄1𝑛 , ℎ̂2 = 𝐷̂−1/2 Σ̂𝐷̂−1/2 ; 𝜂̂ − ℎ1
𝑑−→ 𝑁 (0, ℎ2,11 ) , so ℎ1 is not

consistently estimable; ℎ̂2
𝑝−→ ℎ2 by WLLN/CMT. 𝑘𝛽 = 𝑧1−𝛽/𝑝 ;

𝐶𝑅ℎ1 (1 − 𝛽) = {ℎ̄1 ∈ [0,∞]𝑝 : ℎ̄1 𝑗 ≥ max(0, 𝜂̂ 𝑗 − 𝑘𝛽 ) ∀ 𝑗 ≤ 𝑝}, so
lim inf P{ℎ1 ∈ 𝐶𝑅} ≥ 1 − 𝛽.
Why size is only 𝛼 + 𝛽. 𝑐𝑣 (1 − 𝛼) = supℎ̄1 ∈𝐶𝑅 𝑐(ℎ̄1 ,ℎ̂2 ) (1 − 𝛼) . On
𝐴𝑛 = {ℎ1 ∈ 𝐶𝑅}, 𝑐𝑣 ≥ 𝑐(ℎ1 ,ℎ̂2 ) (1 − 𝛼) = 𝑐(ℎ1 ,ℎ2 ) (1 − 𝛼) + 𝑜𝑝 (1) , so for
𝑅 = {𝑇𝑛 > 𝑐𝑣}, P(𝑅) ≤ P(𝑅, ℎ1 ∈ 𝐶𝑅) + P(ℎ1 ∉ 𝐶𝑅) ≤ 𝛼 + 𝛽 + 𝑜𝑝 (1) . Thus
only AsySz ≤ 𝛼 + 𝛽; the test need not be conservative relative to 𝛼.
Bonferroni repair. 0 < 𝛽 < 𝛼; set 𝛿 = 𝛼 − 𝛽 and use 𝑐𝑣 (1 − 𝛿) , i.e. the 1 − 𝛼 + 𝛽
quantile. Then lim sup P(𝑅) ≤ (𝛼 − 𝛽) + 𝛽 = 𝛼. Power vs. global worst-case critical
values has no uniform ordering: the CR shrinks the nuisance set, but the higher quantile
raises the critical value.
POST-SELECTION MAX-MEAN CI
Intervals / CLT. 𝜃𝑛 = max{𝜇𝑋𝑛 , 𝜇𝑌𝑛 };𝐶𝐽𝑛 = [𝐽𝑛 ± 𝜎̂𝐽𝑛𝑧/

√
𝑛], 𝐽 = 𝑋,𝑌 ,

𝑧 = 𝑧1−𝛼/2 ; choose𝐶𝑋𝑛 iff 𝑋̄𝑛 ≥ 𝑌̄𝑛 . Uniform moments give( √
𝑛(𝑋̄𝑛−𝜇𝑋𝑛 )
𝜎̂𝑋𝑛

,
√
𝑛(𝑌̄𝑛−𝜇𝑌𝑛 )
𝜎̂𝑌𝑛

)
𝑑−→ (𝑍𝑋 , 𝑍𝑌 ) , standard bivariate normal with correlation 𝜌.

Fixed 𝐹. If 𝜇𝑋 > 𝜇𝑌 , WLLN gives P(𝑋̄𝑛 ≥ 𝑌̄𝑛 ) → 1, hence coverage
→ P( |𝑍𝑋 | ≤ 𝑧) = 1 − 𝛼; symmetric if 𝜇𝑌 > 𝜇𝑋 . If 𝜇𝑋 = 𝜇𝑌 , with
𝐴0 = {𝜎𝑋𝑍𝑋 ≥ 𝜎𝑌𝑍𝑌 }, P(𝜃 ∈ 𝐶𝑛 ) → P( |𝑍𝑋 | ≤ 𝑧, 𝐴0 ) + P( |𝑍𝑌 | ≤ 𝑧, 𝐴𝑐0 ) , not
automatically 1 − 𝛼.
Drift / selection. √𝑛(𝜇𝑋𝑛 − 𝜇𝑌𝑛 ) → ℎ1 , (𝜎𝑋𝑛 , 𝜎𝑌𝑛 , 𝜌𝑛 ) → (𝑠𝑋 , 𝑠𝑌 , 𝜌) . Then the
selection event converges to 𝐴ℎ = {𝑠𝑋𝑍𝑋 + ℎ1 ≥ 𝑠𝑌𝑍𝑌 }. If ℎ1 ≥ 0, target = 𝜇𝑋𝑛 and
the wrong-𝑌 root is 𝑍𝑌 − ℎ1/𝑠𝑌 ; if ℎ1 < 0, target = 𝜇𝑌𝑛 and the wrong-𝑋 root is
𝑍𝑋 + ℎ1/𝑠𝑋 .

Local coverage.𝐶 (ℎ) =
{
P( |𝑍𝑋 | ≤ 𝑧, 𝐴ℎ ) + P( |𝑍𝑌 − ℎ1/𝑠𝑌 | ≤ 𝑧, 𝐴𝑐ℎ ) , ℎ1 ≥ 0,
P( |𝑍𝑋 + ℎ1/𝑠𝑋 | ≤ 𝑧, 𝐴ℎ ) + P( |𝑍𝑌 | ≤ 𝑧, 𝐴𝑐ℎ ) , ℎ1 < 0.

ℎ1 = ±∞ ⇒ 𝐶 (ℎ) = 1 − 𝛼.
Worst-case coverage. AsyCS = infℎ1 , (𝑠𝑋 ,𝑠𝑌 ,𝜌) ∈H 𝐶 (ℎ) , where H is the set of local
limits allowed by the parameter space.
WEAK IVBase model.𝑌𝑖 = 𝛽𝐷𝑖 +𝑋′

𝑖𝛾 +𝑢𝑖 ,𝐷𝑖 = 𝑍 ′
𝑖 𝜋𝑛 +𝑋′

𝑖 𝜉 + 𝑣𝑖 , E(𝑍𝑖𝑢𝑖 ) = 0. After FWL,
𝑌, 𝐷, 𝑍 denote residuals on 𝑋: 𝑌 = 𝛽𝐷 + 𝑢,𝐷 = 𝑍𝜋𝑛 + 𝑣;
𝛽̂2𝑆𝐿𝑆 = (𝐷′𝑃𝑍𝐷)−1𝐷′𝑃𝑍𝑌 .
Scalar weak limit.𝑄𝑍𝑍 = plim𝑛−1 ∑

𝑖 𝑍
2
𝑖 ; 𝛽̂𝐼𝑉 − 𝛽 =

∑
𝑖 𝑍𝑖𝑢𝑖

𝜋𝑛
∑
𝑖 𝑍

2
𝑖 +

∑
𝑖 𝑍𝑖 𝑣𝑖

. 𝜋𝑛 = 𝐶/√𝑛,

𝑛−1/2 ∑
𝑖 (𝑍𝑖𝑢𝑖 , 𝑍𝑖𝑣𝑖 ) ′

𝑑−→ (𝑈,𝑉 ) ′ : 𝛽̂𝐼𝑉 − 𝛽 𝑑−→𝑈/(𝐶𝑄𝑍𝑍 +𝑉 ) .
Multiple-IV weak limit. 𝜋𝑛 = 𝐶/√𝑛, 𝑍 ′𝑍/𝑛 𝑝−→ 𝐷𝑍 ,
𝑛−1/2 (𝑍 ′𝑢, 𝑍 ′𝑣) ′ 𝑑−→ (𝜉1 , 𝜉2 ) ′ : 𝛽̂2𝑆𝐿𝑆 − 𝛽 𝑑−→ (𝐷𝑍𝐶+𝜉2 ) ′𝐷−1

𝑍 𝜉1

(𝐷𝑍𝐶+𝜉2 ) ′𝐷−1
𝑍 (𝐷𝑍𝐶+𝜉2 )

.

AR artificial-regression 𝐹. 𝑟0 = 𝑌 − 𝛽0𝐷, 𝑝 = dim𝑋, 𝑍̃ = 𝑀𝑋𝑍;

𝐴𝑅𝐹 =
𝑟 ′0𝑃𝑍̃𝑟0/𝑘

𝑟 ′0𝑀[𝑋,𝑍 ]𝑟0/(𝑛 − 𝑝 − 𝑘) ∼ 𝐹𝑘,𝑛−𝑝−𝑘 under Gaussian homoskedastic 𝐻0 .

AR robust moment (residualized). 𝑔𝑖 (𝛽0 ) = 𝑍𝑖𝑟0𝑖 , Ω̂ = 𝑛−1 ∑
𝑖 𝑔𝑖𝑔

′
𝑖 ;

𝐴𝑅 = [𝑛−1/2 ∑
𝑖 𝑔𝑖 ]′Ω̂−1 [𝑛−1/2 ∑

𝑖 𝑔𝑖 ]
𝑑−→ 𝜒2

𝑘 . Use HAC Ω̂ under serial dependence.
WEAK-IV LM-CUE
Statistic. 𝑝 = dim 𝛽, 𝑘 = dim𝑍, 𝑦𝑖 = 𝑥′𝑖𝛽 + 𝜀𝑖 , 𝑥′𝑖 = 𝑍 ′

𝑖Π𝑛 + 𝑣′𝑖 , Π𝑛 = 𝐶/√𝑛;
𝑔𝑖 (𝛽) = (𝑦𝑖 − 𝑥′𝑖𝛽)𝑍𝑖 ,𝐺𝑖 = −𝑍𝑖 𝑥′𝑖 , 𝑔̂ = 𝑛−1 ∑

𝑖 𝑔𝑖 , Ω̂ = 𝑛−1 ∑
𝑖 𝑔𝑖𝑔

′
𝑖 ;

𝐷 = 𝑛−1 ∑
𝑖 {𝑔̂′Ω̂−1𝑔𝑖 − 1}𝐺𝑖 ; 𝐿𝑀𝐶𝑈𝐸 = 𝑛𝑔̂′Ω̂−1𝐷 (𝐷′Ω̂−1𝐷)−1𝐷′Ω̂−1 𝑔̂.

Null moment / exact𝐷ℓ . Under 𝐻0 , 𝑔𝑖 (𝛽0 ) = 𝑍𝑖 𝜀𝑖 and√
𝑛𝑔̂ = 𝑛−1/2 ∑

𝑖 𝑍𝑖 𝜀𝑖
𝑑−→𝐺 ∼ 𝑁 (0,Ω) . For column ℓ,√

𝑛𝐷ℓ = 𝑛−1/2 ∑
𝑖 𝑍𝑖 𝑥𝑖ℓ − {𝑛−1 ∑

𝑖 𝑍𝑖 𝑥𝑖ℓ 𝜀𝑖𝑍
′
𝑖 Ω̂

−1}√𝑛𝑔̂.
Weak expansion. 𝑥𝑖ℓ = 𝑍 ′

𝑖𝐶ℓ/
√
𝑛 + 𝑣𝑖ℓ ,𝑄 = E(𝑍𝑖𝑍 ′

𝑖 ) , Ω = E(𝜀2
𝑖 𝑍𝑖𝑍

′
𝑖 ) ≻ 0,

𝐾ℓ = E(𝑍𝑖𝑣𝑖ℓ 𝜀𝑖𝑍 ′
𝑖 ) . WLLN/CLT and Ω̂

𝑝−→ Ω give√
𝑛𝐷ℓ = 𝑄𝐶ℓ + 𝑛−1/2 ∑

𝑖 𝑟𝑖ℓ + 𝑜𝑝 (1) , 𝑟𝑖ℓ = 𝑍𝑖𝑣𝑖ℓ − 𝐾ℓΩ−1𝑍𝑖 𝜀𝑖 .
Joint law / independence. Let 𝑅𝑖 = (𝑟𝑖1 , . . . , 𝑟𝑖𝑝 ) and Ψ = Var{vec𝑅𝑖 }. 𝐾ℓ = 𝐾 ′

ℓ

and Cov(𝑍𝑖 𝜀𝑖 , 𝑟𝑖ℓ ) = 𝐾ℓ − ΩΩ−1𝐾 ′
ℓ = 0; hence the joint CLT gives( √

𝑛𝑔̂√
𝑛 vec𝐷

) 𝑑−→ 𝑁
[ ( 0

vec(𝑄𝐶)
)
,
(
Ω 0
0 Ψ

)]
; joint Gaussianity gives

√
𝑛𝑔̂ ⊥ √

𝑛 vec𝐷
asymptotically.
Projection 𝜒2 . Write (√𝑛𝑔̂,√𝑛𝐷) 𝑑−→ (𝐺, 𝐷̄) ; 𝜉 = Ω−1/2𝐺 ∼ 𝑁 (0, 𝐼𝑘 ) ,
𝐴 = Ω−1/2𝐷̄. If rank(𝐷̄) = 𝑝 a.s., then 𝐿𝑀𝐶𝑈𝐸

𝑑−→ 𝜉 ′𝐴(𝐴′𝐴)−1𝐴′ 𝜉 = 𝜉 ′𝑃𝐴 𝜉 .
Given 𝐷̄, 𝑃𝐴 has rank 𝑝 and 𝜉 ⊥ 𝐷̄; thus 𝐿𝑀∞ | 𝐷̄ ∼ 𝜒2

𝑝 .
P(𝐿𝑀∞ ≤ 𝑡 ) = E[P(𝐿𝑀∞ ≤ 𝑡 | 𝐷̄) ] = 𝐹𝜒2

𝑝
(𝑡 ) , hence 𝐿𝑀𝐶𝑈𝐸 (𝛽0 )

𝑑−→ 𝜒2
𝑝

unconditionally.
Test / recommendation. Reject if 𝐿𝑀𝐶𝑈𝐸 (𝛽0 ) > 𝜒2

𝑝,1−𝛼 . It has limiting NRP 𝛼
along fixed-𝐶 weak sequences and under strong IV; textbook Wald may severely
overreject and can have worst-case asymptotic size 1 with arbitrarily weak IVs. If 𝑝 = 1
and conditional homoskedasticity holds, use CLR: it retains weak-IV size control and,
under Gaussian fixed IVs, its power is uniformly close to the two-sided power envelope
among similar invariant tests.
Regularity. iid; fixed𝐶; E(𝑍𝑖 𝜀𝑖 ) = 0, E(𝑍𝑖𝑣′𝑖 ) = 0;𝑄 = E(𝑍𝑖𝑍 ′

𝑖 ) finite, Ω ≻ 0;
finite moments for the joint CLT and WLLNs for 𝑍𝑖𝑍 ′

𝑖 and 𝑍𝑖𝑣𝑖ℓ 𝜀𝑖𝑍 ′
𝑖 ; Ω̂

𝑝−→ Ω;
rank(𝐷̄) = 𝑝 a.s. (𝑝 ≤ 𝑘) .
RIDGE / LASSO
Ridge. 𝛽̂𝑅 = arg min𝑏 { 1

2 ∥𝑌 − 𝑋𝑏∥2
2 + 𝜆

2 ∥𝑏∥2
2} = (𝑋′𝑋 + 𝜆𝐼)−1𝑋′𝑌 ;

Σ𝜀 = E(𝜀𝜀′ | 𝑋) , 𝐴 = (𝑋′𝑋 + 𝜆𝐼)−1 ; Bias(𝛽̂𝑅 | 𝑋) = −𝜆𝐴𝛽,
Var(𝛽̂𝑅 | 𝑋) = 𝐴𝑋′Σ𝜀𝑋𝐴; MSE(𝛽̂𝑅 | 𝑋) = tr{Var(𝛽̂𝑅 | 𝑋) } + 𝜆2𝛽′𝐴2𝛽.
Ridge MSE gap. Let 𝑆 = 𝑋′𝑋 ≻ 0,𝐷 = Σ𝜀 , 𝑑 = 𝜆min (𝐷) , and 𝑀 = 𝑆−2 − 𝐴2 ⪰ 0.
From 𝛽̂𝑅 − 𝛽 = −𝜆𝐴𝛽 + 𝐴𝑋′ 𝜀,
Δ := MSE(𝛽̂𝑂𝐿𝑆 | 𝑋) − MSE(𝛽̂𝑅 | 𝑋) = tr(𝐷𝑋𝑀𝑋′ ) − 𝜆2𝛽′𝐴2𝛽.

Trace / eigenvalue steps.𝐷 ⪰ 𝑑𝐼 and cyclic trace give
tr(𝐷𝑋𝑀𝑋′ ) ≥ 𝑑 tr(𝑋𝑀𝑋′ ) = 𝑑 tr(𝑆𝑀) . Since 𝑆 commutes with 𝐴,
𝑆𝑀 = 𝑆−1 − 𝑆𝐴2 = 2𝜆𝐴2 + 𝜆2𝑆−1𝐴2 ⪰ 2𝜆𝐴2 . Also 𝛽′𝐴2𝛽 ≤ (𝛽′𝛽) tr(𝐴2 ) ; hence
Δ ≥ 𝜆{2𝜆min (𝐷) − 𝜆𝛽′𝛽} tr(𝐴2 ) > 0 if 2𝜆min (𝐷) > 𝜆𝛽′𝛽.
LASSO / two oracle notions.𝑌 = 𝑋𝛽0 +𝑤;
𝛽̂𝐿 ∈ arg min𝑏 {(2𝑛)−1 ∥𝑌 − 𝑋𝑏∥2

2 + 𝜆𝑛 ∥𝑏∥1}; 𝑆 = { 𝑗 : 𝛽0
𝑗 ≠ 0}, 𝑆̂ = { 𝑗 : 𝛽̂𝐿 𝑗 ≠ 0}.

Selection oracle: P(𝑆̂ = 𝑆) → 1. Full oracle property additionally requires√
𝑛(𝛽̂𝑆 − 𝛽0

𝑆 )
𝑑−→ 𝑁 (0, 𝑉𝑜𝑟 ) , 𝑉𝑜𝑟 = 𝑄−1

𝑆𝑆Ω𝑆𝑆𝑄
−1
𝑆𝑆 (= 𝜎2𝑄−1

𝑆𝑆 homosk.) ,
𝑄𝑆𝑆 = E(𝑋𝑖𝑆𝑋′

𝑖𝑆 ) , Ω𝑆𝑆 = E(𝑤2
𝑖 𝑋𝑖𝑆𝑋

′
𝑖𝑆 ) . The full property generally needs

adaptive/bias-corrected or post-LASSO refitting; for plain LASSO, selection typically
needs

√
𝑛𝜆𝑛 → ∞ while centered oracle AN needs

√
𝑛𝜆𝑛 → 0.

Wainwright design / penalty. Σ̂𝑆𝑆 = 𝑋′
𝑆𝑋𝑆/𝑛, Π⊥

𝑆 = 𝐼 − 𝑋𝑆 (𝑋′
𝑆𝑋𝑆 )−1𝑋′

𝑆 ;
𝜆min (Σ̂𝑆𝑆 ) ≥ 𝑐min > 0; max 𝑗∈𝑆𝑐 ∥ (𝑋′

𝑆𝑋𝑆 )−1𝑋′
𝑆𝑋 𝑗 ∥1 ≤ 𝑎 < 1;

𝜆𝑛 ≥ 2
1−𝑎 ∥𝑋′

𝑆𝑐Π
⊥
𝑆𝑤/𝑛∥∞ . Then the solution is unique and 𝑆̂ ⊆ 𝑆. Normalized

columns + sub-Gaussian 𝑤 give 𝜆𝑛 ≍ 𝜎
√

log(𝑝 − 𝑠)/𝑛.
Beta-min / exact support. 𝐵(𝜆𝑛 ;𝑋) = ∥Σ̂−1

𝑆𝑆𝑋
′
𝑆𝑤/𝑛∥∞ + 𝜆𝑛 ∥Σ̂−1

𝑆𝑆 ∥∞ ;
∥𝛽̂𝐿,𝑆 − 𝛽0

𝑆 ∥∞ ≤ 𝐵. 𝛽min := min 𝑗∈𝑆 |𝛽0
𝑗 | > 𝐵⇒ 𝑆 ⊆ 𝑆̂ ⇒ 𝑆̂ = 𝑆.

Critical discussion. Regularization lowers variance but raises bias; tuning (e.g.
cross-validation) is nontrivial. The eigenvalue condition identifies active slopes; mutual
incoherence requires strong approximate orthogonality between active and inactive
regressors. Beta-min is the crucial/ad hoc assumption: if signals are not well separated
from zero, LASSO creates false exclusions.
LASSO vs. Ridge. Ridge never gives exact zeros. LASSO favors sparse, well-separated
signals but may delete small nonzero coefficients; Ridge may predict better for
dense/small signals.
BOUNDARY MLE / LOCAL COVERAGERoot / local law. Assume the triangular-array CLT; in the 𝑁 (𝜇, 1) location model
𝜇̂𝑛 = max{𝑋̄𝑛 , 0} is the constrained MLE, 𝜇𝑛 ≥ 0. If

√
𝑛𝜇𝑛 → ℎ ∈ [0,∞], then√

𝑛( 𝜇̂𝑛 − 𝜇𝑛 ) = max{√𝑛(𝑋̄𝑛 − 𝜇𝑛 ) , −
√
𝑛𝜇𝑛 }

𝑑−→ 𝐽ℎ := max{𝑍, −ℎ}. Thus fixed
𝜇 > 0: 𝐽∞ = 𝑍; 𝜇 = 0: 𝐽0 = max{𝑍, 0}.
Coverage / repair. For𝐶𝐼 = {𝜇 ≥ 0 :

√
𝑛( 𝜇̂𝑛 − 𝜇) ≤ 𝑧1−𝛼 },𝐶 (ℎ) = P(𝐽ℎ ≤ 𝑧1−𝛼 ) .

Since 𝐽ℎ decreases in ℎ, the worst case is ℎ = 0: AsyCS = P(𝐽0 ≤ 𝑧1−𝛼 ) = 1 − 𝛼 if
𝛼 ≤ 1/2, and 0 if 𝛼 > 1/2. Repair with 𝑐 = 𝑞1−𝛼 (𝐽0 ) : coverage ≥ 1 − 𝛼; exactness
for 𝛼 > 1/2 requires randomization at 0.
Ordinary nonparametric bootstrap. Let 𝑟𝑛 =

√
𝑛𝑋̄𝑛 and 𝑍∗

𝑛 =
√
𝑛(𝑋̄∗

𝑛 − 𝑋̄𝑛 ) .
𝑅∗
𝑛 =

√
𝑛( 𝜇̂∗𝑛 − 𝜇̂𝑛 ) = max{𝑟𝑛 + 𝑍∗

𝑛 , 0} − max{𝑟𝑛 , 0}; along 𝑟𝑛 → 𝑟 , conditionally on
the data 𝑅∗

𝑛
𝑑∗−→ 𝑅∗ (𝑟 ) := max{𝑟 + 𝑍∗ , 0} − max{𝑟, 0}. Dependence on random 𝑟

proves distributional inconsistency. For 𝑧 = 𝑧1−𝛼 > 0, its quantile is 𝑧 if 𝑟 ≥ 0 and
max{𝑟 + 𝑧, 0} if 𝑟 < 0; nevertheless, for the closed “≤” CI, 𝑟 = ℎ + 𝑍 gives coverage
P(𝑍 ≤ 𝑧) = 1 − 𝛼 by atom/tie cancellation.
Subsampling. Let 𝑏→ ∞, 𝑏/𝑛→ 0, 𝑢 = 1 − 𝛼, 𝑐𝑔 (𝑢) = 𝑞𝑢 (𝐽𝑔 ) = max{𝑧𝑢 , −𝑔}. If√
𝑛𝜇𝑛 → ℎ < ∞, then

√
𝑏𝜇𝑛 → 0: full law 𝐽ℎ , subsample critical law 𝐽0 . If√

𝑛𝜇𝑛 → ∞ and
√
𝑏𝜇𝑛 → 𝑔: full law 𝑍, critical law 𝐽𝑔 . Hence

AsyCS𝑠𝑢𝑏 = min{infℎ P(𝐽ℎ ≤ 𝑐0 (𝑢) ) , inf𝑔 P(𝑍 ≤ 𝑐𝑔 (𝑢) ) } = 𝑢 = 1 − 𝛼.
DNV NONPARAMETRIC SELECTIONModel / normalization.𝑌∗ = 𝑚(𝑋) + 𝜀,𝑌 = 𝐷𝑌∗ ,𝐷 = 1{𝑝 (𝑋, 𝑍 ) ≥ 𝜂},
(𝜀, 𝜂) ⊥ (𝑋, 𝑍 ) ; 𝜂 continuous and normalized𝑈 (0, 1) . 𝑍 is excluded from𝑚 but
enters selection, and 𝑝 (𝑥, 𝑧) = P(𝐷 = 1 | 𝑋 = 𝑥, 𝑍 = 𝑧) is identified.
Selected conditional mean. On𝐷 = 1,
𝑞 (𝑥, 𝑧) := E(𝑌 | 𝑋 = 𝑥, 𝑍 = 𝑧, 𝐷 = 1) = 𝑚(𝑥) + 𝑏{𝑝 (𝑥, 𝑧) }, where
𝑏 (𝑠) = 𝑠−1

∫ 𝑠
0 E(𝜀 | 𝜂 = 𝑢) 𝑑𝑢. Thus 𝑝, 𝑞 are observable functions, whereas𝑚, 𝑏

are unknown.
Sufficient conditions. At an interior support point (𝑥, 𝑧) : 0 < 𝑝 (𝑥, 𝑧) < 1; local
support contains the neighborhoods needed for derivatives; 𝑝, 𝑞, 𝑚, 𝑏 are𝐶1 ; the
exclusion is operative: 𝑎 (𝑥, 𝑧) := ∇𝑧 𝑝 (𝑥, 𝑧) ≠ 0.
Identify the correction slope. Because 𝑧 does not enter𝑚,
∇𝑧𝑞 = 𝑏′ (𝑝)∇𝑧 𝑝 = 𝑏′ (𝑝)𝑎; hence 𝑏′ (𝑝) = {𝑎′𝑎}−1𝑎′∇𝑧𝑞 is identified.
Identify the structural derivative. ∇𝑥𝑞 = ∇𝑥𝑚 + 𝑏′ (𝑝)∇𝑥 𝑝, so
∇𝑥𝑚(𝑥) = ∇𝑥𝑞 (𝑥, 𝑧) − 𝑏′{𝑝 (𝑥, 𝑧) }∇𝑥 𝑝 (𝑥, 𝑧) . Therefore ∇𝑥𝑚(𝑥) is point
identified; the levels of𝑚 and 𝑏 remain identified only up to a common additive constant.
QUANTILE REGRESSION / NONSMOOTH GMM
Estimator / moment.𝑌𝑖 = 𝑋′

𝑖𝛽0 +𝑈𝑖 , P(𝑈𝑖 ≤ 0 | 𝑋𝑖 ) = 𝜏;
𝜌𝜏 (𝑢) = 𝑢{𝜏 − 1(𝑢 ≤ 0) }, 𝛽̂ ∈ arg min𝑏 𝑛−1 ∑

𝑖 𝜌𝜏 (𝑌𝑖 − 𝑋′
𝑖𝑏) ;

𝑔𝑖 (𝑏) = 𝑋𝑖 {𝜏 − 1(𝑌𝑖 ≤ 𝑋′
𝑖𝑏) }.

General feasible 𝑉0 . Let 𝑔̃𝑖 = 𝑔𝑖 (𝜃 ) − 𝑔̄𝑛 (𝜃 ) ; 𝑉̂0 = 𝑛−1 ∑
𝑖 𝑔̃𝑖 𝑔̃

′
𝑖 . If 𝜃

𝑝−→ 𝜃0 , local
ULLNs hold for 𝑔𝑖 , 𝑔𝑖𝑔′

𝑖 , second moments are finite, and E[𝑔𝑖 (𝜃 )𝑔𝑖 (𝜃 ) ′ ] is
continuous at 𝜃0 , then 𝑉̂0

𝑝−→ 𝑉0 ; use HAC under dependence.
General finite-difference Γ. Γ̂· 𝑗 = {𝑔̄𝑛 (𝜃 + 𝜖𝑛𝑒 𝑗 ) − 𝑔̄𝑛 (𝜃 ) }/𝜖𝑛 . 𝜖𝑛 → 0,
(√𝑛𝜖𝑛 )−1 = 𝑜𝑝 (1) ; differentiable population 𝑔, CF-NS local remainder, and 𝜃

𝑝−→ 𝜃0

give Γ̂
𝑝−→ Γ. Do not average pathwise derivatives of the indicator.

Plug-in sandwich. Σ̂ = (Γ̂′ Γ̂)−1 Γ̂′𝑉̂0 Γ̂ (Γ̂′ Γ̂)−1 ; V̂ar(𝜃 ) = Σ̂/𝑛.
Derive QR 𝑉0 . Assume no atom at zero; then 𝐼𝑖 := 1(𝑈𝑖 ≤ 0) | 𝑋𝑖 ∼ Bernoulli(𝜏) .
With𝑄 = E(𝑋𝑋′ ) , 𝑉0 = E[𝑋𝑋′{𝜏 − 𝐼}2 ] = E[𝑋𝑋′ Var(𝐼 | 𝑋) ] = 𝜏 (1 − 𝜏)𝑄.
Derive QR Γ. 𝑔 (𝑏) = E[𝑋{𝜏 − 𝐹𝑈 |𝑋 (𝑋′ (𝑏 − 𝛽0 ) | 𝑋) }]; if 𝑓𝑈 |𝑋 exists/continuous
near zero and differentiation is dominated, then Γ = −𝐽, 𝐽 := E[ 𝑓𝑈 |𝑋 (0 | 𝑋)𝑋𝑋′ ];
assume 𝐽 nonsingular. The opposite moment convention flips only this sign.
QR covariance. 𝑘 = 𝑑 gives Σ𝑄𝑅 = Γ−1𝑉0Γ−1′ = 𝜏 (1 − 𝜏)𝐽−1𝑄𝐽−1 . Only if
𝑓𝑈 |𝑋 (0 | 𝑋) = 𝑓0 may one write Σ𝑄𝑅 = 𝜏 (1 − 𝜏) 𝑓 −2

0 𝑄−1 .
QR consistency variant.𝑄𝑛 (𝑏) = 𝑛−1 ∑

𝑖 𝜌𝜏 (𝑌𝑖 − 𝑋′
𝑖𝑏) . High level:

sup𝑏∈Θ |𝑄𝑛 (𝑏) −𝑄 (𝑏) | 𝑝−→ 0 and𝑄 (𝑏) > 𝑄 (𝛽0 ) for 𝑏 ≠ 𝛽0 imply 𝛽̂
𝑝−→ 𝛽0 .

Primitives: iid; Θ compact; E( |𝑌 | + ∥𝑋∥) < ∞; zero is the unique conditional
𝜏-quantile; and P(𝑋′𝑎 ≠ 0) > 0 for every 𝑎 ≠ 0. ULLN uses
|𝜌𝜏 (𝑌 − 𝑋′𝑏) − 𝜌𝜏 (𝑌 − 𝑋′ 𝑏̃) | ≤ ∥𝑋∥∥𝑏 − 𝑏̃∥.
Shrinking-radius lemma. 𝑋𝑛

𝑝−→ 𝜇. Choose increasing 𝑁𝑚 so
𝑛 ≥ 𝑁𝑚 ⇒ P( |𝑋𝑛 − 𝜇 | > 1/𝑚) < 1/𝑚. Set 𝛿𝑛 = 1/𝑚 for 𝑁𝑚 ≤ 𝑛 < 𝑁𝑚+1 . Then
𝛿𝑛 ↓ 0 and P( |𝑋𝑛 − 𝜇 | > 𝛿𝑛 ) ≤ 1/𝑚→ 0.
Pointwise vs. uniform weak-IV validity. Pointwise NRP fixes 𝜋 before 𝑛→ ∞: Wald
NRP is 𝛼 for fixed 𝜋 ≠ 0. AsySz takes sup𝜋 first and permits 𝜋𝑛 = 𝐶/√𝑛; it can equal
1, so nominal 𝑝-values/CIs lack uniform guarantees.
Convergence counterexamples. Let𝑈 ∼𝑈 (0, 1) . Spike
𝑋𝑛 = 𝑛1{0 <𝑈 ≤ 1/𝑛} a.s.−→ 0 (hence

𝑝−→ 0), but E𝑋𝑛 = E|𝑋𝑛 | = 1: a.s./𝑝 does not
imply 𝐿1 /mean convergence without UI. Typewriter: for 𝑛 = 2𝑚 + 𝑘, 0 ≤ 𝑘 < 2𝑚 ,
𝑇𝑛 = 1{𝑘/2𝑚 <𝑈 ≤ (𝑘 + 1)/2𝑚} has P(𝑇𝑛 = 1) = 2−𝑚 → 0, but equals 1 and 0
infinitely often a.s.; thus 𝑇𝑛

𝑝−→ 0 but 𝑇𝑛 ̸ a.s.−→ 0.
MZ sample-mean proof. Let𝑌𝑖 = 𝑋𝑖 − 𝜇, 𝑆𝑛 =

∑
𝑖 𝑌𝑖 , 𝑟𝑝 = min{1 − 1/𝑝, 1/2}. The

preceding MZ bound and Markov give P{𝑛𝑟𝑝 ∥𝑋̄𝑛 − 𝜇∥ > 𝑀} ≤ 𝐶𝑝,𝑑E∥𝑌1 ∥𝑝/𝑀𝑝 .
Hence 𝑋̄𝑛 − 𝜇 =𝑂𝑝 (𝑛−𝑟𝑝 ) ; the rates are 𝑛1/𝑝−1 for 1 < 𝑝 ≤ 2 and 𝑛−1/2 for 𝑝 ≥ 2.


