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Chapter 1 2017 Zi&E1E#E (Worked
Solutions)

AREELGH 2017 45 PSU &2 it it s H e g . L¥y (Q1-Q6) H
Guggenberger i, 75 EHMEAR (WEHEM ™) « Neyman-Pearson 5 UMP #555
OLS it IEASFa M 5 22« WIS 2 LSt B ESE M504 MLE A48
P T (Q1-Q5) H Aradillas-Lopez fip#ll, /&—4¢ 4k FMHLAHR T GMM
Wil 7772 — B TH (Chamberlain R %) — etk 77 240 — wI{TH2 GMM
— JZERN T RR I . S SR, A SCE R AE S S REAELS S GBS
TSR AT BRI, AEEER T

1.1 501 E¥17 (Guggenberger): BEER. &IT. #Nk. ME.
E7Z. MLE

1.1.1 Q1 (15 43): KPEREE vs. {EEKEE (WEEH~)

JAE: ECON 501 (JE#&Ehrsy) BEE: b BEHR: PF
Vol s WEGER IR . R 5 R A

ARSI 2017; BHUBERSMED I 2022 Q1

EEAN: HEERED R RAOIEE LS

[F& (2017, Part 501, Q1, 15 pts)

You are in Las Vegas with $2 and you need $4 to pay off a debt. You consider
two strategies: (a) bet all you have on Black; (b) bet $1 at a time on Black
until you either go bankrupt or end up with $4. You can assume that the
casino pays out twice the wager for a winning roll. Assume the probability of
Black is p, where 0 < p < 1. Compare the two strategies and determine which
has the larger probability of succeeding (as a function of p).

Solution.

B PIRDRIE A SRR P . RIESRIE (a): I 82, W (BEE p) it
B 84, Rratalo . B LUSCEHBERIEA 2 pe TSNS (b): BRI S1 fyhi 2 (I
& £l X2 {0,1,2,3,4} ERYREHLIE. M 2 %, WoltREfE 0 F1 4——HRifEry
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TERER= . B (b) RRIIRERIE S p B, REAE p 5 1/2 BR/N.
Strategy (a) —bold play. A single bet of the whole $2 on Black wins with
probability p (reaching $4) and loses with probability 1 — p (bankruptcy). Hence

Tg = P-

Strategy (b) —timid play. Let S; be the fortune, a random walk on the
state space {0,1,2,3,4} with 0 and 4 absorbing, Sy = 2, taking steps +1 w.p. p
and —1 w.p. ¢ := 1 — p each round. Let h(s) = P(reach 4 before 0| Sy = s). Then

h solves the gambler’s-ruin recursion
h(s)=ph(s+1)+qh(s—1),  h(0)=0, h(4) =1.

With r := ¢/p, the standard solution (for p # %, sor #1)is

_ 1—17r*%

h(s) = [t

Therefore, starting at s = 2,

_1—7"2 1— 72 1

m = h(2) = 1—rt (1—r2)(1+7?2) T 1y

Substituting » = ¢/p = (1 — p)/p and clearing denominators,

1 p2

1+ ((1—p)/p)° TP+ (1-p)?

Ty =

For p = % the recursion gives h(s) = s/4, so m, = h(2) = % = 74; the boxed
formula also evaluates to % at p= %, so it holds for all p € (0,1) by continuity.
2
. . p
Comparison. Compare 7, = p with m, = ——————. Form
¢ p*+ (1 —p)?
oy pe P PP O] —pt p( )| -p) —p] _ p(—p)(1 - 2)
‘ P’ + (1 —p)? P+ (1 —p)? P>+ (1—p)? P>+ (1—p)?

The denominator is positive and p(1—p) > 0 on (0, 1), so the sign of 7, — 1, equals
the sign of (1 — 2p). Hence

7ra>7rbifp<%, Fa:ﬂbifp:%, 7ra<7rbifp>%.

Bt (WRZMER): AN (p<1/2, IERESES) T, KBRIEEMR
— RPHEE 2 DREASHEET . AAMEE (0> 1/2) T, EERE
i A ——2 B LT RBUEA IR TR 2P R PETT P
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1.1.2 Q2 (25 43): Bernoulli B NP 5[¥. {{i5%%. UMP #1&

J3/E: ECON 501 (Ji&inss) EEE: & (We) BEHE: 5
%% B . Neyman-Pearson. Bernoulli {8{#%. MLR 5 UMP
FBEEI: 2017, 2019, 2023, 2025; FLAGE I 2018/2025
$EHR: 1 NP/MLR AR, HAEIHLHDAL

[Ff (2017, Part 501, Q2, 25 pts)

Suppose X1, ..., X, are i.i.d. Bern(p) random variables.

(a) State the lemma by Neyman and Pearson.

(b) What is the likelihood function in this case?

(c) Find a UMP test for Hy : p = pp versus Hj : p = p1, where pg # pj.

(d) Show that the test from part (c¢) is UMP for Hy : p = pg versus Hy : p > po.
(e) Is the test from part (c) UMP for Hy : p < pg versus Hy : p > po? Why,
why not?

Solution.

BRI NP 518 (] B0 ] AR DDA ) — 5 i Bernoulli {195
— M NP 5B K, AIIEAEIURBTE St e T =3 X — FOYUAEL R
I (MLR) , HjhE&44505 UMP (Karlin-Rubin) — & &FEI N size /£ po
REBCE], Hes UMP. #3606,

(a) Neyman—Pearson Lemma. For a simple null Hy : 0 = 6y versus a simple
alternative Hj : @ = 01 with densities fo, f1 (w.r.t. a common dominating measure),
fix a size a € (0,1). Consider the likelihood-ratio test that rejects when fi(z) >
k fo(x), accepts when fi(z) < k fo(z), and randomizes on the boundary fi(z) =
k fo(z), with £ > 0 and the randomization probability v chosen so that

Egq (6(X)) = P(reject | ) = a.

Then (i) Sufficiency: any such ¢ is most powerful (MP) of size «; (ii) Existence:
a test of this form attaining size exactly « exists; (iii) Necessity: any MP size-«
test must be of this likelihood-ratio form a.e. (except possibly on {f; = kfo}).
(b) Likelihood. With ¢t =)"" , ; and each z; € {0,1},

n

Lp) =[[r"(-p)' ™ =p'-p)"",  t=) m
=1

i=1

(c) UMP test for Hy:p=po vs. Hy : p=pi. The likelihood ratio is

() () - () ]
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p1(1 —po)

po(l —p1)’
Case p1 > po: then A > 1, so L(p1)/L(pp) is increasing in ¢; the NP rejection

region {L1/Ly > k} becomes {T' > c}. The MP test is

The ratio is monotone in ¢ through the factor ! with \ :=

1, T>c,
¢(T): v, T =g, PPO(T>C)+7PP0(T:C):O‘7
0, T<e,

where under Hy, T = Y7 | X; ~ Bin(n, py). (The randomization - achieves exact
size because T is discrete.)

Case p1 < po: then A < 1, the ratio decreases in ¢, and the rejection region is
{T < ¢} (with the analogous boundary randomization).
(d) UMP for Hy:p=po vs. Hy :p>po. Zpi: 3 p1 > po i, (c) Z5HIHY
K5 {T > ¢} MEATERKE p1 WEMREUE 04058, ¢ v #8H po Al o
#E. For every fixed alternative p; > po, part (c) yields the same test ¢, since the
rejection region {T" > ¢} and the constants (c, ) depend only on py and «, not on
p1. By the NP lemma this single ¢ is MP against each such p; simultaneously. A
test that is MP against every point of the alternative {p > po} is, by definition,
UMP for Hy : p > pg. O
() UMP for Hy:p <po vs. Hy : p>po? —Yes. i TN {po}
FORIXE {p < pote T (1) XY size (TERATEIE b5 KIE G MER)
/2 a: (i) B w3 R powerful, P #REE Bernoulli FRAYHIAMIIALL
(MLR)

The Bernoulli family has monotone likelihood ratio (MLR) in T'= """ ;| X;: for
p <79, L(p')/L(p) = const - \T' with A = gl((l:f,)g > 1, increasing in 7. Write the
power function S(p) := E,(¢(T)) = Pp(T > ¢) + v P,(T = ¢).

Step 1 (monotone power). For any test ¢ that is nondecreasing in 7', MLR

implies 3(-) is nondecreasing in p. (Standard MLR fact: E,(¢g(T")) is nondecreasing
in p for nondecreasing g.) Hence

sup 3(p) = B(po) = o,
p<po
so ¢ has size « for the composite null {p < po}.

Step 2 (UMP). By part (d), ¢ is UMP among size-« tests for Hj : p = pg vs.
Hy :p > po. Any size-a test for the larger null {p < po} is in particular a size-< «
test for the single null {pg}; thus its power at any p; > pp cannot exceed [B(p1).
Since ¢ itself has size exactly a over {p < pp} (Step 1) and attains the maximal
power B(p1) at every p; > po, it is UMP for Hy : p < pg vs. Hy : p > po.

‘Yes: {T>c}iSUMPforHO:pgpgvs.Hl:p>p0.‘
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Remark (Karlin—-Rubin).
This is exactly the Karlin—Rubin theorem: under MLR in T', the test rejecting
for large T' is UMP for one-sided hypotheses. See 6.

1.1.3 Q3 (20 43): OLS #EIER + #2f& (White) AZEH—EUHIT

J3/E: ECON 501 (JEHEFRZS: 778 510 k) BEE: 5 (We) BEHE: &
bE m: OLS ¥ IEAS R 7 Efa = i 2

FAREM: 2017, 2024; HAEA BB 24T 510

ZiEAN: Bf7ESE LLN-CLT-Slutsky FI5%Z= 25 Hiik

[R& (2017, Part 501, Q3, 20 pts)

Suppose (Y;, X;) are i.i.d. with ¥; = X!/8 + U; for X;,3 € R¥, EX,U; = 0,
EX; X! is positive definite, and E||U;X;||? < co. Show that the least squares
estimator 3, of 3 satisfies nl/g(ﬁn — ) =4 Z ~ N(0,V), where

V = (EX;X))"' EU?X; X (EX;X])~ .

Find a consistent estimator XA/n of V and show that it is consistent. State
any additional assumptions needed to prove asymptotic normality of 5, and

consistency of V,.

Solution.

FrifE OLS =3RS, A 4 i) WLLN + CLT + Slutsky i, it Q == E(X,X]).

Q= E(U2X;X]), WV =Q 10Q~' (White Bafl 7). Jy XM RKRE U;

P, SN U 5 U (s, X AN A S
Asymptotic normality. The OLS estimator solves the normal equations,

giving the algebraic identity

R 1 n -1 1 n

Let @ := E(X;X]) (PD by assumption) and Q := E (U2X,X]).
(i) Denominator. By the WLLN (i.i.d., and E (]| X; X/||) < oo —implied below),
LS X X! 2 @, so by continuity of matrix inversion (2>, Xin()*l 2oL
(i) Numerator. The summands g; := X;U; are i.i.d. with mean E(X,;U;) =0
and, by the stated E(HUZXZH2) < 00, finite variance E(g;g}) = ]E(UZ-QXiX{) =0<
00. By the multivariate Lindeberg—Lévy CLT,

1 & d
— X;U; N(0,9Q).
\/ﬁ; — N(0,9)
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(iii) Slutsky. Combining (i)—(ii),
V(B —B) % QIN(0,0) = N(0, QT'Q ) = N(0,V), V=Q Q..

XIER 4 [ T — 6y = (Hessian)~!(score) + CLT + Slutsky | —HIJARIRAHT
BRSO .

Consistent variance estimator. Let U; := Y; — X/f3,, be the OLS residual.
Define the plug-in (White / Eicker-Huber) estimator

Oy

~ o~ ~ 1< ~ 1 <~

—1 —1 / 2 /
= Q, , n= — E XX, Qp=-— E X X
v ! Qn ¢ n i=1 n z‘:lU

Consistency proof. We already have @n % Q PD, so it suffices that (AZ 50
then V, = Q710,01 % Q71QQ ! = V by the CMT. Write U; = U; — X/(B, — ),
so U2 = U2 —2U;X!(Bp — B) + (X(Bn — 8))*. Hence

— ZUQXX’ —2—ZU (X!(Bn — B)) Xi X! + TllZ(X;(En—ﬁ)inX;.

=1

-~

=:An, =:Bj, =:Cp,

Term Ay: by the WLLN, A, = E(U?X;X]) = Q (needs E(U? || X;X!||) < o0).
Terms B, C,: since ﬁn -8 = op(l), each is bounded by o0,(1) times a sample

average that converges in probability to a finite moment of ||.X;|| and U;; e.g.

5o LSS X, 5ol - Ly
i:l i:I

If E(|Ul\ ||XZ|]3) < 00 and IE(HXZ||4) < 00, the sample averages are O,(1) by the

WLLN, so By, Cy, = 0p(1). Therefore ﬁn 2 0 and 17” Ly, O
Additional assumptions needed.

o For asymptotic normality of En: the listed conditions suffice provided the state-
ment “Q = E(X;X]) is positive definite” is read in the standard way—@ exists
as a finite matrix and is PD. Equivalently, state explicitly that E <||XZH2) < 0.

This moment gives the WLLN for Q,,; it is not implied by IE(HUlXZHQ) < 00
alone. The latter instead gives (2 < oo for the CLT.

« For consistency of V,: the higher-moment conditions IE(Ui2 HXZ||2) < oo (for
Ap), and enough additional moments to kill B, C,, e.g. ]E(HX1||4) < oo and
]E(|Ul| ||XZH3) < 00 (both hold automatically if, say, ]E(||Xz||4> < oo and
E(Uf) < 0o by Cauchy—Schwarz).

Remark.
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The estimator is heteroskedasticity-robust precisely because ﬁn uses U?X,XZ’
rather than a scalar s times Q,. Under conditional homoskedasticity
E(Uf ]XZ) =02, Q= 0%Q and V collapses to o2Q .

1.1.4 Q4 (15 43): HEMNEILENX 5T (image-measure)

J3/E: ECON 501 (JF&inss) EEE: & (We) BEHEN: 5
#LE R Lebesgue M E US54 AT 5T

[FEEH: 2017. 2018, 2019. 2024

ZEiE2FHN: ¥ indicators-simple-nonnegative-integrable PUEAl#%

[R& (2017, Part 501, Q4, 15 pts)

Let X be a random variable on the probability space (€2, F, P) and g(X) a
scalar function of X. (a) State the definition of Eg(X). [We assume E|g(X)| <
oc.] (b) Show that Eg(X) = [ gdPx.

Solution.

(a) H1Zt 2 Lebesgue 173 [ 9(X (w)) dP(w). ZL4% [ Hek% — qESA —
AR =545 Lebesgue T AYMIE . (b) ZMIEEAGHIT (image measure / R
M) EFE, UEIH AR MERY [ measure-theoretic machine |1 MR BRETTIE, B
HER— AT g0 BB 1.

(a) Definition of Eg(X). LetY :=g(X):Q — R, assumed F-measurable with
E(]Y|) < oco. Then Eg(X) is the Lebesgue integral of Y against P, built in three

stages:
1. Simple functions. If Y = 37", a;l4; with a; > 0, A; € F, then JoY dP =
E;n:l a; P(4;).
2. Nonnegative measurable. If Y > 0, set [ Y dP := sup{fQ SdP :0< 8§ <
Y, S simple}.

3. General integrable. Write Y = Y+ — Y~ with Y* = max(£Y,0) > 0. Since
E(]Y]) < 0o, both [Y*dP < oo, and

Eg(X) rZ/Qg(X(w))dP(w):/

Ytdp - / Y~ dP.

Q Q

(b) Change of variables: Eg(X) = [gdPx. Let Px be the law (pushforward)
of X on the target space (R,B), defined by Px(B) := P(X~'(B)) = P(X € B)
for B € B. We prove [, g(X)dP = [, gdPx by the standard machine.

Proof for Theorem
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Step 1 (indicators). Let g =1, B € B. Then g(X) = lyxecpy = Lx-1(p), 50

/]lB(X)dP:P(X_l(B)) :PX(B):/]lePX.
Q R

Step 2 (nonnegative simple). For g = Zm ajlp; with aj > 0, linearity of
both integrals and Step 1 give ng )dP = Z a;Px (B ngdPX Step 3
(nonnegative measurable). For g > 0 Borel pick snnple Im T g pointwise (e.g.
dyadic staircase). Then g, (X) 1T ¢(X) on 2, and the Monotone Convergence
Theorem applied on both sides yields

/g(X)dP:lim/gm(X)dP:lim/gmdPX:/gdPX.
Q moJa m JR R

Step 4 (general integrable). Decompose g = g* — g~. By Step 3 applied to
g*, g™ (each finite since [ |g| dPx = [|g(X)| dP = E(|g(X)]) < 00),

Eg(X) = / X)dP — / X)dP = /+dPX /gdPX—/RgdPX.

Po(X) = [ o(X@)aP() = [ gapx.

AR TRERGH#50E/ ) (LOTUS) A & E(9(X)) AubsER
9(X) B9 A . HEE X WA Px GEZER] dPx = fx dz, BEIPVRRE) &
BRI

1.1.5 Q5 (15 43): FHRIEBSHEERH

JA/E: ECON 501 (Jsitstrss) EEE: & (W) BEFE:
BbF R MRE TR

AEEH: 2017, 2018, 2020, 2021. 2024. 2025

FREAN: AXEY: ESEEERNITERE

It

JESE (2017, Part 501, Q5, 15 pts)

Y11 Y2
o1 X2
and X; € RP: for ¢ = 1,2 for some integers p; > 0. Derive the conditional

Assume X = (XiaXé)/ ~ N(g, Z)v where p = (Mlpﬂlz)/, Y=

distribution of X7 given X3 = x9. (In your derivation, you can use the facts
that linear transformations of X are again normally distributed and that two

jointly normal random vectors are independent iff they have zero covariance.)

Solution.
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PRy (O 3): Ml —1 X1 5 Xo W4 E W = X1 — BXy, & B{EW
5 Xo AEXK. BN (W, Xo) BREIERS, THXK = iz, TR W ([ Xo=W (K
SR, EMEEARLEN BXy X X Yoo Al

Proof for Theorem

Define, with B := $1555," (Zg2 assumed invertible),
W= X; — %1955 Xo = X1 — BX.

Ipl

(1) (W, X3) is jointly normal. (W', X}) =
0 I,

) X is a linear transform

of the normal vector X, hence jointly normal.
(2) W and Xo are uncorrelated.

COV(VV, XQ) = COV(Xl - BXQ,XQ) = Zlg—B 222 = 212—2122521222 = 212—212 =0.

By joint normality, zero covariance = W L Xs.
(8) Moments of W.

E(W) = 1 — Bug = 1 — 1255, pi2,
Var(W) = Var(X1 — BXQ) = 211—3221—2123,4-32223/ = 211—21222_21221,

using BYlg; = Y1955, Ya1, B12B’ = 19855 Ya1, BY2 B’ = %1955 Y91 (and
Y91 = 3,).

(4) Condition. Since W L Xs, conditioning on X9 = xo does not change the
law of W: W | X9 = a9 ~ N(ﬂl — 2122521#2, Y1 — 2122521221). But given
X9 = 19, X1 = W + Bz is an affine (deterministic given x3) shift of W, so it
is normal with mean shifted by Bxo and the same covariance.

Xi| Xo=20 ~ N( 1+ 212555 (22 — p2), Ti1 — 21222_21221>-

SR = TAMME + BHIT 21085 (xe — p2) (IEE X1 X Xo HISAZn:
T 5 84877 % = Schur b X110, HWIESMHTTZE S /N (FIE Xo A E M
TR, HARE vo—— E AR 21

1.1.6 Q6 (10 43): MLE HIFRT 4

JARE: ECON 501 (&%) EEE: dm BEHAB: e
BLE R MLE A2 25— S50

AEEEH: 2017; MLE/4f MLE 7£ 2018, 2019. 2025 FF|
EEFX: Hf# induced/profile likelihood, WEfH H T — ML A
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[F& (2017, Part 501, Q6, 10 pts)

State and prove the invariance property of the maximum likelihood estimator.

Solution.

G #0201 MLE, = g(0) 2E% (R0——XRA) &, W g(6) 2
T MLE, SEICH R RS ¢ & BB (profile likelihood) L*(r) =
SUPg.g(9)=r L(0)o UL 50

Theorem 1.1: MLE AL - Invariance of the MLE

Let # maximize the likelihood L(0) over § € ©, and let g : © — A be any

function (not necessarily one-to-one) with 7 = g(6). Then ¢(0) is an MLE
of 7.

Proof for Theorem

For a general (possibly many-to-one) g, define the induced / profile likelihood
of 7 € A by maximizing the original likelihood over the preimage:

L*(1) := sup  L(0).
{60€6:g(0)=T7}

(When g is one-to-one the supremum is over the single point = g~'(7) and

L*(1) = L(g~*(7)).) By definition the MLE of 7 is 7 = argmax, L*(7). We

show 7 = g(é\)
Lower bound. Since 6 € {6 : g(0) = g(8)},

~ -~

L (g@®) = sw  LO) = L@).

0:9(0)=9(0)

Upper bound. For every 7 € A, each 6 in the preimage {g(0) = 7} satisfies
L(#) < L() (as 6 maximizes L over all of ©); taking the sup over the preimage,

L*(r)= sup L(#) < L() forall 7.
0:9(0)=7

~ ~ ~

Combining, L*(7) < L() < L*(g(#)) for all 7, i.e. g(f) maximizes L*. Hence

~

7 =argmax L*(7) = g(6), the MLE of T = g(0) is ¢(f).

B AMELETAT TR i ERZ UL TR MLE, FANEERREL . 7
PRI E SCRIE TRIE g 824 0 MBI —4> 7, T4EX  LREISEIIEGE )
S50 5H 0 2B
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1.2 510 T#3% (Aradillas-Lopez): &% GMM 551k
TH

TR -ERE: 2 = (Y. X), p(Z,0) = Y — f(X,0), FHELR
E(p(Z,00) | X) =0 (w.p.1). FEHELE ST IE( (X)p(Z,60)) = 0 HIEH]
GMM 2, A(X) /& kx1 THEAHE AR, kDR B DS E800X g —%12
B o AT T 8 HUARAEA T/ GMM Wi . 10 52E : D(X) == E(Vgp(Z,60) | X) =
“E(Vef(X,00) | X) (kx1), 0*(X):=E(p(Z,00) | X) = Var(Y | X).

1.2.1 Q1 (20 4): GMM ZEpIEHEAF =B

JAE: ECON 510 (FHhi%s, H%7E) BEE: da BEFHE: F
BUE R KM GMM [ — 8L 7y 22

ARSI 20172022 FHA TH—k: 2024 =B

EEAN: F GIQG HRENEE S

[FR%E (2017, Part 510, Q1, 20 pts)

[Setup| Let Y be a real-valued random variable, X a vector of variables, Z =
(Y, X), and p(Z,0) =Y — f(X,0) (1). 6 is a k-element parameter, f has
known functional form and is as smooth in € as needed, © C R¥ compact. We
observe a random sample {Z;}? |, and at 6y € ©: E[p(Z,6) | X] = 0 w.p.1
(2). Consider the class of GMM estimators based on E[A(X)p(Z,6p)] =0 (3),
A(X) a k x 1 vector of functions of X.

Q1. Describe the generic form for the asymptotic variance of the class of GMM
estimators described by Equation (3).

Solution.
PWEIFRA (B DR kD250, @E%El?ﬁﬁ?é, WL TR T =G GGV,
M 8 HIFRIERTIT: XTREARTE my(0) = 0 £ 0o 2b—Wr eI RIS .

The estimator 6, solves the sample analog of (3):

—ZA o(Z;,0,,)

A first-order (mean-value) expansion of p(Z;, (/9\”) around 6y gives

—ZA p(Zi, 00) + [ZA vapzz,e)}(é\n—eo):o,

SO
n

Vil = 60) = =[5 3" AXVop( 28| =D A(X)p(Zi,b0).

=1
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Define the k x k Jacobian and the k x k variance of the moments:
G :=E(A(X)Vep(Z,00)) = —E(AX)Vof(X,0)), Q:=E(AX)AX) p(Z,00)%).

(Here Vop = —Vyf since p =Y — f.) By the WLLN the bracket % G; by the
CLT (the moments A(X)p(Z,6p) are i.i.d., mean zero by (3), variance §2),

\FZA p(Zi,00) % N(0,Q).

Slutsky then yields v/n(f, — 6) % N(0, V1) with

Vi= G EY = [E(AX)Ver(Z.00))] E(ACOAXY p(Z.00)) [E(m(z, o)AxY)]

Var pHg p(Z 90)2 ﬁﬂfﬂﬁfw X &M Q = E A<X>A<X>’02<X>)
) |

= Q2 ;kEiﬁEI mm\
1.2.2 Q2 (40 9): Bt (%) IE A(X) —Chamberlain & #

JAE: ECON 510 (5itstnss, H#L) EEE: m BEHE: b
#%0# 5 Chamberlain S T A 583 A

HEEIW: 2017. 2018. 2020. 2021. 2022

EEAN: HE D(X)/0%(X) BB, Dok

[FR%E (2017, Part 510, Q2, 40 pts)

Using your answer to part (1), characterize the efficient (optimal) choice of
instruments A(X). That is, the instruments A(X) that achieve the smallest
possible variance within the class of GMM estimators described by Equation

(3)-

Solution.

Hr: 12 AC) MRS FBUIME Va = G106 (3% Loewner 7, 4k Vi
BN A) o SEMIERBIEIE G,Q SRt X FFRRIEL B Cauchy-
Sehwarz | SR EAM Va TR ATl AX) = DOX)/0(X) B,
X4 Chamberlain (1987) FISEFFERCEFL,
Setup via conditioning. With D(X) := E(Vyp(Z,60p) | X) (k x 1) and
oc*(X) :=E(p(Z,00)? | X) > 0, the law of iterated expectations gives, since A(X)
is X-measurable,

G=E(AX)D(X)), Q=E(AX)AX)c*X)), Va=G"log™.
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HE G BHIANE D(X) =E(Vep | X) TidE Vop AG——KN A(X) Alfrifsk
(RE:liEES

Claim. The optimal instrument is

D) BV (K00 | X)
A(X) = o2(X) == E(p(Z,90)20|X) ’

and it attains the efficiency bound

o= (5(P5) = (o)

Proof for Theorem

Efficiency bound by a Cauchy-Schwarz argument. It suffices to show V4 = Vz
for every admissible A, i.e. V4 — Vi is positive semidefinite (PSD). Equivalently
(since both are inverted), it is cleanest to work with the ”information” form.

Define the inner product on k x 1 functions of X
= ! o2 — | (PX)DX)
(a,b) == E(a(X)b(X) 0X(X)) (kxk), S:= E(W> .
In this inner product, using A = D/o? (so Ao? = D),
G:<A7A>7 Q:<A7A>7 S:<sz>

By the matrix Cauchy—Schwarz inequality applied to U := A(X)o(X) and
W= A(X)o(X) = D(X)/o(X),

E(UU') = EUW') (E(WW')) ' E(WU'),

that is

Q=EUU) = E(UW') ST'TE(WU') =GS™' &,
because E(UW') = E(A(X)o(X) (D(X)/o(X))) = E(A(X)D(X)") = G and
EWW') = E(D(X)D(X)'/o*(X)) = S. Pre- and post-multiplying by G~!
and G~V (which preserves the PSD order),

Va=GlGTY = ¢THGSTIE) G = 5T =

Attainment. For A = A = DJo* G = E(AD') = E(DD'/s?) = S and

Q= E(ZZ’H) =E(DD'/c?) = S, hence V4 = S71SS~1 = S~ achieving

the bound with equality. |

fise: RMETHE = (FAMATE D(X) BREL (R 2 0*(X). 47 D(X)
2 XM 0 GLHUR) —BEUR. FEBZ, REBK; 58 o*(X)
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& [XEMMAZW | —— b, BORT(E, BEEBUN. XIEZ GLS iy 4%
EWRL AL, BAHERI R ES R A (Chamberlain 1987) o ZE-5- 551448
Cauchy-Schwarz EI’J?Q URERE: TR A ENRL () PR A T, RERS
A QMRS G

1.2.3 Q3 (20 97): KR AHEHFH THRMETE

J3/E: ECON 510 (J5ihnss, [HEW) EEE: fh BEHE:
BLE R &R R R TR

FEESM: 2017, 2020, 2021. 2022

Z2EAFN: mESEEAN, AR

[F& (2017, Part 510, Q3, 20 pts)

Consider a special case of the model in (1)—(3) where f(X,0) = X'0, so
p(Z,0) = Y — X'0. Suppose we assume E[p(Z,00)? | X] = W(X)'ap for
some known function W(X) of X, with o a vector of parameters. What do

the optimal instruments A(X) look like in this case?

Solution.
1 Q2 1B RNLNENEIE - p =Y - X'0= Vyp=-X, BOERE X NFREL,
W D(X) = BE(—=X | X) = =X KM EWRSHUN 0*(X) = W(X)ags RN
A=D/o?,

In the linear case Vyp(Z,0y) = —X, which is already X-measurable, so

D(X)=E(Vep| X)=-X, o*(X)=E(p(Z,00)° | X) = W(X) .

Plugging into the optimal-instrument formula from 1.2.2:

— .. DX) = -X X
AX) = 32X = Wxyay © WixVag

RS TEfTE GEFMT E(A(X)p) =0 3f —1 2F-—5), ERELSH: &ILTA =
FH7C X %tc,ﬁ\%‘#ﬁ# W(X) o FEZEIL—IXIEZ GLS /MR /N5, [
Ji7E (0*(X) = o FH) BHEME N A o X, B OLS (94644 E(X (Y — X'6)) = 0.

X;(Y; — X6
V[(/(Xi)/oéo) - 07 le infeasible GLS Wlth

weights 1/(W (X;) o), achieving the bound Vi = (E(XX'/(W(X) a0)))

The resulting estimator solves £ S°7
—1
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1.24 Q4 (10 4): AT (YY) GMM

JAE: ECON 510 (Jii#trs:, [H%%) EBEEE: b BEFE: f
BbE R ATASPAE GMM/FGLS
S 2017; W hiT 5T T I

ZiEF: ¥ first step-estimate variance-plug in—second step ke

[FR (2017, Part 510, Q4, 10 pts)

For the model described in part (3), describe a feasible efficient GMM esti-
mator (i.e. a GMM estimator that uses a first-step estimator for the optimal

instruments A(X)).

Solution.
A(X) = X /(W(X) ) HARARFI a0, AAT{T. Pi2biE: M OLS (#iff
—EUIE) Rk, R EIAE] W(X) B ao, 58] 6%(X); FEBHUE
R THEAGREGES AR (RTRAT GLS) .

Two-step feasible efficient GMM (FGLS).

1. First step —consistent 6. Run OLS of Y; on X; to get ] (consistent for 6y
under (2)). Form residuals U; = Y; — X/0.

2. Estimate the skedastic function. Since E(U? | X;) = W(X;) ag, regress ﬁiz
on W(X;) (OLS) to obtain &, and set

(Trim/floor 5% at a small positive constant to guard against nonpositive fitted

variances.)

3. Second step —plug-in GMM. Solve the feasible sample moment condition

1« Xi(Yi— X[0)
W (X;)a

—ZA )(Y; — X[0) =

= 0,
i=1

whose closed form is the feasible GLS estimator

n n

5FGLs=( %)_1< W)(()ng/a>'

i=1 =1

Because @ 2 o, ( ) — A(-). More precisely, the population moment M (6, a) =
E(X{Y — X'6}/(W(X) «)) is orthogonal to first-step perturbations at the truth:

XUW(X) > B _E( XW(X)
{(W(X)ao}?/) {W(X)ao}?

Do M (00, )|, = —IE( E(U | X)) = 0.
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Under the usual smoothness, stochastic-equicontinuity, and root-n first-step condi-
tions, estimating g therefore contributes only op(n_l/ 2) to the second-step expan-
sion. Hence §FGLS is asymptotically equivalent to the infeasible optimal-instrument
GMM of 1.2.3, attaining V = (E(XX'/(W(X) ap))) "

1.2.5 Q5 (10 4): AZEREZETHIT GMM {i—E3?

JA/E: ECON 510 (JF&br%s, IHH%) EEE: b BEHE: b
¥eb®E R SRR N A — B SRR X

ARSI 2017; HAEER/RBIEHEAAEYRT 510 55 W

EEFX: WISGEEYENEMTE T HERNE

[F& (2017, Part 510, Q5, 10 pts)

For the feasible efficient GMM estimator you proposed in part (4), suppose
the assumption E[p(Z,0p)? | X] = W(X)'ap is incorrect, but the assump-
tion E[p(Z,00) | X] = 0 is still correct. Will your feasible estimator still be

consistent? Prove your claim.

Solution.

ZEb: 8. RHEE— S EREREAR E(p | X) =0, BEAHEM
X BYRECE TEA R O R E(A(X)p) = 0. T ERRET IR T AR 7
(FRECR) . EHEEN TR X BRE, FESME O LIRSS, PRIAZ R
M)

Claim: yes, gFGLS remains consistent.

Proof for Theorem
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Step 1 —the estimated weights converge to a function of X. Even ifIE(U2 | X) #*
W (X) ap, the first step regresses (71-2 on W (X;), whose probability limit & % o*
is the population least-squares coefficient o* = (E(W W’ ))_1IE (WU?) (a well-
defined constant; oL 6y so residuals are asymptotically U;). Hence

X
W(X)a*’

D

(X) & A(X):=

which is some fixed (possibly "wrong”) function of X only —it does not depend
onY.

Step 2 —the population moment still holds at Oy for any X-measurable in-
strument. Take any instrument A(X) that is a function of X alone. By the
law of iterated expectations and the (still valid) conditional mean restriction
E(p(Z,60) | X) =0,

E(A(X) p(Z.60)) = E(A(X) E(p(Z,60) | X)) = E(A(X) - 0) = 0.

In particular this holds for A = A*. So 6y is a solution of the population moment
E(A*(X)(Y — X'9)) = 0.
Step 8 —identification and convergence. The limiting estimating equation is

E(A*(X) (Y — X'0)) =0 <= E(A*(X)X") (6 —6) =0,

using Y — X'0 = (Y — X'0y) + X'(6p — 0) = p(Z,06p) + X' (0o — 6) and Step 2.
Provided M* :=E(A*(X)X') = E(XX'/(W(X)'a*)) is nonsingular (the usual
rank/identification condition, holding whenever E(X X’) is PD and the weights
are bounded away from 0,00), the unique solution is § = 6y. The sample
moment L 3" A(X;)(Y; — X[0) converges uniformly (in § over compact ©)
to this population moment by a ULLN, and j 2 A*; standard extremum-
estimator consistency (8) then gives

o P
Orcrs — bo.

—ANERGE TR AR Tiss T TREIREE |, Bl ERESE OREAE
Chamberlain %), @Iﬁﬁilﬁm X HIBREL 5E E(p | X) =0 {BIERR T8 — 4
M 0o BT — BT . X IER AR GMM X B A iR i A AR A
Ao
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8i% - Roadmap (£iEXE, FE32K)

2018 FEHAEF I 51T: HiF/2 Guggenberger [ Econ 501 (#% / #iif /
M/ #% / MLE-GMM) , j52f2 Aradillas-Lopez [ Econ 510 (Xf#RizZ
MR GMM. BT H) . AREFBLE H SGEA A WO TR
H5HEw, BXNFPARSSRA (818 FF. GUAEREY, HETE
T, JFe = T R T — AR 2 E R TR =T O T, X BB
ANEFER T

501 *EHIEL 2 Guggenberger LT : SFAIAELERR G IESLME A K
HAEIR“ BT UMP”. SUBERITERRIE R BT — FLABTE — IR0 =2
Pldr MHSEH MLE (PSAFE /[ BEM) . N E —rRE CREARE
fhTEEH) HEFAE GMM Ay plim SRR M. 510 ~FHIZODMARE : RFRIE
E(e | Z) = c 4788, TRBIEL ¢ 2B, ATERFEIN—XEHE (i) (G)(ii)
EDEEES

19
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RELEHS5E

ks ME FHR JTIRE

501-Ql(a) 10 ZFARMIEL ) ZOCIERS 3
501-Q1(b) 10 WLLN + j&&:mgt (T, [ plim) 4
501-Q2(a) 10 TSI E ImAUE (size = a) 6
501-Q2(b) 10 IHRUAEL (n=2) 6
501-Q2(c) 10 J& UMP (IhaioR ] —8 i) 6
501-Q3(a) 6 R0 E SLAIEE CRTECRTAn) 1
501-Q3(b) 9 Jgdv=[gfdu (hriEdLEs) 1
501-Q4(a) 5 HEZSE MLE (U[-9,0)) 5
501-Q4(b) 5 Bss1-5 / SE MLE 5
501-Q4(c) 15 HiJE GMM: plim SRR (BE—PEEHEE) 4,8
501-Q5 10 ARIEE = JLPALAER s 1,4
510-(i) 20 XIRR = SFMEFBIE: AEEA AR 7
510-(ii) 40  GMM . WHEAn. #PE plim 8, 7
510-(iii) 40 M ITE (Chamberlain 1987) 8

$—%84 - Econ 501 (Guggenberger)

2.1 Q1 WEIRE THIFGEE SRR

JAE: ECON 501 (Fitinss) EEE: 5 (W) BEAN: 5
BbE R MERZE FRA&MES. LLN 5 CMT

BREI: KEANM 2017, 2020, 2021, 2024, 2025

EEFN: TEAESAN: WREHSMHA LIE-LLN-CMT

[FERfE 501-Q1 (20 43, verbatim)

Suppose the true performance of student ¢ on this exam, X;, satisfies X; ~
N(u,0?). Suppose, however, that the grading process records Y;, where

Yi = Xi +ui + v,

u; ~ N(0,1) is the measurement error from the first grader, v; ~ N(0, 1) is the
error from the second grader, and X;, u;, v; are mutually independent.

(a) (10) Calculate X = E(X; | Y;) and var(X; | V3).

(b) (10) Assume i = 1,...,n. Derive the probability limits of X =
n~ 1S XF and of T, = log(n™' 0 (X; — X)?) as n — co. You can
apply any theorem we proved in class.
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Solution.

(a) BHFHRBRE IED = FOAHHBERLNE. F T EZSRECHEREN, I 3.
KA URILY (7 EERT: Y = Xdutv, =ML, Var(Y) = o2 +1+1 = 0% +2,
(b) R X7 2 Y L. fulk idd., FrEXS eI WLLN (BEARS(E. AT
W2 B SEE SN ) . BRI (log) 1% T HY plime [ARE: T, U
$4#1 log (Var(X7)), 1 &2 log (Var(X;) )——5&HHB 4™ T Ty %

(a) The pair (X;,Y;) is jointly normal (a linear map of the independent nor-
mals X, u;,v;). Apply the bivariate-normal conditional formula of Chapter 3. We
have

E(X:)=p, E(Y)=p Var(X;) =0 Var(¥i)=o0"+2, Cov(X; V)= Var(X;) =07

the last because Y; = X; + u; + v; with wu;, v; independent of X;. Hence

o2 (02)? 202

o . ) — L . ) — 42 _ —
XZ_E(XZ|}/Z)_:U’+O_27+2(YZ M) Var(XZ|Y,)_a 0_2+2_0_2+2

The conditional variance is a constant (independent of Y;), as always under joint

normality.
2

(b) Write p := %, so X = p+p(Y; —p). The X7 are i.i.d. (functions of
o
the i.i.d. Y;) with finite moments.
plim of X". By the law of iterated expectations E(X}) = E(E(X;|Y;)) =

E(X;) = p. By the WLLN (Chapter 4),

plim of T,,. The inner average is the (uncentered—by—y*) sample variance of
X?. Both n=' Y27 (X)? and X' converge in probability (WLLN), so by the

continuous mapping theorem

(2

nIY (X=X B Var(X)).
=1

4 4

~(0242) = —

* 3 * g
Now X’L - = IO(}/:L—,LL) gives Var(XZ) == p2 Var(}/;) = m = m

Applying log(-) (continuous on (0, 00)) once more,

4
T, 2 log(Var(X})) = log<020+2> = 4logo — log (o2 +2)

Bt Var(X7) = Var(X;) — E(Var(X; | ;) = 0% — 225 = 2. SEEE
(72500 SFAFNBRTT % = BT % — FUITEBE)
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2.2 Q2 —ANMRYE: IERE. . £ UMP

JAE: ECON 501 (Ji&hrse: 2025 BENNHT 510) EEE: & (L) BEH:

=
BZOFE R A IESHERK. ST UMP

BEEI: 2018, 2025; UMP i 0 2017. 2019. 2023
EEFN: IFAESRAXTFAL: T UMP FH 7 A A4

E& 501-Q2 (30 43, verbatim)

Suppose that X; ~ N(u;,1) for i = 1,...,n are independent. Consider the
following five tests of the null hypothesis Hy : 3 = -+ = p, = 0 versus the
alternative H; : “not Hy” with acceptance regions

( )i > xs <k},
( ) : ‘Z?:1 xz‘ < k2}>
Az ={(z1,...,2p) 12 < kg foralli=1,...,n},
( ) s af < ka},
( ) Y @} < ks,

where kj, j =1,...,5 are constants (that possibly depend on the sample size
n) chosen to ensure that the tests have size equal to a.

(a) (10) Determine k;, j=1,...,5.

(b) (10) Let n = 2 from now on. Determine the power functions of the first and
the fourth test.

(¢) (10) Show that none of the five tests is (weakly) more powerful than all the
other tests considered here uniformly over the alternative space {(u1,u2) :

—00 < 1, (2 < OO}

Solution.
XA 6 B TR VB A O o D I SUE AT SEE Ho FHEIEAMIREE] o
FEHR, RERNHEBNZIRAE Ho PR o~ N(0,n) B4 2f ~ 7.
Sa? ~vxEe IBEAE: 210 =07 (1 - a) BREESMIED, X3, RHHRE
d ) x* 11— a L

(a) The test rejects on the complement of Aj; “size = o” means P, (reject) = o
Under Hyp all u; = 0.

Ay (one-sided sum). Y i x; ~ N(0,n), reject when >, x; > ki. So
Py (i, zi > k1) =1 — ®(k1/v/n) = a, giving

ki =+vVnz—a
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Ay (two-sided sum). Reject when | Y " | ;| > ko. By symmetry Pr, (| Y1, @i > ko) =

2(1 — ®(ka/\/n)) = o, so

ko =Vnzi_am

Az (all coordinates). Each xf ~ x? independently. Accept iff every xf < k3, so
P, (Az) = [P(af < kg)]n = (1 — a). Hence P(x? < k3) = (1 — a)"/™ and

ks = Xi(l_a)l/n (the (1 — a)Y/™ quantile of x?).

Ay (first coordinate only). x3 ~ 3, accept iff 23 < ky, so

ky = X%,l—a = (zl—a/2)2

Ap (sum of squares). Y ¢ x? ~ x% under Hy, accept iff < ks, so

2
ks = Xn,1—a

(b) Set n = 2.
Test 1. 1 + x5 ~ N(u1 + po, 2), reject when 1 + 9 > k1 = v/221_o. The

power function is

Bi(p1, po) =Pz + 29 > k) =1 _(I)<k‘1—(\,u[12+u2)> =1 —(I)<Zla— Nl\‘/%/@)

It depends on (p1, u2) only through pq + p2, and is monotone increasing in pq + pio
(one-sided): power < a when g1 + p2 < 0.

Test 4. x1 ~ N(u1,1), reject when 23 > ky = Z%—a/?’ ie. |z1| > 21_q/2. The
power depends on p1 only:

Ba(pr, p2) = P(lz1] > 21-0/2) =1 = ®(21a/2 — p1) + P(—21-a/2 — 1)

Equivalently 84 = P(x3(6) > k4) with noncentrality § = u7; it ignores us entirely.
(c) Fef Hog e & kA A Neyman-—Pearson ME—M:: SEH— A AP, (#
Test 1 ZME— MP, MITT—7RHEKS: Tests 2-5: FE4E 7 7 A1 45 HES: Test 1,
Fix any ¢ > 0 and consider the simple alternative u* = (¢,¢). Relative to

Hy : (0,0), its likelihood ratio is

fur (1, 22)

fo(z1,22)

which is strictly increasing in x1 +x2. By the Neyman—Pearson lemma, the unique

= exp{t(z1 + x2) — tQ},

(up to Hp-null sets) most-powerful size-«v test rejects when

1429 > V22 4.
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This is exactly Test 1. Each of Tests 2-5 has a rejection region that differs from
Test 1 on a set of positive Hy probability; because the likelihood ratio is continuous,

NP uniqueness makes the inequality strict:

51(tat) > /Bj(tat)7 .] = 2737475'

Therefore none of Tests 2-5 can be weakly more powerful than Test 1 uniformly
over the alternative space.
It remains to rule out Test 1 itself. At the opposite alternatives p~ = (—t, —t),

Bi(—t,—t) — 0, Ba(—t,—t) — 1 ast — oo,

because the one-sided upper-tail test looks in the wrong direction while the two-
sided sum test detects an arbitrarily large negative sum. Hence, for all sufficiently
large t, Ba(—t, —t) > [1(—t, —t), so Test 1 does not uniformly dominate Test 2.

Combining the two comparisons,

‘ none of the five tests is uniformly weakly more powerful than all the others.

This proof is valid for every 0 < o < 1 and needs no numerical power comparison.
O

2.3 Q3 —HESEXHNE (Radon-Nikodym ZE)

3E: ECON 501 (JFi&trss) HEE: 5 BEAN: 5
U SR e SO ] A e A

FEEM: 2018; F—PYEHEFN 2017, 2019, 2024
ZEAN: FAHI A HEYA] indicators-simple-MCT %E#;

[FEf 501-Q3 (15 43, verbatim)

Assume f and g are measurable functions Q — [0, +o0], where (Q, F, ) is a
measure space. Define v(A) = [, fdu for A € F. Show that

(a) (6) v is a measure,

(b) (9) [gdv= [gfdu. For b) a sketch of the proof is sufficient.

Solution.

X2 1 MAREL I () Je=2% (@, JEH FIEAT . AT g
Tua, = >op Ta, RATFHBREKSUERRH > 5 [5 (b) B TRENEGE —E
RE TR (G, FAERTI g CPUMES0 . £ B do/du HYRTE.

(a) Recallv(A) = [, fdu= [o1afdpu.
(i) v(@) =0: 15 =0,s0 [0 fdu=0.
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(ii) Nonnegativity: f > 0 and 14 > 0 give v(A) = [1afdp > 0, with values
in [0, 4o00].

(11t) Countable additivity: let {Ag}r>1 C F be pairwise disjoint, A = J, Ax.
Then 14 = ) 7, 14, pointwise, and the partial sums sy := Z]kvzl 14, f increase
to 1 of. By the Monotone Convergence Theorem (the partial sums are nonnegative

and nondecreasing),

N 00
v(A):/ﬂAfd,u:/lij{fnsNdu:lij{fn/sNdu:Ii]{fn;/]lAkfduz;U(Ak).
Hence v is a measure on ({2, F). O

(b) (Sketch —the “standard machine”.) We prove [gdv = [gfdu in four
steps.

Step 1 (indicators). For g =14, A€ F: [Ladv=v(A)= [, fdu= [1afdp,
by the very definition of v.

Step 2 (simple functions). For g = Z;nzl cjla; with ¢; > 0: by linearity of the
integral and Step 1, [ gdv =3, cju(A;) =3 ;¢ [La; fdu= [gfdp.

Step 3 (nonnegative measurable g). Take simple 0 < g, T g (such a sequence
exists for any nonnegative measurable g). Then g, f T ¢gf as well. Applying MCT
on both sides and Step 2,

/gdv:lim/gmdvzlim/gmfd,u:/gfdu-
m m

Step 4 (general / remark). For signed or extended-real g with [ |g|dv < oo,
split ¢ = g7 — g~ and apply Step 3 to each part. This is exactly the statement

d
that f = d—v is the Radon—Nikodym density of v w.r.t. pu. O
m

2.4 Q4 —i1FSH MLE 585 GMM

J3/E: ECON 501 (JE#HHr%s, & GMM /hi)  EEE: d5 BEAWN: 5
BLER: R /EAE MLE. S0H. delta 32

AEEW: HHE MLE I 2018; MLE 5 delta £ x4

BEARN: LESEATHE; GMM /Najik WLLN- [ 5F%-delta

[FE& 501-Q4 (25 43, verbatim)

This question is about MLE and GMM.

(a) (5) Assume X; are i.i.d. uniform [—6,0], i = 1,...,n for some § > 0. Find
the MLE of 6.

(b) (5) Suppose Y; =0 +¢;,i=1,...,n, where ¢; are i.i.d. uniform [—1,1] and
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6 € (0,1). What can you say about the MLE of 67

(c)

(15) In b) compute E|Y;|. Use this calculation to suggest a GMM estimator
(with nonrandom weighting “matrix” equal to 1) for the unknown parameter
0. Derive the probability limit and the limiting distribution of this estimator.
(It is easier to work from first principles here rather than using the theory

of extremum estimators developed in class.)

Solution.

(a)(b) & 5 M MASE N AT, X FLHREERRK. (a) FIE.
fipME— = max | X;|; (b) UAE 8B 0 L2-F4 (% (1/2)") . MLE FRef—
—&MH. (o) BARGHEREAN B L& E(Yi]) [52—18 0 FI5ERIES
SRS, IS — R 32 (WLLN+CLT+delta 2%, AP FAMREMSTTE
H) HE plim S5ARFR

(a) The density of U[—0,0] is 55 1{|z| < 6}. The likelihood is

n

L(e):H ! S1{1Xi| < 0) = () 1{0 > max | X;[}

On its support § > max; |X;|, L is strictly decreasing in 6, so it is maximized at

the smallest admissible 8:

OyvLe = max | X
1<i<n

(b) Nowe; ~U[-1,1]s0Y; = f+¢; € [0—1,0+1], density 3 on that interval.
The likelihood is

LO)=(3)'1{6-1<Y; <0+1Vi} = (;)”n{m?xm—lgegngnmﬂ}.

On the (nonempty) interval [ max; ¥; — 1, min; ¥; +1] N (0,1) the likelihood is flat
(constant (1/2)™). Hence

the MLE is not unique: every § € [maxY; — 1, minY; + 1] N (0,1) maximizes L.
1 7

ERUBEAHFEE LA = $EH MLE”, (FEGZ X AN — fi#bE MLE (flinX A
iR 3(max; Y; + min; Y;)) s MLE fEIRZE ) A RSR N AT LA

(c) Step 1: compute E(|Y;|). Since 6 € (0, 1), the support [#—1, 6+1] straddles
0(0—1<0<6+1). With density 3,

07 +1

e =4 [ = [ o [ va] < H[OS0 O

2
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So the moment function is m(f) := E(|Y;]) = 92;—1, strictly increasing on (0, 1)
(from 1 to 1), hence invertible: § = v/2m — 1 (positive root, as 6 > 0).
Step 2: the GMM estimator. With the single moment condition E(|Y;| — m(0)) =
0 and weight 1%GMM sets the sample analogue to zero. Define W :=n~1 Y7 | Y;|.
6-+1

SOIVing W = TI

é\GMM: V 2W —1 =

9 n
=S w1
n -

=1

(well-defined w.p.a.1 since W & m(0) = 027*1 > 1.
Step 3: probability limit (first principles). |Y;| are i.i.d. with mean m(f) and
finite variance, so by the WLLN W % m(6) = L;'l. The map w — 2w — 1 is

continuous at w = m(#), so by the continuous mapping theorem

‘ §GMM = \/W =V2=9 ‘ (consistent).

Step 4: limiting distribution (CLT + delta method). Let o3, := Var(]Y;|). Now

E([¥iP) = B(Y2) = Var(¥) + (E(¥))? = =5 + 6% = 1 + 0.

0% +1

2
S0 U%V = E(Yf) — (E(\YZ\) )2 = %—1—92 — ( ) . By the Lindeberg-Lévy CLT,

Vi (W —m(9)) % N(0, o%).

~ — 1 1
Let g(w) = V2w —1, so § = g(W) and ¢'(m) = ——= = —. By the delta

2m—1 6
method (Chapter 4),

2 2 2
~ d o 1 0-4+1
\/’E(@GMM—Q)—)N(O, GI/QV>, 0-12/V23+92—< 5 ) .

XKIER 8 I AN — it — — 2t — Wl EA BRI RS BRI N I
Al : consistency 7 WLLN+CMT, asymptotic normality & CLT+delta %, J¢
T AR T — e . BB 6 = 0.4 I 03, /67 ~ 0.98, H5RERIgH
PA—2o
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2.5 Q5 —EREAMEERS/LTFLLER (MiEteE)

JAE: ECON 501 (Ji#brsd) EEE: b BEFME:
BbE s RSy R

S 2018; Hr /SR BIAE 2020-2022 HAR
EEAN: B OIS, RN EARENIAE R

[FEf 501-Q5 (10 43, verbatim)

Let {X; : 1 <i < n} bei.i.d. random variables on a probability space (2, F, P).
Let M > 0 be a finite constant.

(a) (6) Show that

P

n
;Z|Xi|§M] =1 = P[|Xj|<M]=1

=1

(b) (4) Show that the implication in a) is in general not true if the independence
assumption is dropped.

Solution.
RUE S s T —— &0 B / Bl (1 53t . (a) JOiE: #
A X > M AIERER, A iid 1A SRR ER A IR, i -Fiy
i M, SEERTE. mTENEREEES (X0 > M} ZHl n ke ARSI
WAt (b) &5— PRI B LEREEAIE, PESET 4 < M E
e, AR LGS Mo

(a) Suppose, for contradiction, P(|X1| > M) =: p > 0. By the i.i.d. assump-
tion all X; have the same law, so P(|X;| > M) = p for each i, and the events
{|Xi| > M} are independent. Hence

P(ﬂ{\xz-r > M}) = [1P(xi > M) =p" > 0.
=1

i=1

On the event (", {|X;| > M} every |X;| > M, so 23" | |X;| > M. Therefore

P

1 n
nzww] > s,
=1

contradicting the hypothesis P[1 3" | |X;| < M] =1 (equivalently P[1 3" | |X;| >
M] =0). Hence p =0, i.e.

P[Ixi| < M] =1
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O MEZEHREA n (EE n) FAFRIERIAHER 58 ERXZEE n B
HIE IEMER A 2K R A] . AR R
(b) Drop independence (fix any n > 2; for n = 1 the hypothesis already forces
|X1| < M a.s., so no counterexample exists). The construction makes “exactly one
coordinate is large” a.s., so the absolute values never pile up in the average. Let
U ~U[0,1] and set, for i =1,...,n,

Xi=nM1{=1 <U< L}

Each X; equals nM on an event of probability % and 0 otherwise (identically
distributed, with P(|X;| > M) = 1 > 0 since nM > M), and they are dependent:
exactly one of them is nonzero. Then

1 ¢ 1
—Z|X¢\:—-nM:M a.s.,
n < n

S0 P[% S Xl < M) =1, yet P[|X| < M] =1— % < 1. The implication
fails. OGN RIM: MRS — M RIRA. HAAER", v o#E)
AEABR, FFEREEE < M, mE—BANZ R AR SGE Mo ik
PEEHERR T IX P SR &7 I PR o

5§ _#4> - Econ 510 (Aradillas-Lopez)

2.6 XfFRIRELMEEE: 03, GMM. FMIA

[RR% 510 #HAIEFE (verbatim)

Consider the following model Y; = X/fy + ¢;, where X; € R*1 (assume X;
includes an intercept). ¢; is an unobserved latent variable. Suppose there
exists an observable Z; € R*2 such that the distribution of ¢; conditional on Z;

satisfies
Ple;<c—e€e|Z)=Ple; >c—€| Z;) VeeR,

almost surely in Z;, where ¢ € R is an unknown constant. (The conditional
distribution of ¢; given Z; is symmetric around the unknown constant ¢.) For
simplicity, assume that the distribution of ¢; conditional on Z; is absolutely
continuous w.r.t. Lebesgue measure (no point-masses conditional on Z;). The
econometrician observes an i.i.d. sample (Y;, X;, Z;)?" ;, and kg > ki. In what
follows, feel free to describe any additional assumptions you think are necessary.
However, incorrect assumptions will subtract points from your answers.
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JA/E: ECON 510 (JEifhrss, [H%y:) BEE: ty BEHE: b
LS XIFRRE . SRR S EEERE

FESHM: 2018; B 2020-2025 Lk HIIA

REARN: BRATRILE R, BRERE S A E

[F& 510-(i) (20 4, verbatim)

Show that the previous assumptions imply a conditional mean-zero restriction.
From here, characterize a system of unconditional (in Z;) mean-zero restrictions
that can be used to identify and estimate 3. Can you identify the intercept
in By under the assumptions described above?

Solution.

R T BXSARRZE A B =25 (1) FHR = E(e | Z) = ¢ IR
KT EERZ T 5 (2) 8 ¢ Bl MEHEETEASREL, 15250
FTHEE EY — X'Bo—c| Z) =0, HAMER A(Z) FiToFMHE: (3) X4tskit
—X OHEUE, ARSI RS AL ¢, DI T A, BEERT
ok, HEEEE + XA CREZRRTEGD .

Step 1: conditional symmetry = conditional mean. The printed condi-
tion has an evident typo (the right side should read c+ ¢, not ¢ —e —taken literally
it would force P(g; < a | Z;) = % for every a, an impossible CDF). Reading it as
symmetry about ¢, per the parenthetical in the prompt, the condition says that,

conditional on Z;, the law of ¢; is symmetric about c¢: for every t,
P(Ei <c-—1t ‘ Zz) :P(&‘Z >c+t | Zl),

i.e. g; —c and —(g; — ¢) have the same conditional distribution given Z;. Absolute
continuity alone does not guarantee that a mean exists, so add the necessary inte-
grability condition E(|e;| | Z;) < oo a.s. (or E(]g;]) < o). Conditional symmetry
then makes the integrable odd variable €; — ¢ have conditional mean zero, and

hence

‘ E(ei | Zi) =c¢ as. ‘

Step 2: conditional mean-zero restriction. Substitute ¢; =Y; — X/So:
]E(sz —X{,BO —C ’ Zz) =0 a.s.

Equivalently, defining the augmented residual &; := ¢; — ¢ = Y; — X!y — ¢, we have
the conditional mean-zero restriction

E(Y; —XiBo—c|Z) =0 as. inZ.

Step 3: unconditional moment system. A conditional mean-zero restric-
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tion generates infinitely many unconditional ones: for any measurable A(-) : R¥2 —
RF with E(]|A(Z;)&l|]) < oo, the law of iterated expectations gives

E(A(Z) (Yi— XjBy—c)) =0.

A practical finite system stacks at least ki instrument functions in A(Z;) (e.g. a
low-order polynomial / spline basis in Z;, including a constant). These moments
can identify the k;-dimensional combination (51 + ¢, B[’))’ , subject to a full-rank
condition; they cannot identify the k1 + 1 primitive coordinates (8g, ¢) jointly, as
Step 4 shows.

Step 4: the intercept is NOT identified. Write X; = (1, X!)" and fy =
(Bo.1, B(’])’ with intercept fBp1. Then

Vi — X!Bo —c=Yi — X!Bo — (Boj + ©).

Only the sum Bp1 + ¢ enters the moment conditions —the intercept 8y 1 and the
symmetry center c are perfectly confounded. Any (574, c*) with 85, +c* = Bo1+c
produces an observationally equivalent model. Therefore

the slopes 3y are identified; the intercept Bo,1 is not separately identified

(only Bo1 +cis). B RFRIERLRL K, ALYHRALE . e FRFRAUD ¢ SR
BEEHZ IR, BURTCIE KOMEX RCP R ICAE ¢ Sk Bid2#uEk B X5 7
H IEASIE p1 + pe WU % BTG 2 RIS .

JA/B: ECON 510 (J5ifstr%s, IH%L) EZEE: rhm BEFE: |
BibE R GMM M. i 25 500 JaE

FEEM: 2017-2022 GMM £4k: 2024 #Hirkibk

2iEAR: ¥ GMM sandwich, FRBIAR LRI estimand

[F/ 510-(ii) (40 43, verbatim)

Describe a GMM estimator based on the unconditional moment restrictions you
described in part (i). Characterize the asymptotic distribution of this GMM
estimator. What is the probability-limit of the estimated intercept?

Solution.

PR GMM #iR (8) : AR SEICH TiRA B4LE 0 = (Bo1 +¢, ) € R™

(EBE AL LB+, FEARKE gn(7) = n7 ! 30 A(Z0) (Yi— X{7). /ML g, W gno

KARE o TS R &R, fETH A (I IV JERAD , sandwich W) &2 B #:

B, oI plim: A5 H A EEEELE] Bor + ¢, RE Boa— ¢ it
Estimator. Reparametrize by the identified vector g := (60,1 +c, B(’))/ € Rk,

so that Y; — XZ{ Bo—c=Y; — X{'yo (the regressor on the intercept is the constant
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1). Let A(Z;) be a chosen k; x 1 (or L x 1, L > k) instrument vector, and define

the sample moments

n

> AZ) (Vi - X[7)

=1

gn(7) = %

For a positive-definite weight W (the problem’s special case W = I / scalar 1 when
L = k1), the GMM estimator is

¥ =argmin gn(y)' W gn(7)-
Y

Because the moments are linear in 7, the FOC G, Wg¢,(¥) = 0 with G,, =
—1 3" A(Z;)X] yields the closed form

~ ~ -1 ~ ~ ~
= (Sax WSax) SaxWSar, Sax =13 AZ)X], Say = 13 Az,

the GMM/IV estimator. (Exactly identified L = ki: 4 = S:)lngy, and W is
irrelevant.)
Asymptotic distribution. Standard GMM theory (Chapter 8). Let

G =E(A(Z)X]) (= —plimG,), Q=E(AZ)AZ) &), &=Y;— X/,

7

with G of full column rank k; (the identification/relevance condition kg > k1, rank
G = kl). Then

V(A=) 3 N0, V), V=(GWG) 'CWAWG(EWG).

With the efficient weight W = Q! this collapses to the optimal-GMM form V =
(G'Qta)—L

plim of the estimated intercept. The first coordinate of 4 estimates the
first coordinate of g, which is Bo.1 + ¢, not 5y 1. Hence

plim ingrc\ept = fo,1 +c

i.e. the estimated intercept converges to the true intercept plus the unknown sym-
metry center ¢ —it is asymptotically biased for 5y 1 by exactly c, the inevitable
price of the non-identification in part (i). The slope estimates are consistent for
Bo. BEikHE s (i) A0 BAERUE — 1. BE 3L / WL EAHREIRER, &
EFET IR T A BEE plim B2/ ——3% Boa +c, IFRBIRER (1) 1Y
ZNGIRI
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J3RE: ECON 510 (Jii&trsk, IH%i%) EBEERE: e BEAE: &
MIDE R KRR TR
[AEEH: 2017, 2018, 2020, 2021. 2022

2RAR: N D(2)/V(2) BAHS. FEATGE

[FR% 510-(iii) (40 43, verbatim)

Let us limit attention to instrument-functions of the type A(Z), where A(Z)
is a k1 x 1 vector of functions of Z (recall that k; denotes the dimension of
Bo). Describe how to find the efficient choice of A(Z) given the conditional
mean-zero restriction you found in part (i).

Solution.
KR FAFHFELR T I A T A [A)#——Chamberlain (1987) FU&HEEE (8 [

MR~ o BESKHELMEME E(pi(v) | Z2) =0, f£°A(Z2) BT E X—KH
e )7 2 fe/ N TR 2

Hrh D(Z) = E(9p:i/0v | 2) %ﬁ%%ﬁ%%ﬁz%ﬁzﬁ@%ﬁi@@ X(Z) = Var(p; | Z)
BRI ZIKE'WJ%?‘E pi =Y — Xjy bkt S8 = -X]. KM% =E(e7 | 2)
(LHMERD & 1A o

Setup. The conditional moment restriction is E(p;(70) | Z;) = 0 with scalar
residual p;(y) = Y;— Xy (using the identified 7y of part (ii)). Restricting to instru-
ments of the form A(Z;) € R¥, the resulting estimator solves E(A(Z;)pi(70)) =0
and has, by the part-(ii) sandwich with W irrelevant in the just-identified case,

Avar(4) = (G425 Ga) " form, with G4 =E(A(Z)X'), Qa4 =E(A(Z)A(Z) 0(2)),

where 02(Z) :=E(p? | Z) = Var(; | Z;) (the conditional variance of the residual).
Chamberlain (1987) optimal instrument. Define

D(Z):=FE <8pz ) Z> ~E(X[| Z) eRY>" 0%(Z):=E(p?| Z;) =E (e | Z;)—c? (conditional

The variance-minimizing instrument within the class A(Z) is

_ D(z) E(Xi | Z)
UQ(ZZ‘) B Var(ai ’ Zz)

(a k1 x 1 vector), achieving the semiparametric efficiency bound for this conditional
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moment restriction:

Implementation (feasible version). A* depends on the unknown
E(X; | Z;) and Var(e; | Z;). The standard two-step / feasible-efficient proce-
dure:

1. Get a consistent first-step 4 (any valid A(Z), e.g. A(Z) = Z truncated to k;
components, or a polynomial basis).

o —

2. Nonparametrically estimate m(Z) = E(X | Z) (series / kernel regression of
X on Z) and 52(Z) = E(p? | Z) from first-step residuals p; = V; — X/4.

3. Form A*(Z;) = —in(Z;)/52(Z;) and re-estimate 4 using A* as instrument.

Under standard regularity (and convergence rates for the nonparametric first step),
the feasible estimator attains the same efficiency bound as the infeasible A*. if{Z,
ik (8): RALTE = “4F7 & Thl“kF K10 TRIRENSEIN TE
g rEEE (X8 -E(X | 2), HHENA / SR X 8088 1TH Z B), 782
FMIrZE (RITZEMRD o FJ5% 0*(Z) = o® BB A* o« —E(X | Z), IERE
X JHEXS Z (a4 iy “ f il TV,

KRENLE - Year Wrap-Up

501 (Guggenberger) BJREHBER: (1) A IES = FHEUEEME. K047
Z=HHC (Qla) , fig I LIE + WLLN + JEZERGTi plim (Q1b) ; (2) FARLE LI A
AN Ho T304 (N(0,n) / x3 / x2) . “Tc UMP”E45 6560 Hk— 2 B 77 1A
(Q2); (3) MEHEER — fAiH — MCT =4Hlgs (Q3); (4) WHZSE MLE HX
AR SFEUAGEEM (Qdab); (5) B4 GMM MEE—H: 5 : WLLN4-CMT
7% plim. CLT-+delta f#4 [R5 (Qde) 5 (6) iid. F 2K "FfFEREER p™ 1 KIIE-
R T “Feimig &7 Bl (Q5) .

510 (Aradillas-Lopez) HIRHR: XFFREHETSEH R AET AL B . T2 ¢ 58
PR, BEERTIRA (XAHEE i/ii/iil) ; GMM £Eik, (HAh T H & plim
= Bo1 +c; T HE Chamberlain: A* = ~E(X | Z) / Var(e | Z),
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8i% - Roadmap (£iEXE, FE52K)

ARFEHL 2019 LEW I TS BB 4+ SEREAET: BE 2 ECON 510
(Aradillas-Lopez) [{—iE K#H, T 2T 2SLS 52BN AEMR OLS——
% R AT IELE P A T B R AU 1 OLS 76 P AE U S R, R 237
5& Guggenberger [NZiG2% (501 BAil), /NiE/IVEEHR: BKAERE — H%/5%
/R MR eHIT GERTINEE) « FEABMESFEAT ZRHE CLT. &
Wri:iiF WLLN. —Jji MLE + Neyman—Pearson + B UMP. DL [ delta
o FREACRRREE (DRI EHENCERE, AUBENE), HAHPXE
CERERTHE) 5 Bnglish formal derivation (RITHERLAAER) . RE3IILE
SOTERHTT— & \ref f5id%. BMEH, AEEERT.

3.1 ECON 510 - Aradillas-Lopez: W% 2SLS 5/ 4% OLS
[fRER eee B High] % Lit: 2019(510)
J3/8: ECON 510 (Ji&inss, 0%k EEE: g BEHM: &
¥iDE = W4 2SLS/generated regressor [ RN ER%L
FEEEI: 2019; WHEEIEL GMM. Heckit. bootstrap HE I
EiEAN: ¥R stacked expansion, RNEgE— B flitiRzE

[Ef ECON 510 Q1 (verbatim, August 2019)

Consider the structural equation
Y1 = X;Bo + doYa; + €. (1)

Let 6y = (5),00)" denote the structural parameters. Ya; is a scalar random
variable and X; is a random vector. Assume X; is exogenous: E(X;e;) = 0,
but E(Ys;e;) # 0 (i.e., Yo; may be endogenous). Model the endogeneity of Ya;

35
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through the reduced-form equation
Yoi = Zivo + mi. (2)

Z; is exogenous: E(Z;n;) = 0 and E(Z;e;) = 0; also E(X;n;) = 0. Z; contains
at least one variable excluded from X;. Allow E(n;e;) # 0, so n; is the source
of endogeneity. Plugging (2) into (1),

Yii = X[ Bo + do Zio + vi, v; = 6on; + €. (3)

We have an iid sample (Y1, Ya;, X;, Z;)% 4

(1) [60 pts] Estimate 6y by a two-step procedure. Step 1: estimate 7o in (2)
by OLS, call it 4. Step 2: estimate 6y by OLS of (3) with 7o replaced by 4. Call
the result 255 Describe the asymptotic properties of g2SLS by characterizing
its influence function.

Solution.

RSB EE o X2 A RIEIETE / WA B 2 S, 58 BBl B9 U (3):
Yii = Wilo +vi. Mt Wi = (X[, Zjno)o REEMS: 72 (3) B W, 55 v IEX
(E(Xv;) = 60E(Ximi) + E(Xigi) = 03 E((Z{vo)vi) = 70(50}3( Zini) +E(Ziei)) = 0),
FiFLL (3) HYAMER OLS BhiRE 6. (HEE MR W; = (X[, Z4) ——IalHtH
FERE T2 4. TREMS —PRmREET § ERE 2 X2
generated-regressor & [FJio HEE MU HIX P B IR 0 Bk ok, #¢ 8 YW A5
BRI /M AR T A

Notation. Write W; = (X/, Zlv) and W; = (X!, Z!4), both (k; + 1)-vectors.
Let
0= E(WW’) . Mgz =E(2:7)),

both assumed nonsingular. The selector that picks out the J-component is e =
(0, 1), so the last entry of Wi is ¢ W; = Z/4 and W; = W; + e Z/(5 — 7).

Step 1 influence function (OLS of (2)). By the standard OLS expansion
(see 4),

V(¥ =) VP Z Mgz Zimi +0p(1),  E(MyzZim;) = 0.

Step 2 expansion. The second-step estimator solves the normal equations
g25LS — Iy, Wﬂ/ifi’)_1% > W;Y1;, equivalently

1

IR, -
— Wi (Y - W8P = 0,
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Substitute Yi; = V~Vi’90 +y;and W; = W, +e Z!(¥% — ). Two perturbations enter:
(a) the residual v; (second-stage sampling noise), and (b) the generated regressor
through 4 — 9. A first-order (mean-value) expansion gives

VAP — ) = @1 2= S W + QI VA(G = 30) + oy(1)
=1

where J is the derivative of the population second-step moment E (Wi(Yu - Vifi’ 90)) =

E (Wivi(y)) with respect to 5, evaluated at 7o 34 J 5 4 HIELECIE A
SRHELT R BRI A
Computing J. Treat v as a parameter inside W;(y) = (X/, Z/v) and let
ri(7) = Y1i—Wi(7)'00. Then E(W;(v) r;(7)) has y-derivative (using OW; /9y = eZ!
and Or; /0y = —0[ 0W; /0y = —d0Z!, since only the dp-loaded component of W;
depends on 7):
J=E(eZiri(0)) ~ E(Wilh0)0Z) = E(eZv:) - dE(W;Z)) = - 0 E(WiZ]),
——
=eE(Z;v;)' =0
because E(Z;v;) = 60E(Zin;) + E(Zie;) = 0. SF—HHk—RUk I Z; 5 v IF3,
Pt LU BRZERT v BB ATk F N A2 EHITAR S B do ORHIAR— T

Assemble the influence function. Define

2955 _ 1 [WV - 5OE(Wizg) Mz—;zmi].

Then

1< )
\/ﬁ(gzsw — ) = NG iz;%zsm +0,(1) 4 (o, E(wESLSd)ZZSLS )).

Equivalently, with A = §p E (WZZO M, % (the generated-regressor correction ma-
trix),

z-ZSLS = Q_l (WZVZ — A Zﬂh) .
The asymptotic variance is Vosrg = Q' E ((Wzyz — AZz‘Ui)(WiVi - AZH%)’) Q.
Remark (A{t4ATIEIEE—F).
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ﬂﬂ%‘éalﬁeiﬂﬂﬁ ¥ MEEH v, TR AZmz Iﬁ, ESES (—RiR
/N) o IXIEEERIEIETE [ WA T B 1R f s WA A — 25 1 T R A
MZZZmZ z J = =4 (W Z’) 358 — 4 The correction vanishes only in

the knife-edge cases dp = 0 (no endogenous regressor) or E(WZZZ/> = 0. The
general two-step / generated-regressor template is exactly that of 8: stack the
two moment conditions and read off the joint influence function.

JAE: ECON 510 (F#Htrs, %) BEEE: b BFFE:
MbFES: 4 OLS [IRFRAL IR 5 ik

[AEEI: 2019; IV HA555 T E I 2023-2025

ZEAR: M reduced form NG plim

[F& ECON 510 Q2 (verbatim)

(2) [40 pts] Suppose we ignore the endogeneity of Y2; and estimate 6y by OLS
of the structural equation (1); call it #OLS.

(i) [20 pts] Using (2), describe the probability limit of OLS | and label it 6*.
(ii) [20 pts] Once again, using (2), describe the linear representation of goLs.

Note: parts (i)—(ii) require you to use the reduced-form equation (2).

Solution.

R ER. EE (1) # OLS, i Yo, 44ME. HIHTT Ry = (X], Yu) HikZE
ei MIEST (A E(Yae;) # 0) , fTLL OLS Kﬁaﬁ—fi%ﬁiﬁ M AEES
[ 0%, HFFEELRA (2) £iA™ BEEE E(Y%Ei) M oni GHCE, E(Yoe) =
E((Zivo +mi)ei) = E(miei) (R E(Zigi) = 0) o IXFEWMZET AT 0y = E(mici) iX
— R AR .

Setup. Stack the structural regressors as R; = (X, Ya;)', so (1) is Y1; = R}6p+
e; and §OLS = (I, RiRg)_li Yo RiYii. Let Qr = E(R;R]) (nonsingular).
(i) Probability limit. By the LLN and the continuous-mapping/Slutsky ar-
gument of 4,
0915 2 0" = 0y + QR E(Ryes) -

Now E(R;e;) = ( (Xie IE(Ygisi)), = (0’, E(Ygiei))/ since X; is exogenous.
Using (2) and E(Z;e;) =

E(YQzEZ) = E((ZZ('VO + m)&') = '7(,) E(Zisi) +E(7li5i) = Ope, One = E(m&') .
=0
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Hence, with e = (0}, ,1)’,

0" = o + 0ye Qe = o + E(miei) (E(R:R))™0,...,0,1).

WZETTHE Qple. K/INE opeo X 0pe =0 (Hl 55 & R Yo ES@%@ HT
0* =6y, OLS —%f MEXE. FEmE—RES W3 8 o, AH
RN Q' AEXH.

(ii) Linear (asymptotically linear) representation. Center at the (biased)

plim 6*, not at #y. Define the population residual at 6*:
u; =Y, — R0 =¢; — Rj(0" — 0y) =&, — 0y R;Qﬁle,

which satisfies E(Rju}) = E(Rig;) — 0yE(RiR) Qp'e = opee — opee = 0 by con-
struction. Then by the OLS expansion of 4,

oY * . 1 . * - * —
V(698 —6%) = QRlﬁZRi“z‘ +op(1) 5 N(0, Q5 E(uf2RiR}) Q71),
=1

with influence function 9% = QRIR u; (mean zero) and uf = g; — anaRélee
written via (2) through oy, = E(n;g;).

Remark (5 (i) HIf7#E).

(i) RO BPIOAE 6% ORE 6) ——IXE"OLS fEN A I R 241
SIHLTT : RN V/n(0 — 00) W IEAS SR (H3L 60— 0 5 9* bo # 0,
T v ggEE) o FUAEISE 0° JErhs 1wl TR & AR AIERYIELIERR

3.2 Comprehensive - Guggenberger: 501 Eifj75f%

[E5EZR eee & High] ### 2iE: 2019(Comp)

JAE: ECON 501 (LM% EBEEBEE: g BEHAN: b5
BUER: BREEE. NG/ 5 EES SR
FEEEI: 2019. 2021, 2024

EEAN: 2GFS5HE: AT EEEE
[FR% Comp Q1 (verbatim, 9 pts)

Let the joint density of X and Y be

(1+z+y)

2

————= 0<z <00, 0<y< oo,

f(z,y) =
0 elsewhere.
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(a) Compute the marginal density of X. (b) Compute the conditional density
of Y given X =z for z > 0. (c) Compute E(Y | X = z) for z > 0.

Solution.

FIXEEE. iM% (L 2 W%/ R . =25 Bls y 1304 MG
b TRy fyx BRHE. B % [(Q+a4y) P dy BEES u=1+z+y
AbFH o

(a) For = > 0, integrate out y:

fX(x)_/ooQdy_2|:_1(1+x+y)_2:|oo _ 1
o (1+z+y)? 2 y=0 (14z)?
fX(x):(1+x)2, x> 0.
(b) For x > 0,y > 0,
bty o) = L) 20ty [ 21ew?
vIx fx(x) 1/(1+4x)? (1+2+y)3
(c) Let a =1+ x > 0 and substitute u = a + y:
= 2a g [Tu—a 2(1 1 2 1
E(YX—x)—/O ywdy—2a/a 3 du = 2a <a—a~ﬁ)—2a 5 = &

EY|X=2)=1+z, >0

fale: E(Y | X =) b o 2RI, B8 X, Y IR ——RIBRE RN « +y if
W BUREERAE/N 2+ y KRR —E

J3/E: ECON 501 (#HNZ&H%) EEE: &5 BEAN: 5
BobE S HERTIE S LOTUS B9 IER

FHEEM: 2017, 2018, 2019, 2024

EEATN: BT HSIRHENLS

[FEf Comp Q2 (verbatim, 9 pts)

Suppose X is a random p-vector on a probability space (22, F,P) and g : RP —
R is a measurable function such that [|g(z)|dP < oco. Recall E(g(X)) =
[ g(z)dP. Show that E(g(X)) = [ gdPx, where Px is the distribution (push-
forward) of X.

Solution.
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RXRBE. XETENGIER SR (LOTUS) WINERIEY, gk
I RRAENLER: SRR MR A, TR 2 SRR AL, RSy 2R
AL, R SR SO R — AT R R A, OB SRR U — A HERTIUEE Y E X
Px(B) = P(X~!(B)).

Recall the push-forward Py (B) = P(X € B) = P(X~!(B)) for Borel B C RP.
We prove [, 9(X)dP = [;, gdPx by the standard machine (see 1).
Proof for Theorem

[STRUCTURE —know the steps, fudge details]
Step 1 (indicators). Let g = 1p for Borel B. Then g(X) = 1p(X) =

Lixeny, so

/]IB(X)dP:P(XEB)ZPX(B)Z/ 1zdPx,
Q RP

which is exactly the definition of Px.
Step 2 (simple functions). Let g = > ;' axlp, be nonnegative simple. By
linearity of the integral and Step 1,

/Qg(X)dP = ;akPX(Bk) = /RpgdPX.

Step 3 (nonnegative measurable). For g > 0 measurable, take simple 0 <
gn T g pointwise. Then g,(X) 1 ¢g(X) pointwise on . By the Monotone
Convergence Theorem applied on both sides and Step 2,

/g(X)dP:lim gn(X) dP = lim gndPX:/ gdPx.
Q noJo n Jre RP

Step 4 (geneml integrable). For general measurable g with [ |g(X)|dP < oo,
split g = g™ . By Step 3, fQ g5 (X)dP = fRP *dPx < oo (finiteness from
[lgldPx = f |g )| dP < oo, itself Step 3 applied to |g|). Subtracting,

E(g(X))=Ag<X)dP=Apg+dPX—ApgdPX:/RpgdPX. o

B BGEUEIAAE Step 1 2] Px M9E X, Har e @ bELgs o pUbEE
F i DAY AL IE A R AT £

J3E: ECON 501 (iR EBEE: 5 (W) BEHAN: 5
BLE R ARYE/ T ERE CLT 5—5iE

FAEEI: 2019. 2020. 2021. 2025

EREAN: LM 85 4k CLT [y 240
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& Comp Q3 (verbatim, 12 pts)

Let Xi,..., X, beiid. w1th mean g and variance o2, and let C' = o/u. De-
fine X,, = n_l Y X, 62 =0t (X - X)? and Cn = 60/ Xn. (a)
Establish consistency of én for C' (you may use the LLN, rules for convergence
in probability, and Slutsky) State assumptions. (b) Find the asymptotic
distribution of n!/ 2( — U, 0 02)/. State assumptions.

Solution.

PICBEEe (a) & LLN + HEZimest/Slutsky fFRE 2t (4) 0 MfE—ZRU25

ANBER O, FrLMEIR p # 0, I AEARR. (b) BRI ES AT 2R B
& CLT: St 67 #iilh p AHUDIIRRA (Z2— Op(1/n) FIZNE) , X —ZElm &t
(Xi =, (Xi —p)? = 0%) B EZTC CLT, #hyyZBHBL = PUHHuHE, B
AT PR A R

Assumptions. X; i.i.d.; u # 0 and E(X?) < oo for (a); additionally E(X}) <
oo for (b). Write central moments u3 = E((XZ —p)?), py = IEJ((Xz - ).

(a) Consistency. By the WLLN, X,, % u and n” 1Y x5 E(X?). Since
62=n"1Y0" X2 - x4 E(X?) — p* = ¢ (CMT on the difference), and the
square root is continuous on [0,00), &y, P, With o # 0, X, & p # 0, so by
Slutsky

Co=222%_¢c |G, B0
Xn M

(b) Joint CLT. First, 62 =n=1 Y " | (X; —p)? — (X, — p)?, and (X,, — p)? =

Op(1/n), so yn(62 — %) = n(n ' Y0 [(Xi — w)? — 0%]) 4+ 0p(1). Apply the
multivariate CLT (4) to the i.i.d., mean-zero vectors V; = (X; —p, (Xi—u)2—02)/:

X, —u 1 — d
n = =Y Vi+o,(1) & NO.T), E=EWV).
f(&%—ﬁ) Vi (1) (0,%) (Vivi)

The entries of >:
211 == Var(XZ) = 0'2,

Yo =E((Xi — 1) [(Xs — ) = 0%]) = ps,
Yoo = Var((Xi — u)2) = f1q — o

X, — o?
) (o) M4‘i‘°’a4))-

AR, p3 = e
0, pa =30, #5 T = diag(c?,20%)) . E_Eﬁfu nifgEn—1 T%W‘&Bﬁo

Hence

7 LJ\
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J3/E: ECON 501 (iZN%4H%) EEE: by BEHAB: b5
BUER: AR EE WLLN

FAEEW: 2019; HESIWSCKIL 2023, 2025

EEA I FRAR G S BT P ST 0 B AR PR

[FfE Comp Q4 (verbatim, 10 pts)

Let X1,...,X, be ii.d. mean-zero random variables with a distribution sym-
metric about zero and variance not necessarily finite. Prove the law of large

numbers by a truncation argument, using

Xo=n"> XA(X| <) +n ') Xil(IXi|>¢), >0
=1 1=1

Solution.

HIBER. JENREICST, AREERE L L? FAH. Bk (4 1@ WLLN) :
[E ¢ 410 X DI Esig s CHS M AARR. ] Chebyshev #6135 17
ORI BRI E AR/ N « REPHEEES (B H B mean-zero) = 11
E(X) =0, M E(|X]) < oo (—Hr#xHAMR) ., T5& E(X[1(|X] >¢) = 0 (%
FIE0 o XIFRIELEBET S B 3o (E(XL(|X] < ¢) =0), IEBE 4. H
PR X, 50,

Goal. X, B 0. Fix ¢ > 0; we show P(|X,| >¢) — 0.

Proof for Theorem
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[REPRODUCE —memorize this proof]

Decomposition. For ¢ > 0 write X; = Y; + R; with V; = X;1(|X;| < ¢,
R; = X;1(|X;] > ¢),s0 X, =Y, + R,,.

Symmetry centers each part. Symmetry about 0 makes z — z1(|z| < ¢) and
x +— z1(]z| > ¢) odd integrable functions, hence

E(Y;) = E(X;1(|Xi| < ¢) =

(We read “mean-zero” as E(X;) = 0 in the usual sense, i.e. E(X;") and E(X,")
are both finite and equal; equivalently E(|X;|) < oo with E(X;) = 0. This
first-absolute-moment finiteness is exactly what makes Y;, R; integrable and
drives the tail control below. The symmetric infinite-mean case—e.g. Cauchy,
where E(|X;|) = co and no centering is even defined—is therefore excluded by
hypothesis; the truncation WLLN as stated relies on E(|X;]) < o0.)

Truncated part —Chebyshev. |Y;| < ¢, so Var(Y;) < IE(Y?) < ¢? < 00. By
independence and Chebyshev,

_ Var(Y,) Var(V;) _ 4c?
P(|Y; 2) < = < — —0.
(Wl > e/2) < (e/2)? n(e/2)?2 ~ ne? n—oo
Tail part —integrability. Using E(R;) = 0 and Markov on |R,| via the
triangle bound E(|R,|) < E(|R1|) = E(|X1|1(|X1] > ¢)),

E(|Ra]) 2

P( Bl > ¢/2) < =5 < ZE(Xi[1(Xa] > ).

Since E(]X1|) < 0o, dominated convergence gives d(c) = E(|X1|1(|X1| > ¢)) —
0 as ¢ — oc.
Combine (double limit). For any € > 0,
_ _ _ 4t 2
P(|Xn| >¢) <P(|Ya| >¢e/2) + P(|R,| >¢/2) < e R 5(c).

Given ¢ > 0, first choose ¢ large so that 20(c) < €'/2; then for that fixed c
choose N so that n > N = 7%2 < €/2. Hence limsup, P(|X,|>¢) < € for
every ¢ >0, so P(|X,| > &) — 0. Therefore X,, > 0.

Remark (f5 vs. —#R1EH).
XFRPER R A" EEERGH EY:) =0, & 7 BEHE — 0'HEsNe

e BAXMFIR, FE2—HiE E(X1(]X| <¢) = E(X) =0 HmE M Y, Fimid.
SElEE ¢ ik n — oo HHil ¢ — oo B BEARIR KT E X ZEUE A o




Chapter 3 2019 ¥i&% ¥ (Worked Solutions) 45

J3E: ECON 501 (#FgNZH2E) FEE: 5 (W) BEHN: 5
¥%i0# 5 Binomial MLE. NP. MLR 5 UMP

FBEEEIM: 2017, 2019. 2023. 2025

ZiEA: MLE/CLT nf#iiz#fi; NP 5 Karlin-Rubin 522757

[E& Comp Q5 (verbatim, 12 pts)

Suppose X ~ bin(n,p) with pmf f(z,p) = (Z)px(l —p)"* x=0,...,n,p€E
[0,1]. One observes a single X. (a) MLE of p?  (b) Asymptotic distribution
of the ML estimator as n — oo?  (c) State the Neyman—Pearson Lemma.
(d) Level-a UMP test of Hy : p = pg vs. Hy : p = p; for p; > pg (simplify; treat
the critical value as if continuous).  (e) Level-a UMP test of Hy : p < pg vs.
Hy:p > po.

Solution.
RIERE. (a)(b) & =W MLE 5 CLT (5); (c)(d)(e) 244165 (6): NP 5|
M — B RO R A LRSS — i MLR ) 2 B A 5 R1% (Karlin-Rubin)
s ISR R T X B, EdEgis 2 {X > k).

(a) MLE. Log-likelihood ¢(p) = log (%) + X logp+ (n — X)log(1 — p). Setting

E’(p):%—%:Ogives)((l—p):(n—X)p:>X:np, S0

(¢" <0, interior max; boundary handled by X € {0,n}).

(b) Asymptotics. X =" | B; with B; S Bernoulli(p), so p = B,,. By the
CLT,

Valp—p) 5 N(0, p(1 - p)),

matching I(p)~! = p(1 — p) since the Fisher information per observation is I(p) =
CETy

(c) Neyman—Pearson Lemma. For testing simple Hy : § = 6y vs. simple
Hy : 60 = 0, with densities fy, f1, consider the likelihood-ratio test that rejects
when fi(z)/fo(z) > k (and randomizes on = k) chosen so that the size is exactly
a. Then: (Ezistence) such a test of size a exists; (Sufficiency) any test of this
LR form is most powerful among all level-a tests; (Necessity) any most powerful
level-a test must be of this LR form (a.e. where fo + f1 > 0), up to behavior on
{f1 =Ekfo}-

(d) Simple-vs-simple (p; > po). The likelihood ratio is

M) = T - (1) (=)

Since p; > po implies z;g:g;’; > 1, A(X) is strictly increasing in X. So {A > k} =
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{X > ¢} for some c. By NP, the level-oo MP test is

#(X) =1{X > c}, cchosen so that Pp, (X >c¢) = .

(Treating the critical value as continuous, no randomization is needed.)

(e) One-sided composite. The binomial family has monotone likelihood ratio
in X (the ratio f(z,p")/f(z,p) is increasing in = whenever p’ > p). By the Karlin—
Rubin theorem, the test

H(X) =1{X > ¢} with Pp,(X >¢)=a

is UMP level-a for Hy : p < pg vs. Hy : p > po. [A]—fE4ds: MLR f#iE (d) 1
g SR pr, RIEDHRUE Hy E—Eumil. B —RERFALE p < po
L p = po BE LR a.

JA/E: ECON 501 (#ANAHE) EBERE: m BHFFE: &

BbER —BiRMI I delta 35

[FEEH: 2019. 2022. 2025 AT 8

RGN DERN n R n, FEEL Taylor I

[f7% Comp Q6 (verbatim, 8 pts)

Let Y, satisfy v/n(Y,, —6) L7 ~ N(0,0?) as n — oo, for scalars § and o > 0.

Let g € C?(U) on an open neighborhood U of 6, scalar-valued, with g’(f) = 0.
Work out the limiting distribution of ¢(Y;,) (first find the correct normalization

and centering). State any additional assumptions.

Solution.
PRI ¢'(0) = 0 B delta B (—FHIEK), ZH =R delta ik (I 4).
—WIR T SR M g(Ya)—9(0) ~ 5 ”(9)(Y —0)%. (Yn—0)* = Op(1/n).
FrUEBRHIEORE R n O2 Vi) | WBEE X7 bR GRS . BOMBIZ: ¢"(0) # 0
(A ZFr iRl , WBRBR N BT 0) .

Additional assumption. ¢”(6) # 0 (otherwise the leading term vanishes and
n(g(Ya) - 9(8)) % 0).

Derivation. A second-order Taylor expansion of g € C? about 6 gives, for Y,

near 6,

9(Yn) = g(0) + ¢'(0) (Yo — 0) + 39" (0n) (Vs — 0)?,
with 6,, between Y,, and 6. Since Jg(6) =0,

From /n(Y,, — 0) 4 7 we get Y, B 6, so 6, 2 6 and by continuity of ¢”,
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g"(0,) B ¢"(0). By the CMT, [y/n(Y, — 0)]2 % 22 = 02y2. By Slutsky,

$9"(0) 0” xi.

AR BERE X3 IR, SORBREER. 1% o(6) > 0 EZHETE [0, o0)
(Yo =072 g WRHBN. s g B0 g"(0) < 0 BSHEFE (—00,0], iX
ER Y SN R SRR 75 n.
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5i% - Roadmap (£IEXE, FEAK)

2020 FFREE T/ : Q1-Q7 & 501 KGR G (SRR L? 5.
BEAAS EL AR Branit | SHERR S . IS MGF EIE4A. G /Roy iR
Al FEARTT ZESHEARBEFITBIRIR . A SO AT . sz /BE S A
MR =BT, Q8-QI1 & 510 Xig (SEUHRSCHE TR EH . [ & BIE
Ay probit. FELZEMFHY rank HA. TR E FHRMTE), Q12 &t
S o

REEG RS2 S BEE (S HZ AME— J]), 7545 English formal derivation
5 boxed final answer. FFHlIERENG K EwHEG: Q8 BYENT MLE 24EIE
M SR, QL0 HYHA I BAREUR 2 HM AR R R . FRERER (delta
. CMT. Markov. g TEAR) #AERTHET, AZENEEFER, A
o

4.1 Q1 —FHHE (L° %) TH. SHEMEX

JAE: ECON 501 (#ANAIHZ) EEE: 5 BEHAE: 5
BbE R L2 1%, BRERSEEER

FEREI: 2020, 2021, 2024; Z{-H1E L E B0

EEAN: B EXAEY; BEERE SO

[F7% Q1 (verbatim)

Suppose that (X,Y) has a joint probability density function fxy(z,y) =
8ryl(0 <z <y <1).

(a) Obtain the function g : (0,1) — R such that for any measurable function
h:(0,1) — R, we have E({Y - g(X)}2> < E({Y _ h(X)}Q).

(b) Let Z = X?2. Obtain the probability density function of Z.

48
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(c) Compute the correlation coefficient between Y — ¢g(X) and Z, where ¢
and Z are defined in parts (a) and (b) respectively.

Solution.

B (a) RIEY TAER b &S/ ME MSE 1 g 4858 U2 &I g(2) =
E(Y|X = 2)—XIE2 3 By TR = L7 KA . Sere=Mp
r <y <1 By BUL X RILGRERE, BRI, (b) il 2 = 2, B
TERA (2)0 (o) REANZHH, MEFH Z = X7 2 X lREL MHkE Y - g(X)
XX FHEENTE—T 2T 0, HHRARECN 0,

(a) Conditional mean as the L?-optimal predictor. By the projection
characterization (3), the minimizer over all measurable h is g(z) = E(Y | X = z).
Compute the marginal of X: for x € (0,1), integrating y over [z, 1],

2 — 4p(1 — 2?), z € (0,1).

1
fx(z) = / Srydy =

Hence the conditional density on y € [z, 1] is

8xy 2y

fY\X(Z/’ﬂf) = dz(1 — 22) 12

and

2 1-2° | 21-2%| 21+az+a?

1
2y
—F(Y|X =) = . dy= 2 .~ —% _|2 _z
9(@) =EY | X =) /ryl—gﬂy 1-22 3 31-22| 3 1+a

(b) Density of Z = X%. The map z = 22 is strictly increasing on (0, 1) with

x =z dﬁ = f By the change-of-variables formula (2),
dz
f2(2) = fx(V2) || = 4Vz (1 - 2)- M =[20-2), 2€(0,1)]

i.e. Z ~ Beta(l,2).

(c) Correlation of the residual with Z. Let R := Y —¢(X). By construction
E(R|X) =E(Y|X) — g(X) = 0 almost surely. Since Z = X? is a (measurable)
function of X, the tower property gives

Cov(R,Z)=E(RZ)-E(R)E(Z) =E(ZE(R|X))—0=E(Z-0)=0.
Therefore the correlation coefficient is

Corr(R, Z) = \/VZEN(RVZE 2) =[o]

(provided Var(R) > 0 and Var(Z) > 0, which hold here).
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B RAAHE Var(R) 8¢ E(RZ) BEMAREE. TFRESEM X 19eRECR
MK BEMIE/L? N IESEEREL—% L5 E(R|X) =0 =
Cov(R,m(X)) = 0 BIA] &3>

4.2 Q2 —E#HNH (RUXKEER). f/IME. BRRAS TR

JA/B: ECON 501 (A2 EEE: vhm BEAM: b5
BbE R fERRZ iSO BoIMAS PIT

FEEI: 2020, 2021, 2025 HIHEES i ] e

E#EFR: 7 exponential memoryless/hazard; order statistic Flizfk

[RR% Q2 (verbatim)

Let X1, Xs,...,X, be iid. random variables. Suppose that P(X; <0) = 0
and limp o P(X1 <z +h| X1 >x) /h =1 for all z > 0. Further, let X ;) be
the jth smallest variable among Xi,...,X,,.

(a) Please compute E(X)) and E(X(q)).

(b) Let F' be the CDF of X;. Please derive the CDF and the pdf of Y{;) :=
F(X() for j=1,2,...,n.

Solution.

BUg: (a) 5B ERBEER \(2) = f(2)/F(z) = 1. ZHEALE (0,00) FRYHAE
B XU 28 ME— 2] 1] Exp(1). n NpESS Exp(1) B&/MEZ Exp(n). (b) BEZFH
G378 Uy o= F(X;) ~ Unif(0,1), HE j 4t E Beta(j,n —j+1). X
HAE 2 IR — o

(a) The hazard rate is

. Ple<Xy<z+h) . 1
Az) =1 —lim-P(X; <z +h|X —1 .
@) =l X, > o) iy P sz +h] X > ) (z>0)

With P(X; <0) = 0, the survival function solves %[— log F(z)] = AMz) = 1,
F(0) =1, s0 F(z) = e ® and X; ~ Exp(1). Hence

E(X;) = L.

For the minimum, P(X(;) > t) = P(X; > ¢)" = e ™, so X(;) ~ Exp(n) and

1
.

E(Xq) =

(b) By the probability integral transform, U; := F(X;) jeva Unif(0, 1), and

because ' is nondecreasing, Y(;) = F(X(;)) = U, the jth order statistic of n
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ii.d. uniforms. Thus Y{;) ~ Beta(j,n —j + 1):

n!
(J = DlHn—j)!

fY(j)(y) = yjil(l - y) nijv ye (O’ 1)7

with CDF (regularized incomplete beta / binomial tail)
n
FY(]-)(y)_ ]) _y Z( > _ky yE[O,l].
k=j

Y K AT SEE AR F—— X IE MR m g ), R Mgt & A
WHEFA distribution-free 518 IR

4.3 Q3 —AEXA MGF EIEL + LMSEHTHRGHE

J3E: ECON 501 (#gNZ&H%E) FHEE: & BEHAWN: 5
BbE = MGF R IEA S 51452

FEEI: 2020, 2021. 2024. 2025

SRR Mty 2, FAY Mills 205

[RR% Q3 (verbatim)

Suppose that X and Y are random variables with E(exp(tX +sY)) =
exp {(t? + s?)/2} for all ¢, s € R. Please compute E(2X +Y | X + 2Y > 0).

Solution.
SRR B MGF = exp{(t2+52)/2} é}%:— H MGF, %o BRI exp{p/t+

LSty i p =0 S =1, B X,Y "% N0,1). 4 A=2X+Y. B= X +2Y,

TEBAES. MESESH EA|B>0) = E(A) + C@“IE‘BB E(B|B>0) (4

i A X B iz, kEYS B ML, 5 {B > 0} fhisn) o FIESBHE
E(B|B >0)=+/2Var(B) /7. ¥ 3 ZICIEA—T.

Identify the law. The MGF exp {3(t> + s?)} matches the bivariate-normal
MGF exp {pn'(t,s) + 5(t,s)5(t,s)" } with g = 0 and ¥ = I,. Hence X,Y S
N(0,1) (MGF determines the distribution, 2).

Set up. Let A=2X +Y, B=X +2Y. Then (A4, B) is jointly normal with

E(A)=E(B)=0, Var(4)=4+1=5, Var(B)=144=5, Cov(A4,B)=21+12=4.

Cov(A, B 4
Project A on B: A= M B +n = -B +n, where 5 is jointly normal with
Var(B) 5

B and Cov(n, B) = 0, hence L B. Therefore

E(A|B>O):§E(B|B>O)+E(n):%E(B[B>O).
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For B ~ N(0,5), the half-normal mean is E(B | B > 0) = /2 Var(B) /7 = \/10/7.
Thus

4 1 2
EQX +Y[X+2Y >0)=¢ £:z4gszmz
T T

Bls MUE 4/2(5m) ~ 1427, 55 TIERI% = PHE B >0 L A WIHDHIE ) [
R

4.4 Q4 —MN (V\7) iRABELERMAGST / RiAETHIEK

A
=)

JAE: ECON 501 (#ZNz5H2k) EEE: f BEHE:
Vol B A R bR B S B v

ARSI 2020, 2021 AYIRAIEL 4[5 510 (FEINAIEH
ZiEFA X F observable cells BRG] BEA A AT e

[FRE Q4 (verbatim)

Suppose that (Y7,Yp) and T are independent, where T' is Bernoulli. Define
Y == YiT + Yo(1 - T).

(a) Can we identify the (marginal) distribution functions of Yy and Y; from
the joint distribution of (Y,7)? Prove or disprove.

(b) Suppose that Y; and Y[ are also Bernoulli and that they are de-
pendent such that Y; > Yy with probability one. Can we identify
P(Y1 =1|Yy =0) from the joint distribution of (Y,7")? Prove or dis-
prove.

Solution.

B X2 Roy /AR SR8, REARE T L (Y1,Y0). (2) /£ T =1
MR Y #E Yo, BRI, SR = %A, A g R
(REO<P(T=1) <D, (b) M EEFNE Y1 > Yo JLPALAL, —JT 0/1 IERG#
PO ZME—ETHE, T2 HARER IR SRIHEZRIL 7.

(a) Yes, both marginals are identified. Assume 0 < p:=P(T'=1) < 1
(otherwise one arm is never observed). For any Borel set C,

PYeC, T=1)=P(Y1eC, T=1)=PM, €C)P(T =1),

where the last step uses T' L (Y1, Yy). Hence the observable left-hand side gives

P(YeC, T=1)

P(Y1€C): P(TZl)

=PYeC|T=1).
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Symmetrically P(Yo € C) = P(Y € C|T =0). Both are functionals of the
observed law of (Y,T), so the marginal CDFs Fy,, Fy, are point-identified.

e e (LY =Yp), T=1 FERNR YT =1, Fnk
TG ——IXIE R WM BRI X BN R R A e
(b) Yes, P(Y; = 1|Yy =0) is identified. From part (a) the marginals are

identified, so we know
p=PYi=1), p:=Py=1).

Monotonicity Y7 > Yp a.s. rules out the cell (Y1,Y)) = (0,1), so the joint pmf is

pinned down:
P(Y].:]-a}/():l):p(b P(}/:l.zla}/bzo):pl_p07 P(Y].:O7}/0:0):]-_pla

(and necessarily p; > pp). Therefore

P(Yi=1Yo=0) [ pi—po
PO==0=""50 20 < o

which is a function of identified quantities, hence identified. Identified. | B
B 0/1 70 + B = =Fh 1287 (always-1. switcher. always-0), iZg—
SERLRE RAEB RG] X IEZE LATE/ S iR By B iU

4.5 Q5 —HAFESHARIEFFTHRRSM (delta %)

JA/8: ECON 501 (#M4AIH%) EEE: & (W) BEAN: &
RbF R HATT 2 S E VT MRS

FASEEM: 2019, 2020, 2021, 2025

EEAN: HATZLMMAA delta IEREAERAUS

[F& Q5 (verbatim)

Suppose that Xy,..., X, are i.i.d. with E(Xf) < o00. Let o =nt Yoo X
and 62 =n~' Y | X? — 4% You may assume o2 > 0 and E((X; — p)*) > o,
where u = E(X;) and 02 = Var(X;).

(a) Derive the (non-degenerate) limit distribution of n" (6% — %) for the ap-

propriate r > 0.

(b) Derive the (non-degenerate) limit distribution of n” (42 — u?) for the ap-
propriate r > 0.
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Solution.

JEEE . PR CLT + delta ¥ (4). (a) #1162 HRx (X;, X2) FEAKIMER
PR, HERTLE—TRRIAS: FRE i R, W pa — ot A pa > of
FUEMIEEIERML. (b) X g(m) = m? H delta %2 ¢'(1) = 20 p # 0 FHE Vi
RIEA: p=0 B—HIEARK, BAR r =1, WEE 02X (ZFr delta %,
U4 BB delta i) .

(a) Write 62 = my — fi* with my =n~1 3" | X2. A clean route: center at p.
Let W; := (X; — pu)?. Then

n

. 1 N = .
6t == (Xi— ) = (= p)* =W = (5= p)*.
i=1
Since (i — p)? = Op(n~') = 0,(n~1/2), it is asymptotically negligible at the /n

scale, and E(W;) = o2. By the CLT,
Vi (6% = 02) = Vi (W — 02) + 0,(1) 5 N(0, Var(W7)).

Here Var(W1) = E((X1 — p)?) — 0 = s — o, where py := E((X1 — p)?). So
_1
r = 5 and

~92 2\ d 4
s M4 ;
Vn (6% = o) = N(0, pg — o)

non-degenerate because juy > o* by assumption.
(b) Apply the delta method to g(m) = m? at m = u, using v/n(jt — p) LA
N(0,02).

Case 1 # 0: ¢'(1) =21 # 0, s0 r = 1 and

Vi (@2 = p?) 5 N0, 4%0%).

Case p = 0: the first-order term vanishes; the limit degenerates and one needs

r = 1. Directly,

n (@ =0) = (Vo) % (N(0,0%)" = 0?x%.

n i LApR X7 (when u = 0).

WSS (b) RASER . o= 0 & delta W S HEIRRILAT, HM n'/? B
B n'. BNES R F—IXR [ B delta 1 (2051
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4.6 Q6 —YrSRA YT (HAFIITER)

J3/E: ECON 501 (&4 )2%) EEE: & (W) BEHAN: &5
TLE R WL Oy CMT 5 L2

FEEI: 2020, 2021, 2022, 2024. 2025

ZIEAN: GMERESE D RERY); EmEE et

[F/& Q6 (verbatim)

Prove or disprove each of the following statements. You may assume that all
the random variables are defined on the same probability space.

(a) If X,, “% 0, then we must have E(X,,) — 0.

(b) If E(]Xn]?’) = O(n), then we must have X,, = O,(n'/3).

(c) If X, KN X, then we must have h(X,,) 4 h(X) whenever h is a continuous
function.

(d) If X, 4 0, then we must have X,, 5 0 as well.

(e) EE((Xn —Y)?) = 0, where E(Y?) < 0o and E(X2) < oo for all n, then
we must have E (X2) — E(Y?).

Solution.

R XTSI TSR PREE R (R1E 4. (a) R—k—
HoTRRPE 2 fil. (b) H——Markov A% (c) H——CMT. (d) H——1i8
PBIRT 5 224 Do (o) B1——L2 JuBUESE (REMA%ER) .

(a) Disprove (FALSE). Let U ~ Unif(0,1) and X,, = n1(U < 1/n). Then
X, (w) — 0 for every w with U(w) > 0, i.e. X,, 3 0; yet B(X,) =n - =140
Almost-sure convergence does not control the means without uniform integrability

(mass escapes to +00).

(b) Prove (TRUE). By Markov’s inequality, for any M > 0,

P(IXu| > Mnl?) < E(%1) o _ oq)

M3n  M3n M3
Given n > 0, the O(1) constant C satisfies suan<|Xn|3) /n < C, so choosing
M = (C/n)Y/? makes sup, P(|X,| > Mn'/3) < 1. Hence {X,/n'/3} is bounded
in probability, i.e. X, = O,(n'/?).

(c) Prove (TRUE). This is the Continuous Mapping Theorem (4). If h is

continuous (the discontinuity set has Px-measure zero suffices), then X, 4 X =
h(X5) 4 h(X). Sketch: by Skorokhod’s representation there exist X, 4 X, X 4
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X with X,, — X a.s.; continuity gives h(X,) — h(X) a.s., hence in distribution,

R d
and distribution is preserved under =.

(d) Prove (TRUE). Convergence in distribution to the constant 0 implies
convergence in probability to 0. The limiting CDF is F/(z) = 1(z > 0), continuous
at every x # 0. For ¢ > 0,

P(|Xy| > ¢) < P(X, < —e)+P(Xy > ¢) < Fp(—¢)+(1-Fp(e)) = F(—¢)+(1-F(g)) = 0+0.

Hence X,, % 0. R THRBREREE Seb) k. wikERE%.
(e) Prove (TRUE). E((X, —Y)?) — 0 means | X, — Y|, — 0. By the

reverse triangle inequality in L2,

Il = 1Yll | < 1Xn =Yl =0,

50 | Xnlly = [Vly, ie. E(X2) = | X,]5 = V][5 = E(Y?).

4.7 QT —MiL /) FHWHEML / FAHEX: =106

J3E: ECON 501 (N EEE: 5 BEHAN: &
Bob s oy SREST S AN S S 1)

FHEEM: 2020, 2021, 2023. 2024

ERAN: L= EE SR A& H )

[FR@E Q7 (verbatim)

Create a joint distribution of two random variables z,y with finite variances

for each of the following three situations:
(a) x,y are independent;
(b) y is conditionally mean independent of z but z,y are not independent;

(¢) y and z are uncorrelated but y is not conditionally mean independent of

x.

You can choose whether x,y are discrete, continuous, or mixed and whether

you provide distribution functions or probability mass/density functions.

Solution.

B IXAEIX 5 =2 EAR S [ToK ) phar = WA = AR, Eig
(e EAERB ZEN G o (b) EHEMNARAMN, = 1L 2R = 28 (RJ7
#) o (c) EAMREIEHEM = iF E(y|2) & = IBEE (122, W5
7T 2% JHEIL 3.

(a) Let z,y b N(0,1) (or i.i.d. Bernoulli(1/2)). Finite variances, and the
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joint density factors f(x,y) = ¢(z)d(y), sox Ly. v
(b) Mean-independent but not independent. Let x ~ N(0,1) and n ~
N(0,1) with n L =, and set y = xn. Then

E(y|z) =xzE(n) =0 (does not depend on x): mean-independent,

but Var(y|z) = z?Var(n) = 2? depends on z, so the conditional distribution
varies with o and = [ y. Variances are finite (Var(y) = E(2?) E(n?) = 1). v

(c) Uncorrelated but not mean-independent. Let z ~ N(0,1) and y =
2?2 — 1. Then

Cov(z,y) = E(:L’(l‘2 —-1)) = E(:U3) —E(x) =0 (uncorrelated),
because all odd moments of N(0,1) vanish, yet
E(y|z) =2? —1 depends on z = not conditionally mean-independent.
Finite variances (Var(y) = Var(2?) = 2). v/ [k: B URHGEAEREEMS7 ), ik

E(ylz) KT = XF () (HeRES o XM A EE R BOEss, W& H
I8N 0,

IREBHRZE TH OLS —E!%. #iE9fH. ML 5

4.8 Q8

J3/E: ECON 510 (#AZAIHK) EEE: o BEHE:
BoE R HBNESHEATR OLS. MLE 5303

AEEH: 2020; HilH/AEFRAILE 2023-2025 LA Heckit FEI
Z2iEAFN: XS truncation 5 selection; HEFEMEISRIH—{L I

[F& Q8 (verbatim)

Consider y; = :UZTBO + wu;, where z;,u; are mutually independent, data are
i.i.d., and E(xzx:) > 0. Further, u; ~ N(0,1). The variable y; is unobserved.
Instead, you observe y; = y* if and only if |u;| < 1.

(a) Show that the OLS estimator 3 of fy is consistent.

(b) Figure out what the asymptotic distribution of B is in this specific case.
(Only this specific case is needed.)

(c) Suppose one would instead use ML. Write down the loglikelihood function

for this specific case (you only observe y; when |u;| < 1).

(d) Would the MLE in this case be more or less efficient than absent the
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truncation? Explain.

Solution.

BB MR Jwi] < 1———KRTF v ¥R BS o WIZES. PR
fiv: (1) MR = @WE E(u| Jul <1,2) =0, B E(zu) = 0 fEEFHARL])
JESZ = OLS —#: (i) MR P(jul < 1) AMEH o (K v L z) = AR
E(za') K2 (b) W7 Z=BEIBHR Var(u fu] <1)- (E(zz’))", #lir%
B (o) BWTESMR. (d) FEIEGZMIR, BRI EMR .

(a) Consistency. Conditioning is on the event S; := {|u;| < 1}. Since u; L z;
and the truncated N(0,1) on [—1,1] is symmetric about 0,

E(u; | Si, i) = E(ui | [u;] <1) =0,

;) = E(x; E(u; | Si,x;)) = 0. OLS on the
observed sample solves 2 3~ s, Ti(Yi — z; B) =0, giving

0= (8wl ) e 8 (e 15)) B 5 =0

so in the selected population E(z;u; | S,

(The selected design ]E(.%'Z.%';r | S’i) = ]E(x,xj) > 0 because S; L x;.) Hence BB B.

(b) Asymptotic distribution. Put S; := 1(|Ju;] < 1), ps := P(S; =1) =
20(1)—1,and Q :=E (xl ) On the selected sample the errors are homoskedastic
with variance 0% := Var(u;|S; = 1). Conditional on the number ng = >, S; of

observed units, the usual OLS CLT gives

\/@(B — bo) A N<O, o7 (E <xleT) )71).

Compute the truncated variance for u ~ N(0, 1) restricted to [—1, 1] (mean 0 by

symmetry):
26(1) 2(0.24197)
2
=1 ) o= 20 50,2011
T 20(1) — 1 0.68269

viis (3= ) 5 N(0. (1- i) (B (el ) ™).

If n denotes the number of latent draws before selection, then ng/n 2 pg and

Slutsky equivalently gives

Va(B- BOHN( "TQ )

o &~ 0.2911; LMREA TFORMFEAR ns IH—KINH 02Q 7", DIBAIHEEL n IH—
PRFIEEER MR ps ~ 0.6827.
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(c) Log-likelihood (truncated normal). Conditional on being observed,
1; has density equal to the N (:E;-rﬂ, 1) density renormalized over the region
|lyi — =z B] < 1:

¢(yi—$¢T5)]l{

fyil@i, Si=1;8) = o

yi—%—'rﬁ‘él}-

Hence, over the fized set of observed units, with log0 = —o0,

(B) =Y [log¢(y¢—fﬂ?5)—logps+1og]l{

ZSZZI

yz’—ff:ﬁ‘SlH-

If the missingness indicators for all latent draws are recorded, their contribution
is D i.5,—010g(1 — ps), also constant in 3. Thus the MLE minimizes the sum of
squared residuals subject to all support restrictions simultaneously:

Bur =argmin Y (i =2 B)°,  Bui= [ {B:lyi—a B <1}

PEBn .5, —1 i:8=1

The set of summation indices must not depend on the candidate 3: a candidate
that violates even one observed unit’s support has likelihood zero. Therefore the
MLE is not generally the unconstrained OLS estimator.

(d) Efficiency vs. no truncation. iHR A2 AW 7 2= JEi3% 8 Fisher-
information 2AZ, M/&HE W ZAFRM AR XiERIEN MLE #i¢, AR EE
R Vi BEHE R

The support [a:lT/B -1, .II,LT,B + 1] moves with 3. Consequently, the score does not
satisfy the usual regularity identity obtained by differentiating under a fixed sup-
port, and a conventional Cramér—Rao/Fisher-information comparison is invalid.
The support restrictions themselves reveal [y very sharply.

For example, in the intercept-only case x; = 1, every observed draw satisfies
yi = Po + u; with u; € [—1,1]. The likelihood is positive only when

—1) <8< min (y; +1).
Jax (y; —1) < f < min (yi +1)

Equivalently, this random feasible interval has endpoints
Bo + Ung) — 1 and S+ U() + 1.

The truncated-normal density is positive at both endpoints —1 and 1, so standard

extreme-value calculations give

L =gy = Op(ngl), uy +1= Op(ngl).

Thus the entire feasible interval, and hence the MLE inside it, is within O,(n™!)
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of Bg. With sufficiently rich regressors, analogous support inequalities pin down
every direction of 5y at the same nonregular rate. By contrast, without truncation
the Gaussian-regression MLE has only the usual /n rate.

The truncated MLE is asymptotically more informative (typically n-
consistent), but this is a nonregular support-boundary result, not a

smaller regular Fisher variance.

Its normalized limit is generally extreme-value/non-normal and depends on the
design. OLS from part (b) ignores this support information and remains only
\/n-consistent.

4.9 Q9 —EEHENMAEERF probit: iBF5 MLE #RFR45
it

J3/E: ECON 510 (#ZN#&EIHZE) EBEEE: 1 BEFE: |
L ZEE M4 ordered probit [1iR A5 MLE

RS 20205 BSHUESRRA I 2021/2022, Heckit I 2024/2025
EEAN: 5 oBME. score SEEEM; AEABKL

[FR@E Q9 (verbatim)

Assume i.i.d. data and consider y¥ = x; By + u;, where u; | z; = z ~ N(0,07)
for some 0 < 03 < oo and 0 < E(mzxj) < 0o where the support of x; includes

zero. The variable y; is latent. Instead, you observe

_17 l/f S _L
Yi =40, |y:<| <1,
L, yr=>1

(a) Argue whether or not f is identified. (If 5y is not identified then assume
o9 = 1 below.)

(b) What is the limit distribution of the MLE of 8y? Show the steps.

Solution.
i X EEEBRMERE (+1) (=245 probit. FIMEAF probit (FIEE
= DU Blo) AR: BUEETSEE +1 32087 REES, FiLL Bo 5 oo #5051 (i
o A HRES 0 A IR TR« (b) TS 1 =K 2 15 logit-T,
EABRIBE (B — Bo) > N(0,T7), W 5.
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(a) Identification. The three cell probabilities given = are

P(y:—l\a:):@(*l;ifﬁo), P(y:1|x):1—¢<%>,

.
Ply=0]r) = o L2120 ) — (=1t
The thresholds are fized and known (£1), not free parameters. They anchor the
scale: the two known cutpoints +1 are observed in the same units as y*, so oy
is separately identified (unlike free-cutpoint ordered probit, where only 3/c is
identified). Concretely, ® ! of the cell probabilities gives two equations
—1—$T50 1—.’L‘Tﬁo

g0 ’ g0

as identified functions of x; their difference is 2/0g (free of x and of fy), which
identifies og; then z' By is identified, and since the support of x includes 0 and
E(xxT) > 0 (full rank, with an intercept-like variation from the support including
zero), B is identified.

‘ Bo (and op) are identified —the fixed thresholds =+ 1 fix the scale. ‘

(b) Limit distribution of the MLE. The model is a three-cell multinomial.
Let pg(z;60), k € {—1,0,1}, be the cell probabilities above with § = (8’,0)". The
log-likelihood is

0) = Z > Ay = k) logpe(ws; 0).

This is a smooth, correctly specified MLE with fixed support {—1,0,1}. Under

the usual interiority, domination, and nonsingular-information conditions,

Vi (6 — 09) 5 N(0,Z(60)7"), <Z Pi(z: b0 p’“xg‘))).

. pr(x;6p)

Here py, = Opi/06. To make every derivative explicit, put

-1-42'p 1—-2'p8
o= TPy .

g (o2

Then

Ipp—1 = —o(a)z/o, Igpo = {¢(a) — ¢(b)}x/o,  Ipp1 = ¢(b)z/o,
aap—l = _aqs(a)/(L apo {ang( ) - b¢(b)}/07 aapl = b¢(b)/0
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Because o is estimated jointly, the requested marginal law for B is

V(B — o) 5 N(0, [Z00) Yps), [T Yps = (Tos — TooTodTos)

If 09 were known instead, the covariance would reduce to Iﬁ_ﬁl The nuisance-

adjusted Schur complement is essential when og is unknown.

4.10 Q10 —GMM iRFiTE . SEIRAATFLL. RIET RS
tt

JARE: ECON 510 (#HNZ&H%K) EBEEE: de BEHE: e
BUESR T GMM HAE SRS T 8%

FEEIM: 2020, 2021, 2022; GMM A HA M

EEAN: TSESEH /R EEEA J 0% B

JRR% Q10 (verbatim)

Assume i.i.d. data and consider the model y; = xiT60+qug+ui, G = wz-T(So—i—Ui,
where y; is latent, u;, v; are mean-zero jointly normal and independent of z; =
[ T T]T

x; ,w; |, u; has variance one. wj;,x; have multiple elements with none in

common. You observe y; = 1(y} > 0). It can be shown that

T T
E Q o = (I)< z BO'HD 60’70 )
(yz ‘ 2 Z) \/1+'yga'3+2’*/00'0p0 ’

03 = Var(v;), po = Corr(u;,v;). You form the moment conditions

E(zz (yi — (- ))) =0, E(zi(qi — w;50)> =0, E((qz — wl-T(So)2 = 08) =0.

(a) Do the moment conditions provide under-, exact, or over-identification?

Explain briefly.

(b) Name one advantage of using GMM with an overidentified system com-
pared to using an asymptotically equally efficient GMM estimator based
on an exactly identified system.

(c) Finish the sentence: “Exactly identified GMM using a given fixed vector
of instruments z; is to OLS what GMM with optimal instruments is to

b2

Solution.
B (a) IR L TR T2 5050 ), 12 order count /~/2 rank condition. JG4
JE WA HRE IR B do, o0 [, FHHGE S —4H probit index ZI FCREAGER Bo, Y0, po
D BEIEARE: BIHARBN LS, B —MESEEN T M.
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(a) The system is underidentified. Let

S 1= \/1 + ’730'(2) ~+ 27v900p0 > 0.

Under the stated full-rank/variation conditions, the second block identifies dy and
the third identifies 0. The first block can at most identify the coefficients in the

conditional probit index,

_ Bo - 9070
==, w = ——.
S0 S0

by :

If at least one component of g is nonzero, b,, and the known Jy identify only the

scalar
0
a .= —

S0

)

not v and so separately. Thus the observable moments determine (b, a, 8, 03),
but not the primitive triple (5o, 0, po)-

To display the observational equivalence explicitly, suppose a # 0. For any
candidate v in a sufficiently small neighborhood of vy with the same sign, set

s(1)* =1 —~%05

7 =5 =
s(y) = L B() = s(7)ba, p(v): 2v00

Then
5(7) _ 5077 -

)~ sy T

Hence every such triple generates exactly the same probit index and leaves the

s(7)* =1+ 720§ + 2vo0p(7),

other two moment blocks unchanged. If |pg| < 1, continuity makes |p(7y)| < 1 for
all nearby v, so this is a genuine local continuum of admissible parameters. If
a = 0 (in particular vy = 0), po drops out altogether, so identification still fails.
Naive counting gives 2(k, + k) + 1 moments versus k, + k,, + 3 parameters, but
the Jacobian of the population moments is rank-deficient by at least one. Therefore

’ the stated moment system is underidentified; excess moment count does not imply overidentification.

(b) Advantage of over-identification. A genuinely identified system with
g > p admits a test of the overidentifying restrictions (Hansen’s J / Sargan test):
under the usual full-rank conditions and correct specification, n g, Wgn A ngp
(10). This is a specification test of model validity that an exactly identified system
cannot provide—even when the point estimator is asymptotically equally efficient,

exact identification leaves no residual moments to test.

‘ Over-identification yields a specification (Hansen J) test of the model. ‘

X (b) 2R B tLEL. X (a) PIXA KRB RS, AREEEIE NHERUEZ
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B SE J K E B BTG IERETHER e ST IR BR A o
(c) Analogy.

‘ .. GLS (generalized least squares). ‘

B EE TEMEH R GMM = OLS CRNEFMF T EZEH) . St THH S
Ji7E Qz) AL, 14 GLS 75 Z4540# OLS. F—#l Q11(b) w2 XK
T AEAGE T K

411 Q11 —RMRFE IV: RAEEHSREETE

J3E: ECON 510 (NI EEE: ey BEFHE: S
BoLES: R E IV BERGE S R T A

FEEI: 2020, 2021; HALT EAE 2017-2022 &5

EEAFN: WA RME, Bl D/V RTAE

[FRE Q11 (verbatim)

Suppose that y; = x;r Bo + u;, where x; = Hg zi+v; and u; = exp(ziT ~o)ei, with
e; mean-zero unit-variance, e; and v; independent of z;, and all variables have

finite fourth moments.

(a) Write down some moment conditions that provide identification under
reasonable additional conditions, and state what those conditions are.

(b) Derive the optimal instruments.

Solution.

B (a) B E(ulz) = exp(z'10)E(e) = 0, » (RHEKH) RA®ETH:
E(z(y — 2" Bo)) = 0o I relevance (IIy ) + M5tk dimz > dimz +
E(zz") A5 0 HPIrRZEME E(lexp(—22T70)(y —276)* — 1] m(2)) = 0
Pl (b) SR EMR TH = D(2)Q(2)~", Hit D(2) = E(99/08|2) =
—E(z|2) = —1Ij 2, Q(2) = Var(u|z) = exp(22 7o) W 14/HMTHY 11 &4
R,

(a) Identifying moment conditions. Since e; L z; with E(e;) =0,
E(u;| ) = exp(z 70) E(ei| 2) = 0,

so any function of z; is a valid instrument. The basic conditions are

IE(Zz(yZ — xl—-rﬁo)) =0

(and more generally E(A(z;)(y; — z; B0)) = 0 for any matrix function A(-)). For

70, use the unit-variance normalization E(e?) =1, i.e. E(u? | zl) = exp(2z, Y0),
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giving

E((GXP( 22 0) (yi — = Bo)? —1> m(»’«’i)) =0

for instruments m(z;) (e.g. m(z) = (1,2,)").

For feasibility one may also identify the reduced-form coefficient Iy from

E(zi (xz — HOTZZ')T> =0,

using the additional normalization E(v;) = 0 (together with v; L z;).

Additional conditions for identification:

z; ) is nonsingular, and IIj

« Reduced form and relevance: E(v;) = 0, E(z;2
zix;) ) = E(z2z,) Iy has rank dim ).

has full column rank (equivalently E(
e Order: dim z; > dimz;, and E(zlzzT ) nonsingular.

e Variance-index rank: the chosen m(z;) supplies at least dim~y linearly in-

dependent equations; locally, the Jacobian —2E (m(zi)z.T

;) (at the normalized

squared-residual moment) has full column rank.

o Exogeneity: e;,v; L z; (given), ensuring E(u;|z;) = 0 and validity of the
squared-residual moment.

Under these, §p is identified from the first set and 7 from the second.
(b) Optimal instruments. For the conditional-moment model E(g;(8o) | zi) =
0 with g;(8) = y; — = B, the efficient (optimal) instrument is (14)

A*(z;) = D(z) Q(z) ",

where

d9i(o)
BT

(2

D(z) = E[

zz} = —E(xZT | zi) = (Il z)" = — 2 T,
(using E(v; | z;) = 0), and
Q(z;) = Var(u; | z;) = E(u? |2;) = exp(22 70) E(e?) = exp(2z 70)-

Hence the optimal instrument (as a dim z-vector multiplying the scalar residual)

is

A*(z) exp(—QZZT'yo) H(—)rzi ,

and the efficient estimator solves 31| A*(z) (yi — ] B) = 0, i.e.

n n
—1
N o T o, T
Bopt = ( E e 2z 70|Ia—zil‘;r) E e 2z; Y0 H(—)I—Zi Yi.-

=1 i=1
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The feasible version plugs in consistent I (from regressing = on z) and 4 (from
the squared-residual moments). It attains the semiparametric efficiency bound

V*::<E(LKzﬁTQ(%y4IXz0)>_1::OE(‘QZVOHO% Tn@))_{

XIE 2 QL0(c) KA I B T RS2 Q2) = €20 [{EEhL, 4
Sl ThEfs ) ——ai2 IV it GLS, relevance 4b D(z) = —HOTZ 2| 78—
W BEA TR

4.12 Q12 —Ii&Em

AR e TR E) EE: L BEHET U
b2 U E R A AT E R

ARSI 2020, 2021 KHZELBTEM
FREAN: AN

JRR% Q12 (verbatim)

True or false? Please explain. (a) This exam is hard.

Solution.

XieE R LM, TN, False (conditionally). Conditional on
having internalized the methods compiled in this guide —the L2-projection
characterization of conditional expectation (3), the delta method and modes
of convergence (4), MLE/GMM asymptotics (5, 8), identification counting
(7), specification testing (10), and optimal instruments (14) —every prob-
lem above reduces to “name the tool, then turn the crank.” Uncondition-
ally the statement is a matter of taste, hence not a well-posed proposition.

’Answer: it depends on the conditioning information. ‘
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REFLGHH 2021 BEEEHRERME . TGRS ERE, P
HEFERAER CRNTE) . FBUCERER, B R ERI N, &M E
fE. 2021 5 2020 SR : HgEibE. MGF HBIES. L2 #5. BT, B
Pl FEARTTERIR Op B 510 #8507 GMM P58 okl =y & TR L

<o

Remark (33##E5L 5135 - Missing pages).

JFIE AR S EIRI BT 1 5 3, SAREIRIDT 2 (L 7-9) « AT #ISE Q1-Q6 5
Q10-Q12: Q7-QI9 JCilll, BHZEfFfbo

M

5.1 Q1 - #HFHSIHHIEKREZESMAITE / Hazard,

Exponential, Order Statistics

JARE: ECON 501 (#NZ&HK) EBEEE: de BEHE: e
BUER: EREZE RN SN ST

FEREM: 2020, 2021. 2025 HIHEEC A HilE it

EiEFA N hazard FEGFRENMD TRESHE: Mgt RHORSTMR

& Q1
Let X1, Xo,...,X, be independent and identically distributed random vari-
ables. Suppose that P(X; < 0) =0 and %%P(Xl <z+h|X;>z)/h=1for

all z > 0. Let X(;) be the 4 smallest variable among X7, ..., X,.

(a) Compute E(X1) and E(X)).

(b) Let F' be the CDF of X;. Derive the CDF and PDF of Y{;y := F(X;)) for
7=12,...,n.

Solution.

| (a) BB WAHINLIEZBRE (hazard rate) A(z) = f(x)/[1 — F(x)].

67
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A
1imP(X1§:E—|—h|X1>9C)_limF(fU+h)—F($)_ f(z) — )
jim h S T RO—F@)] 1-F@) W

S A@) =1 (2> 0), H P(Xy <0) =0 5§ 7E (0,00) b AR
= 1 WX RERRUERS RO . T 2 BIfER S 2 Bttt

Formal. A constant hazard \(z) = 1 integrates to the survival function

S(x)=1-F(x) —exp<—/0x)\(t)dt) =e 7, x>0,

so X7 ~ Exp(1) with density f(z) = e *1(x > 0) and E(X;) = 1. The minimum
of n i.i.d. Exp(1) has survival P(X 1y > z) = 7L, P(X; > z) = e, i.e. Xq) ~
Exp(n). Hence

E(Xy)=1, E(Xy)=;

(b) RIEE. MEMHTH: U, = F(X;) ~ Unif(0,1) i.id. (F HFELL™H)
FRPFIAEGRE, W F(X(j) = Uy & n A iid BERNE § M0, R
M Beta(j,n—j+1)o W 2

Formal. For y € [0,1], Y{;) = U;) < y iff at least j of the n i.i.d. Uniforms fall
below y, so the CDF is

n

n .
Fy,(y) = <k>y’“(1 —y)mkh o<y <1,

k=j

(with 0 below and 1 above). Differentiating (the telescoping binomial sum) gives
the Beta density

n!
(J—DHn—j

friy ) = i y TN 1—y)" L0 <y < 1), Y ~Beta(j, n—j+1).

5.2 Q2 - MGF iR ZxES + BEKRHFHE / MGF =
Normal, Truncated Mean

JAE: ECON 501 (#NAIH2E) EEE: & BEHAE: &5

BLE R MGF 1] — It IEAS S ElE

ESI: 2020 2021, 2024, 2025
RGN P IESLM AN Mills 250

=7 Q2

Suppose that X and Y are random variables with E(exp(tX + sY)) = exp{(t*+
s2)/2} for all t,s € R. Compute E(2X +Y | X +2Y > 0).
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Solution.
B, B4 MGF = (P +59)/2 [ 12 N(0,I,) (1§ MGF, H MGF M—: (2) 18
XY M N0,1). D A=2X +Y, B=X +2Y, “HBEAES. HEE.,
Bisk: (i) RIBEAIEAH L2 8 B(A | B) = i B (3); (i) E(B | B > 0) J]
FESHE A

Formal. Since the MGF factors as e"’/2¢5’/2, X 1 Y and each is N(0,1). Then

Var(A) =2°4+1 =5, Var(B)=1+22=5, Cov(4,B)=E((2X +Y)(X +2Y)) = 24+0+0+2 = 4.

For jointly normal mean-zero (A, B), A = C{;;(r?é?) B+e= %B +ewithe L B and

E(e) =0, so

E(A|B>0)=4%E(B|B>0).
With B ~ N(0,5), the half-normal mean is E(B | B > 0) = /Var(B)\/2/7 =

V5+/2/7 = \/10/7. Therefore

4 /10 410

ESHE: Z~ N(0,72) = E(Z | Z > 0) = 7/2/7.

zT 1 z/T z
HS: E(Z|Z>0)= Jo 1;2(/)(1 =T7/2/To

53 Q3 - L* ¥ TETIREKREIER / Best Predictor,
Transformation, Orthogonality

FAR: BCON 501 (Hihieh%) EEME: i BAHE:
Bub S L2 Y. S

HEEIW: 2020, 2021. 2024

BRAR: FALIY A B (T

H& Q3

Suppose (X,Y) has joint pdf fxy(z,y) =8zy1(0 <z <y <1).

(a) Obtain ¢g : (0,1) — R such that for any measurable h : (0,1) — R,
E({Y - g(X)}?) <E({Y - h(X)}?).

(b) Let Z = X2. Obtain the pdf of Z.

(c¢) Compute the correlation coefficient between Y — ¢g(X) and Z.

Solution.
(a) EIJ:Z.UE% Bo/IME MSE [Tt 2 AT g(x) =E(Y | X =) (L 4%
.3, TEIHE=MAFKI<r<y<l, HE X=z MY f£ [z,1] £
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Formal. Marginal fx(z f 8zydy = 4x(1 — 22) on (0,1). Then

[ly-8eydy 82(1—a) 2 1—43
=E(Y | X =2)=:Z = = —.
9(x) (Y| x) 4x(1 — 22) dr(1—22) 3 1—a?

-z (1-2)(1+z+2?) 1+z+a? 2(1 4z + 2?)
Wl == o = Tas o M= st
(b) BB, M Z = X2, r=z€(0,1), FAZEZHARL (2).

Formal. With z = /z, |dx/dz‘ = ﬁ,

F2(2) = fx(V3) g = 4VE (L =2) g =[20 =) 10 <2 < 1)

(c) RXER. XEGHHEKRESTM X WRBIESIRESRL (3) .
Z=X%2 X [RE, b ZER 0, MKRARECH 0, EHE 2.

Formal. The residual e := Y — g(X) satisfies E(e | X) = 0. For any measurable

¥,
Cov(e, (X)) = E(e(X)) — gng<w<X>> =E(E(e | X) (X)) = 0.

=0

Taking (X) = Z = X? gives Cov(e,Z) = 0. Both Var(e) > 0 (the residual is
non-degenerate since Y is not a.s. a function of X on this triangular support) and
Var(Z) > 0 (Z = X? is non-degenerate), so the correlation is well-defined and

equals

Corr(Y —g(X), Z) =0.

5.4 Q4 - BESRAAFRAASEKEAANRS /

Identification under Bernoulli Selection

JA/E: ECON 501 (ZAAIHE) EERE: 1 BEFFIE: &
L R SRS bR USRS A TR
FEEM: 2020, 2021; HFBEH T YR] 510
RGN VUM G ARG AEHA TR

77 Q4

Suppose (Y7,Yy) and T are independent, where 7' is Bernoulli. Define YV :=
YiT + Yo(1 = T).

(a) Can we identify the marginal distribution functions of Y and Y3 from the
joint distribution of (Y,7T")? Prove or disprove.

(b) Suppose Y1, Y| are also Bernoulli and dependent with Y; > Yy w.p. 1. Can
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we identify P(Y; = 1| Yp = 0) from the joint distribution of (Y,7)? Prove or
disprove.

Solution.
(a) &: AIRURS (AR 0 <P(T' =1) <1)o JSCEEE: T T (Y1, Yo) (BEHL
SHBC) , WUE T =1} ERNEN Y 2 Vi, HEZEESAET Y1 EEES
fire W7 B9TELESS R

Formal. On {T =1}, Y = Y3, by independence T' L (Y7,Y)),

PY<y|[T=1)=PM1<y|T=1)=PMY1 <y)=Fy(y),

and symmetrically P(Y <y |T =0) = Fy,(y). Both conditioning events have
positive probability, so the left-hand sides are functions of the observed law of
(Y, T):

| Fu(y) =P(Y <y[T=1), Fy) =PV <y|[T=0).]

(b) &: ALRURA (BI8R po < 1) o wPoCili: &892 Em, i bRy
Y1 > Yy as IBIHHEMT P(Yo=1,Y1 =0) =0, X (Yo,V1) € {0,1}% 1§ 2 x 2
AR HIPU ST PSR ER po,p1 WEME—4THE (Fréchet L5 / [F RIS o
TR PY = 1| Y =0) RIFRIER, THFREH (a) HHl.

Formal. From (a) the data pin down the marginals p; := P(Y; = 1) and pg :=
P(Yy = 1), with p; > pg forced by Y7 > Y. Monotonicity Y7 > Yy a.s. is equivalent
to P(Yp =1,Y3 = 0) = 0, so the 2 x 2 joint table of (Yp, Y1) is uniquely determined
by the margins:

PYo=1,Y1=1)=py, PYo=0Y1=1)=pi—po, PYo=0,Y1=0)=1-p1, P(Yo=1Y1=0)-=

(This is the Fréchet upper-bound / comonotone coupling: with Y; > Yj, the event
{Yo =1} C {Y; =1}.) Hence, for py < 1,

P(Yo=0,Y1 =1) _ P1— Do
P(Yy =0) 1—po

PY1=1|Yy=0) = is point-identified.

B HUpr =3, po= 3. PUIEH
P(Yo=1,Y1=1) = 1, P(Y%=0,Y1=1) =4, P(¥=0,Y1=0) =3, P(Yo=1,Y1=0) =0,

Zh
P(Yi=1|Yp=0) = 37 = 3,

irr

St B = U2 2 (EAiER P(Yo=1,Y1=0) = 0 [ (Bl T e

Po

%) ik fiﬁﬁﬁ AERATERN . BOCHEE HRIED IR .




Chapter 5 2021 ¥i&% ¥ (Worked Solutions) 72

Remark (HHEEE - What Q4(b) tests).

ROOET R B R E A B A 3l BEHL 0 U BRI AE 25 53 A
(ATE A[3R51), —RAYR X a (I P(Yr = 1| Yo = 0)) AR rl LS copulas
(EARIE “(EARBEMARNE Y1 > Yo——3&4t copula §I Fréchet L5, Hify
RMDPRME—RE , WOZ SR RO A 0o 20 A S St — AT R
BITERIREN . £ E + BRI N s S H

55 Q5 - HAXFES 42 HRR4 % / Limit Laws via CLT
+ Delta Method

JA/E: ECON 501 (#HNAIHK) EBEEE: & (W) BEAEN: &
b F R HARE S AT ZHA IR

BESI: 2019, 2020, 2021, 2025

BEFN: 2% CLT. LMK delta 3L EHFEZ S EI

=& Q5

Suppose X7, ..., X, are independent and identically distributed with E (X f) <
o0c. Let f=n"1Y" X, and 62 = n1 Y7 | X2 — 312, Assume o2 > 0 and
E((X1 — p)*) > o, where p =E(X1), 0% = Var(X;).

(a) Derive the (non-degenerate) limit distribution of n" (52 — o) for an appro-
priate r > 0.

(b) Derive the (non-degenerate) limit distribution of n’ (2

— p?) for an appro-

priate » > 0.

Solution.
(a) BB, 62 BFRDMERREAR. 50T Wi = (X; — p)? MR E T
W (00— p)® FIEIED ZEETUE Op(1/n), # v —F(iE op(1), HURFEM
WP X Wi BEfH] CLT (4). r=1/2,

Formal. Algebra gives 62 = %Z?ZI(XZ- — )% — (o — p)?. Since (fi — p)? =
Op(n~1),

V62 = ot = va(L > Wi- o) = Vali - p)?
=1 =0,(n=1/2)=0,(1
Op( )=0p(1)

By the CLT applied to W; = (X; — u1)? (mean o2, finite variance because E(Xf) <

00),

V(62— 02) 4 N0, Var((X1 — p)?)) = N0, E((X; —p)*) —o?), r=1.

The assumption E ((X 1— u)4) > o* guarantees a strictly positive (non-degenerate)

variance.
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(b) BIXBEE. X i fF x> 2® [ delta 5 (4)o T 20 76 1 = 0 ALTHE, A
ME——X I PG (55 2020 [F4) -

Formal. CLT: /n(ft — ) LN N(0,02).

Case j1 # 0. First-order delta method with d(z?)/dx = 2u:

Vil —p?) 5 N, (2p)%0%) = N0, 4%0?),  r=14.

Case n = 0. The first derivative vanishes, so the y/n-limit is degenerate; rescale
by n (second-order / quadratic):

nji? = (Vap)® % (N(0,0%)" = 0?3, r=1.

N(0, 44%0?), p#0, r=3,

—_

o7 X1 p=0,r=

=0 a2 —p?=p2>0, WEAERFR (KF7), AATREE IEA—iX 2 “delta
— B BRECHERBTNHIFF B .

56 Q6 - MIBYFIET: O, 5 as. WEIARER L' / Markov
= O,; Ul Gap

J3/E: ECON 501 (#HN#AHZE) BEE: 5 BEHAN: 5
BbER: O, as. 5 L' [ZHE /A

FBEEEI: 2020, 2021. 2022, 2024. 2025

BIBA: 15 004 AR Markov iFHH

[F& Q6

Prove or disprove (all r.v. on a common probability space):
(a) f E(|X,°) = O(n), then X,, = Op(n'/3).
(b) If X,, “% 0, then E(X,,) — 0.

Solution.
(a) H (True). 130 /E % H Markov/Chebyshev 8% 3045 BB iR HER AL,
HE Op HESL (4).
Formal. By Markov’s inequality, for any M > 0,
E(1X.[°) _0(n) _ o)

1/3 _ _
P(1X,| > Mat) < Sonl = S0 - S
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Given € > 0, the O(1) bound (say < C for all n) lets us pick M = (C/e)'/3 so
that sup, P(|X,| > Mn!/?) <e. Hence X,,/n'/3 is bounded in probability, i.e.

X, = 0,(n'/3).

(b) & (False) —RBl. H3CE K as WS A LT IS BE—BrTH
(UD) / w5 (4). S PTritkif” ).

Formal. Let U ~ Unif(0,1) and set X,, =n-1(U < 1/n). For a.e. fixed w with
U(w) > 0, eventually 1/n < U(w) so X, (w) = 0; thus X, “3 0. But

E(X,)=n-P(U<1/n)=n-1=1 foralln,

so E(X,) — 1 # 0. Therefore the statement is : a.s. convergence does

not imply convergence of means without uniform integrability (or a dominating

function, as DCT requires).

5.7 Q7-Q9 - fAWERTT / Missing from scan

JEIRAHBREDRI OT 2, 7 7-9 ol . 5 H bR, $e AR ABIAME o

5.8 Q10 - Probit #ARIEFHER GMM RAITE /
Identification Counting in GMM

JAE: ECON 510 (fkAZ%) EEE: by BEHE: s
BODE A Probit EHEUAY GMM %

FEEM: 2020. 2021. 2022; Heckit I 2024/2025

EEAR SHSHGE, H5 rank, TR R B4R

EFE& Q10

Model: yf = x] Bo + gio + wi, ¢ = w; 6o + v, with (u;,v;) mean-zero jointly
normal, independent of z; = [z, w,']", Var(u;) = 1; w;, 7; each have multiple
elements (k,m > 2) with no elements in common. Observe y; = 1(y; > 0),

and

T T
E(y; | zs = 2) = q>( z; Bo+w,' dovo )7

Vi 1+“/303+2’700090

03 = Var(v;), po = Corr(u;,v;). Moment conditions:

E({y:— 20} =0, E(ai(a —w]é0)) =0, E((@ —w8)* - o3) =0.

(a) Underidentification, exact identification, or overidentification? Explain.
(b) Name one advantage of overidentified GMM vs an asymptotically equally



Chapter 5 2021 ¥i&% ¥ (Worked Solutions) 75

efficient exactly-identified GMM.
(c) Finish: “Exactly identified GMM using a given fixed z; is to OLS what

b

GMM with optimal instruments is to

Solution.
(a) &: KiBAl. ARERFUTRE. I WAEREETIE 0o, 08, [HE5—4H probit 4 HiR
MARUSH index coefficients, Bo,v0, po Z [AIIEF— N ELZEN TT 1A o

Write

Sp 1= \/1 + ”)/30'(2) ~+ 27v900p0 > 0.

Under the stated rank conditions, Block 2 identifies §y and Block 3 identifies 3.
Block 1 can at most identify

= @, by = 50%.

S0 50

by :

If some component of dy is nonzero, the known dy and b,, identify only a := 7o/ so.
They do not separately identify vg and sg.

For a direct rank/observational-equivalence proof, suppose a # 0. For every
nearby candidate 7y of the same sign, define

s(7)? =1 —~%03

8(7)2%, B(y) =5(V)ber  ply) =

2’}/0'0
Then 5(y) 5
2 2 2 g 07
s(v) =14+ ~%0f + 2voop(7), = by, — = doa.
) o+ Berh) ) s

Thus all these primitive triples give the same probit index and the same three
blocks of population moments. If [pg| < 1, continuity keeps |p(y)| < 1 for all
sufficiently nearby =, so the continuum is admissible. If a = 0 (notably ~y = 0),
po drops out and identification again fails.

Although the raw count is 2(k 4+ m) + 1 moments versus k + m + 3 parameters,

the moment Jacobian is rank deficient by at least one. Hence

’ Underidentification. Excess moment count is only an order condition, not a rank condition.

(b) %&. For a genuinely identified system with ¢ > p, overidentification yields
testable restrictions: Hansen’s J statistic has a Xg—p null limit and can assess
model/moment validity. An exactly identified system sets its sample moments to
zero by construction and provides no such specification test, even at equal asymp-
totic efficiency. For the system in (a), however, one must first add a restriction

that removes the v—p equivalence; naive “moments minus parameters” is not a

valid J-test degree of freedom under rank failure.
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(c) %&.

’ ..is to GLS (generalized least squares). ‘

F: BE TREEIRG GMM « OLS CAIAED ; &t A GMM < GLS (1%
FHETEMBGEARD W7 R THo

5.9 Q11 - EHEFRAFETHIRAESHFMIE / Optimal
Instruments under Multiplicative

Heteroskedasticity

JA/E: ECON 510 (#NAHZE) EBEEE: dm BEFHE: $
BUER: FERITZE IV SRMETAE

FEEH: 2020, 2021; 2017-2022 £t T H T4

EEAN: MAEREIFSM T EZ8SiE D)V

[FRE Q11

Yi = mZT Bo+u; with z; = Hg zi+v; and u; = exp(ziT Y0) €, where e; is mean-zero
unit-variance, (e;,v;) L z;, all finite fourth moments.

(a) Write moment conditions that identify Sy (and ~p) under reasonable con-
ditions; state the conditions.

(b) Derive the optimal instruments.

Solution.

(a) FITBEE. KM e; Lz H E(e) =0, K
E(u; | 2i) = exp(z 70) E(e; | 2) = exp(z 70) - 0 = 0.

Bz (MHEAERERED 2w MR THR—X 2 PR R (7).
Moment conditions for By. For any measurable f,

E(f(zi) (yi — w;ﬂo)) =0, in particular E(Zi(yi - x?ﬁo)) = 0.

Conditions for identification of By: the relevance/rank condition rk (IE (z,x;r) ) =
dim(fp), equivalently IIy has full column rank and z; is correlated with z; (so
E(zz]) = E(22]) Ilp has full rank). JXffE By 1 EaUME—fRd, & IV RS
o

Foryg. Since E (u? | z;) = exp(2z 7o) E(e? | 2;) = exp(2z;' 7o), the conditional-

variance equation

E (9(20)[(9: — ] Bo)? = exp(22/ 70)] ) = 0
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identifies g given By, under a rank condition on E(zizj ) (regressors z; not
collinear, so 7 is pinned by logE (u? | 2) = 2z T~).
For the nuisance reduced form Ily. Add the reasonable normalization E(v;) = 0.

Since v; L z;,

]E(ZZ' (xl — HOTzi)T> =0.

This identifies Iy when E(zzzZT ) is nonsingular. For the complete system, also
require Il to have full column rank and the Jacobian of the chosen y-moments,
—2E (g(zi)z; exp(2z 7)), to have full column rank.

(b) X B Chamberlain RMETE (7) . X508 E(u; | ) =0, &7
THN

A*(z) = D(z) " Q(z)"", D(z) = E(0u; /0B | z1) = —E(x | z) ", Q(z) = Var(u; | z).-
Formal. Here
E(z; | z) =100 2z + E(vi | z;) =11 2z (since v; L z, E(v;) = 0),
so D(z;) = —(I1] )T = =2y, and
Q(z) = Var(u; | z;) = exp(22 70) Var(e; | z) = exp(2z; 7).

Therefore the optimal instrument (the value that makes feasible-efficient GMM

attain the semiparametric bound) is

A*(2) = D(2) " Q(z;) " = =11 2 - exp( — 2z %),

i.e. instrument [y’s moment by E(z; | z;) = HoTzi down-weighted by the inverse

conditional variance exp(—2z; 7). The efficient estimating equation is
E((ngz’) exp(—22 70) (yi — ﬂfiTﬁo)) =0.
B TH B | 2) #5722 R exp(—22 ") IIAL, TERE GLS "4

FNHRIBE AR, 5 Q10(c) Ay GLS 3.
TR S —2 8,4 filvH o, 5o AN

5.10 Q12 - IIK& / Joke Item

FE: el CEALNEE) BE: WL BEHE: WK
b B AEBCE R BN

FAEEI: 2020, 2021

EEAFN: ANEANE IHTHE
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[FRE Q12

True or false? Please explain. (a) “This exam is hard.”

Solution.
2 A S BRIBUSH, Tt N4

Answer. True. A brief defensible explanation: the exam requires (i) recogniz-
ing characterizations of distributions from indirect data (hazard rate = exponen-
tial in Q1; joint MGF = bivariate normal in Q2), (ii) L2-projection and orthogo-
nality arguments (Q3), (iii) the subtle identification boundary between marginals
and joint laws of potential outcomes (Q4), (iv) delta-method breakdowns requiring
second-order/x? limits (Q5b), (v) order-in-probability and uniform-integrability
gaps (Q6), and (vi) GMM identification counting plus Chamberlain optimal in-
struments under multiplicative heteroskedasticity (Q10-Q11). Therefore: true. 4
K, B/ERSMAM——IXIEE AP LAFAERT Lo
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Solutions)

5i% - Roadmap (EiEXE, FEAR)

AREEHE 2022 4 8 A 16 HEM# (Guggenberger & Pinkse, PU/N/\fT) &
SO . FPYEUE 501 Femill (H/R AT R8E B kiR St a3l o d8 b
BRI OLS HufEAd &R plim fiZJT CLT Ml delta ¥5. —ZHEhFIET),
JE MUEE 510 BERY (M i — 2 5 B8 A& 25 BAK
Poisson (Y score f33 20l logit HI5&(FH GMM 55/t TH) . HH%LLS R
M (BT, BT LEH%Y English formal derivation; F2|AYEIE 15
HIPEB AT R BT, ANEE IS T o

6.1 Q1 (10%) S/RAIKHE: HWAMNBHEMESHERK

JA/E: ECON 501 (%A EERE: 1 BFFET: L
L AR Markov 451 AR 5 K

FEREIM: 2017 Q1 FRFFbHME: HIEREZEEI

BEAN: SV FUEME LT A EIE

FEfE Q1 (10%)

The legislatures of Utopia are trying to determine whether to impeach their
President. The Congress meets first and can decide: (a) to impeach, (b) to
pass the buck to the Senate, or (c) to not impeach. If decision (b) is made,
then in the next round the Senate gets to decide on the same three options
[(b) in this case is “pass the buck back to the Congress”]. The probabilities
of each decision in each round are pc,qc,1 — pc — qo for the Congress and
s, qs, 1 — ps — qs for the Senate, respectively.

(i) What is the probability p; that the President is impeached?

(ii) If each decision (i.e. a decision in Congress and also a decision in the Senate)
takes 1 month and q := q¢ = ¢g what is the expected length of time before the

79
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process is terminated?

Solution.
B X DRI /RAT R WS C (82 Congress). S (4] Senate),
PR T (558%0) N ORs%0) . I C %k DR pe 8t 1. LL 1 —pe —qc
Bt N Lhge B2 Sy S XK. EEMERA] —F &+ (first-step analysis) 51|
SREIETTRERI], LW ERESR UMM ECEAS. TR BT = MZa g ) XEH
AR E R, MR HEE, JUT I E 23 B2 2.

(i) Let he (hg) be the probability the President is ever impeached starting
from a Congress (Senate) move. First-step analysis:

hc = pc + qc hs, hs = ps +gs hc.
Substituting the second into the first,
he =pc +qc (ps + gshe) = he (1 —qeqs) = pe + qeps-

Congress moves first, so p; = h¢:

_ bc + qc ps

0 < qogs < 1).
1 —qcgs ( )

B4 A ps = qs = 0 (ZWEERSAMZY) . W pr = pe. X3 #H pc = ps =
P o =qs=q, W pr="20 = 2 ER TREBLL g Sedr. Lhp T KL
TEIAMEER, Xfo

(ii) B, T = LAk BN & Fok . (FRIE 1A H) o I q:=q0 = gso
ME—BEHEEGIFIeE S (+1), DI ¢ #3850 8808, DR 1—¢
L. TRAREN, FRLEHER, AR,

Let m be the expected number of remaining decisions starting from either
body’s turn (by symmetry in ¢ the continuation probability is the same from C
and from S). Each visit costs one decision and continues with probability ¢:

1
m=1+qgm = E(T):mzlimonths (0<g<1).
—4q

XE T RMSE L — ¢ WU G {1,2,...1), ¥ME 1/(1—q). TEM
H#t [Congress $R3E + Senate $3: | FFfrfER 1 N H, FrLARALE TR R
H, T C S UPEE7F. ZIEMREGHERN 1—q, SEMAKES T 10E N T
K, W po,ps AE (ii) FHAHI,

Remark (Q1 S =).
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(i) H WS EEL > [ Congress 7 + Senate H | Hii— MM = % 2. (HH
WIIAHY [a decision in Congress and also a decision in the Senate) takes 1 month |
BN — IR BAL (per-decision) , HZiar AL ¢ b, L8 15
1/(1—q)o AHHBAARER ME 11 H ), BRASIE—FY LE5HE
PRKT timing (9275 RITT & 45

6.2 Q2 (14%) MEiL: TR o BHAEFEMRITTER

J3E: ECON 501 (iZNAEE) EEE: 5 BEHAE: b5
BbE R T o A4

FAEEI: NEISE 2017, 2018, 2022, 2023, 2024. 2025 &4
EEAN: FEEAE ST B/ -\ 2

a) Let (2, Fi), i = 1,2, be measurable spaces. Assume & C F is such that
0(&) = Fy. Show T : Q1 — Qg is measurable (with respect to the sigma
algebras F; and F) if and only if 7-1(FEs) € Fy for all By € &.

Let (4, F;), i = 1,2, be measurable spaces again, € := 1 Xy, and let p; : Q@ —
Q; be the projection mapping onto the ith component, i.e. p;((wi,ws)) = w;,
for i = 1,2. Assume & C F; is such that i) o(&;) = F; for ¢ = 1,2 and ii) for
each i = 1,2 there are non-decreasing sequences E,,; € & (m € N) such that
b) Let A be an arbitrary sigma-algebra in 2. Show that each p; is measurable
(with respect to A and F;) if and only if E} x Ey € A for any E; € &, i=1,2.
[Hint: use part a).]

¢) Denote by ®?_, F; the smallest sigma algebra on € such that both projection
mappings p; are measurable (with respect to F;) for ¢ = 1,2. Show that
@2 \Fi=0(F1 X Ey; E; € &, i=1,2).

d) Give an example that shows that the statement in ¢) no longer holds true

if condition ii) is not assumed.

Solution.
RSV 0TI E T4 / good-sets |: AIMT— A MRGHEA AN, HFEE4
B EFIEFAG IS AR o B . IXIEZ 1 PR . (a) HEIEHE, (b)(c) &
SEH, (d) HIBREHEM i) ATE.

(a) (=) If T is F;/Fao-measurable then T~1(Ey) € Fy for every Ey € Fa D &,
in particular for Ey € &;.
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(<) Suppose T~ (Ey) € Fi for all By € &. Define the good sets
G:={BCQ: T"Y(B)e F}.

Because preimage commutes with all set operations, 77(B¢) = (T~(B))" and
T YUy Br) = Up T7YBx), and T71(Qs) = Q1 € Fy, the collection G is a o-
algebra on Q. By hypothesis & C G, hence F» = (&) € G. Thus T-Y(B) € F
for all B € F3, i.e. T is measurable. [l

(b) 4 (a) FLE T = pi, IR o BB AL B Fi 94 BOTHL & KR p; ' (E)
Rft ot DREAMFMT i) HEE M A Byl E0t.

By (a) (with source o-algebra A, target generated by &;), p; is A/ F;-measurable
iff p;1(E;) € A for all E; € &. The preimages are cylinders:

pri(E) =By x Qy,  py'(E2) = Q1 x Ey.

(<) Assume Ey x By € A for all E; € &;. Using condition ii), pick Ep2 1T Qo
with E,,2 € &. Then for any fixed E; € &1,

B x Qo = U (ElXEmQ)EA
meN

since each F1 X E,,2 € A and A is closed under countable unions; hence pl_l(El) €
A. Symmetrically (using Ep1 1 Q1), py ' (Fa2) = Q1 x Es € A. By (a), both p; are
measurable.

(=) Assume both p; are A/F;-measurable. For any E; € & C F;,

FEi x FEy = (El X Qg) N (Ql X E2) = p;l(El) ﬁp;l(Ez) €A,

an intersection of two A-sets. (I
(c) M. F (b) 4t Tp; #EATI ) EHERE [FPARIE 1 x B HRAEHUE .
Write R := 0 (E1 X Ey: E; € &) and D := ®l2:1]-"2- (the smallest o-algebra

making both p; measurable).

D C R: Apply (b) with A = R. Every generator E; x Es lies in R by
construction, so by (b) both p; are R/F;-measurable. Since D is the smallest such
o-algebra, D C R.

R C D: Apply (b) with A = D. By definition of D both p; are D-measurable,
so the (=) direction of (b) gives Ey x Ey € D for all E; € &;. Hence D contains
all generators of R, so R =0o(---) CD.

Therefore ®12:1]:i =o0(E1 x Ey: E; €&). O

@2 Fi=0(FEyxFEy: B;e&, i=1,2)

(d) RBIBEE: AREHH NS i) AR BT AT UE I B 2k
HRETE o /N TR o e — T Efek 2 AT EEES ERY countable-
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cocountable o 1,
Let Q1 = Q9 =R and, for ¢ = 1,2, let

Fi=C(R):={ACR: Ais countable or A° is countable} , E ={{z} :x e R}.

Every countable set is a countable union of singletons, and complements then give
every co-countable set. Conversely, C(R) is a o-algebra containing all singletons.

Hence

o(&)=C(R) = F;

so condition i) holds. Condition ii) fails: if a sequence of singletons is non-
decreasing under inclusion, all of its terms must be the same singleton, and there-
fore its union cannot equal the uncountable set R.

The rectangles generated by &£ and & are precisely the singletons of R?:

{z} x{y} = {(z,9)}-

Therefore
R :=0{E x Ey: E; € &} = C(R?),

the countable-cocountable o-algebra on R2. By contrast, the product o-algebra

F1 ® Fo contains every measurable rectangle. In particular, for any fixed xzg € R,
V= {x(]} xR € Fi1 ® Fo.

But V is uncountable and V¢ = (R\ {x(}) x R is also uncountable, so V ¢ C(R?) =

R. Thus
R CF1® Fa,
which is the required counterexample. O

Remark (Q2 Aft4 ii) FAA).

i) MPERRTE (b) 1Y (<) A—2: LR By x Qo TSN B X Eng
EBIEFE. LT S PIE RS B g A . BRI HREAE A R? B countable—
cocountable o 3, HIAEMA T AATHHREMATTEINIER L {20} x Ro
FUEH A AL 1) AT DAUEIX RN 458 T SE N
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6.3 Q3 (14%) OLS Eb{EMITTER plim. £t CLT 5
delta %

JAE: ECON 501 (#AZAHZE) EEE: & (W) BEHAE: &
BbE s HEATHY plime 290 CLT 5 delta 3

FAESI: 2018-2025 JLFAEGFA Wi i

EEAFN: LEEMEASERE, F Jacobian; NREE M ZE

FE& Q3 (14%)

Suppose that Y; = X, +¢;, where (Xj, ¢;) are i.i.d., X; and &; are independent,
EX; =u#0, and Ee; = 0. Define

Zol g e h)

The objective is to work out the asymptotic distribution of 7,, as n — oo

(after proper centering and normalization) following the steps (a)—(d) below.

State any additional technical assumption (such as finiteness of moments) you

require, precisely define any notation you introduce, precisely state any result

from the lecture you use, and show all your work.

(a) Derive the probability limits of B, B, and T),.

(b) Define the vector M,, = (n™* 37 | Xie;, n~ 'Y 0, Ei),. Derive the asymp-

totic distribution of M,, (after proper centering and normalization).

n1Y Xie; n n1Y e
EXi2 I

totic distribution of T, (after proper centering and normalization).

(d) Show that /n(T}, — T}) = op(1). What is the asymptotic distribution of

1,7

(¢) Consider T}, = exp(23) exp< ) Derive the asymp-

Solution.
B X E—TEN T LLNA 42t — plim | [ 25T CLT [ delta % [ o, (1) ZEMM{L ]
H— SRR, IR AR 4. BUOMESRM: i EX? < oo\ Var(e;) = 0% <
(H EX? >0, i1 p # 0 585 ZEFHIEDEE plim EF) o 30 02 = Var(g),
q:=EX? =%+ Var(X;).

(a) Substitute Y; = X; + ¢;:

n-! Z X

nt Y Xie n'ye
n~ty X2’

B:[“n—lin'

B=p5+

By the WLLN, n' Y. X;e; & E[Xie;] = E[Xi]Ele;] = p-0 = 0 (independence),
ntY X2 5 g>0,n e B0, X; B o # 0. By Slutsky / continuous
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mapping,

g4 gL, plim 8 = plim 3 = 8, plimT;, = exp(25)

since T, = exp(B\ + () and exp is continuous.
(b) The summands W; := (X;e;, €;) are i.i.d. with mean 0 (just shown) and
finite second moments. By the multivariate CLT (4),

VM, =/ (M, —0) 5 N(0,%),  S=EWW).

Compute the entries using independence of X and ¢ and Fe = 0:

vnM, S Nw©, 2, =021 H), ¢=Ex?
1 T
1

() T = exp(28) g(Mn) Heft glun, uz) = exp(ur /g + ua/p), 15 My 0 [
X My —Fr delta i5.

Write T, = exp(28) ¢(M,,) with ¢(u) = exp(u1/q + uz/p), smooth, ¢(0) = 1,
gradient

g:=Ve(0) = ((1] ﬁ)/

Since T;, — exp(28) = exp(28) (¢(M,) — ¢(0)) and /nM,, A N(0,%), the delta
method (4) gives

Vi (To = exp(28)) % N (0, exp(48) g'Sg)

Evaluate the asymptotic variance:

9'29:02(11 ( )(m): 2 +§+;12)202(g+§).
)

\/ﬁ< —exp(28) 4N 0, exp45)02<%+ﬁ))

_ 1 11 1 _ 2J1 2 17 273 1
%}H‘ﬁ’u ng 0'[7 aﬁM—FF _J[E+E+F]_O_[E+P]O
U p 4T L L= L] 2,

(d) Tl Ty 5 To MBS B Ty = exp(28) exp(Run + Rao) . s
HAE Rip = B — B = =5 Ron = 5 p= % i T EAGHEROR 5

BHAE TS0 plim (g 5 p) o 25005 @A EHBEHAE . & 0p(1/v/m) GH2E.
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(the exponent of Ty, so T, = exp(2/3)e")

Let a, := n 2 Xt + n_ 2 ci
7

q
and b, == (8 — B) + (B — B) (so T,, = exp(28)er). Both an,b, = O,(n=/2) 5 0.
Their difference, writing § :=n"1Y. X2, g:=n"1Y X;:

bp —an = nilz Xiei (% - %) + nilz €; (% — %) .
— ——
=0p(n~1/2) =0p(n~1/2)

Since § & ¢ and fi 2 p, continuous mapping gives %—% =o0p(1) and = —= = 0p(1).

Hence each product is Op(n_l/Q)op(l) = ()p(n—l/?)7 S0
Vv (by, — apn) = 0p(1).

Now (T, — T) = exp(28) vn (e’ —e). By the mean value theorem e’ —
e = efn (b, — ay,) for &, between ay, by; since ay,, by, 2o, ebn Bl = O,(1), so

V(T = T) = exp(28) e V(b — a) = Op(1) - 0,(1) = 0,(1).

ToE Vn(T, — exp(208)) = /n(T,, — exp(2p)) + 0p(1), H Slutsky P [F 540

V(T — exp(28)) 5 N(O, exp(4f) o’ (E%{Q + o + ﬁ))

Remark (Q3 FHi&itE).

(a) LLN+-CMT %5 plim; (b) £7C CLT, /525 X L e s 3UESFIF: (o) —Br
delta 3% (FBJEAE plim 4bH0) : (d) HEAGTHE T, MEEHL > BHE B 6, 22
op(1/v/n), FHREM G T, S ERe. XI5 2 4 (GHRBTR, TP
TREEHRE AR

6.4 Q4 (12%) EfAFIE (7N, EERERE)

JAE: ECON 501 (#ANFIHZ) EEE: m (W) BEAN: &5
bR WSS 12/ O Al R L O

FEEI: 2020, 2021. 2022. 2024. 2025

EEAN: AESOGERS TR &UEL

[F7% Q4 (12%) True or false? Explain! (The explanation is what

counts!)

(a) Let X,, € R be a sequence of integrable random variables. Then, if X,, —,
b € R then £X,, — b.
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(b) Assume we test Hyp : 1 = p2 = 0 vs Hy : not Hp based on a sample of
iid bivariate random vectors X; ~ N(u, I2), i = 1,...,n, where pu = (u1, pu2)’.
Assume for some 0 < a < 1/2 the null is rejected if [t,;| > 21_q/ for j =1
or j = 2, where t,; = n*/2(Xpj — ), Xpj =n~ >0 X;; for j = 1,2, and
X; = (X1, Xi2)". Then the asymptotic null rejection probability of the test is
a.

(c) By the Hélder inequality, E(1/X) < 1/E(X) for any positive random
variable X > 0.

(d) A sufficient statistic is one whose marginal distribution does not depend

on any unknown parameters.

(e) If X ~ x%(m), Y ~ x%(n), and m > n, then X —Y ~ x?(m — n).

(f) Let X and Y be two mean zero random variables. Then, “E(X|Y) = 0
almost surely Y and E(Y|X) = 0 almost surely X” if and only if “X and YV

are uncorrelated.”

Solution.

(a) False. {MEZRULSONZL S RIS, Hpy /2 —ET#H (UI). Convergence in
probability does not control the tails. Counterexample: X, = n with probability
1/n and X,, = 0 otherwise. Then P(|X,|>¢) = 1/n — 0s0 X, & 0 = b, yet
EX, =n-1 =14 0. The implication holds only under uniform integrability (or

n
L!-domination). See 4.

‘False: need uniform integrability for £ X,, — b. ‘

(b) False. iXj& [ XM ARR K level-a fd AE—4ENIHE | YFFEER ST,
L2 AN size fiE . Under Hy (indeed under the stated centering, for any u)
the two statistics t1, tn2 are exactly N (0, 1) and independent (since I3 covariance),
for every n. The test does not reject iff both [t,,;] < 21_q /2

P(reject | Ho) =1 — (1 —a)* =20 — a? > a.

The asymptotic (here exact) null rejection probability is 2a — o, not a.

False: size = 2a — o > a (union of two a-tests).

(c) False. Jriaj e 1, mHHMHKZ Jensen A~i& Holder, The map z — 1/z is
convex on (0,00), so Jensen’s inequality gives

E(1/X) > 1/E(X),

the opposite inequality, with equality iff X is degenerate. The cited tool (Holder)
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and the direction are both wrong.

‘False: Jensen gives F(1/X) > 1/E(X)‘

(d) False. iIXHiA) /&4 B %3t = (ancillary), ANEFESTGIT . A statistic
whose marginal distribution is parameter-free is ancillary. A statistic T'is sufficient
if the conditional distribution of the data given T" does not depend on the parameter
(equivalently, by the factorization theorem, the likelihood factors as g(7';6)h(x)).
See 5.

‘False: that is an ancillary statistic; sufficiency is about the conditional law.‘

(e) False. —ftAliar: X —Y H AR GERUAUE, EIAEEAXS . For arbitrary
chi-squares the difference X —Y can be negative (positive probability), so it cannot
be x2. The statement holds only under a specific nested/independence structure,
e.g. if X =Y + Z with Z ~ x?(m — n) independent of Y —then X —Y = Z ~
x%(m — n). Mere marginal degrees of freedom m > n with independent X,Y do

not give it.

False in general (needs X =Y + Z, Z LY, Z ~ x*(m —n)).

(f) False. — Az, STTAAEAE, Frbh T EAE | 2.

(=) If E(X|Y) = 0 a.s., then by the law of iterated expectations F(XY) =
EYE(X|Y)] = 0; with EX = EY = 0 this gives Cov(X,Y) = 0, so X,Y
uncorrelated. (One conditional-mean condition already suffices for this direction.)

(<) Uncorrelatedness does not imply conditional-mean-zero. Counterexam-
ple: Y ~ N(0,1), X = Y2 — 1. Then EX = 0, EY = 0, and Cov(X,Y) =
E[(Y?-1)Y]| = E[Y?®] — E[Y] = 0, so they are uncorrelated; but E(X|Y) =
Y2 —1# 0. Hence the “iff” fails.

‘False: conditional-mean-zero =- uncorrelated, but not conversely. ‘

6.5 Q5 (15%) M fhitE: —HMESHEES

J3E: ECON 510 (i) EEE: 5 (W) BEHAN: &
BOFE R AR TR — B0 ST E A

HEEWM: 2022, 2023 Pinkse Q4. 2024 510 Q1

ZiE2AX: ¥ argmin consistency 5 FOC 4 @IT
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F& Q5 (15%)

For the remaining questions, bold face means random variable. Consider

0o = argminE(3log {1 + exp(0 —x1)} — (0 — x1)), (1)
0eR
where x7 is integrable and drawn from a nondegenerate distribution. Suppose
that you have an i.i.d. sample {x;} at your disposal. Propose an estimator
6 of Ay, prove its consistency, prove its asymptotic normality, and derive its
asymptotic distribution. [15%)]

Solution.

BB R RN M A, % 8 By TRENM T — —80E — W E
= BB RN T] o HEAEI] R A m(ﬁ,x) = 310g(1 + 60_332 —(0—x), B Qo(0) =
E(m(8,x1)). FEHRIEEAS 0 = argming 0n(0). Qn(6) = L 7 m(0,x,).

n
Estimator. Let

n

f = argmin Q,,(6), Qn(0) = % Z {3 log (1 + ee_xi> —(0— xz)} .

0eR

i=1
Score and Hessian (population). Let A(z) = 1_7_ ~ be the logistic cdf,
e
N(z) =A(z)(1 — A(z)). With z =0 — z,
9 (0,2) =3A(0 —z) — 1 =:5(0,x2) 8—2 (0,2) =3N (0 —x) >0
5g"(0 %) = x =:5(0,x), 520, %) = x .

m &0 A (CRrHEIR), B Qo MY, O 2 E—HR/ T = HIGZ. The

first-order condition defining 6y is

Q)(00) =E(3A (6 —x1) —1) =0 <= E(A(f —x1)) = 1.
(I) Consistency. H 8 lkrifiscff (Newey—McFadden): (i) iRHl——=60y ME—
/T, ERMTEES: (i) #E—2olidl ULLN. - Conditions:

(i) Identification. Qg is strictly convex (since E(3A’(6 —x1)) > 0 for all 0, x;

nondegenerate) and finite (integrability of x; controls the linear term; 0 <
log(1 + ¢€*) < |z| 4+ log2), so 6 is the unique minimizer.

(ii) Uniform convergence. m(6,x) is continuous in # and dominated on compacts:
for 6 in a compact O, |m(0,z)| < 3(|0] + |x| +log2) + |0| + |z|, integrable since
E|x;| < oco. By the uniform LLN, supycg 1Qn(0) — Qo(0)] % 0.

By the consistency theorem for extremum estimators (8), 02 0. (Strict convexity

plus an initial compactification argument handles © = R; alternatively note @, is
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convex, and convex-in-probability convergence at each point upgrades to uniform
on compacts, giving 6 = 6y by the convexity /argmax lemma.)

(IT) Asymptotic normality. #riff sandwich: 1 FOC @’ (A) =0 1 O b
F. The FOC is Q/,(0) = LS, s(0,%;) = 0. Mean-value expansion about :

- Z s'(0, xi)] (6 — o),

=1

n

1
— E S QD,Xl
n

i=1

with 6 between 6 and 0. Define

H = Qg(0o) =E(3A (6p — x1)) > 0, V := Var(s(6p,x1)) = Var(3A(6y — x1) — 1) = 9 Var(A (6 — x1
By the CLT, yn- 3", s(@o,xz) N(0,V) (mean zero by the FOC for 6y); by

the ULLN and 6 2 6,, %2?21 s'(0,x;) > H. Solving,

n ~1
vn (é — 90) = — [711 Zs’(é7 xz)] \/ﬁ% Z s(0o, x;) i N(O, H*1VH*1) .

i=1 i=1

Vit (0-0) 4 8 (0, 3.
V= 9Var(A(00 — Xl)) s H= 3E(A(90 — Xl) (1 — A((go - Xl)))

R M A5HEE R H-'WH ™! S0 )52 (misspecification-robust) , A~ MLE
9 —HY, XA R R SRR —Bfliit V, H AreA%E (F 0 4
) RIAT S KT o

Remark (Q5 XA EEMUR?).

YEN] 3log(1 + e?~®) — (§ — ) 1Y score JZ 3A(0 — x) — 1, B ZAELISRIY score
f?ﬁﬁE?ﬁE%/\?ﬁﬂﬁﬂTéﬁlﬁVXTﬁ%éﬁlﬁﬁvéﬁ X0 BEARE T ) T x 2%,

gty B T fr /A ERL MOk ) ERZEdRR MLE. Fr AL 7 278 & X
Eﬁ%ﬁc, Fy EAE R Ht A5 EAEREE .

6.6 Q6 (5%) IRAMESZEHZBEES

I3E: ECON 510 (JZHNZAE) EBEEE: 5 BEHAN: &
BUER: . W EEIRBINEELR

FEEM: 2022, 2023. 2025

EEFR: EUITEFWR ANESAFENZE S5
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R Q6 (5%)

For each pair (z,y) of the following concepts, indicate if (necessarily) = = y,
x = -, or x < y (omit if there is no implication): (a) identified (b) weakly
identified (c¢) exactly identified (d) overidentified (e) underidentified. No points
without a correct explanation. Correctly identified relationships earn points,

incorrectly identified ones lose points. [5%)]

Solution.

B, XHEEMNEPIASE S L, MaEREAWER LA E. & %HHE
M, “exactly/overidentified” /N € 23 R LG RAN KA, G HER
moment counting; “underidentified” ] FEX /R ASIRD], BUUERN k< p. HE
ZIEL ML . TGS AP SR thiid G identification MUY S S
208, AT E TR . EXH T 5 9.2,

Convention I (#EFEE: IREEE rank/IHANEX) . S840 pv 1
S HCH kB, N4 Jacobian i G € RF*P:
a) identified: WA (BN RS) ME—ET{E 6o

) weakly identified: 0o (SSR. (RAMBIALADN o = falEsIAH T2
(c) exactly identified: k =p H G Wik (JFEE R0 ;

) overidentified: k > p H G Wi#IRk (EEaE EEIR D) ;

) underidentified: ZHURRURA (ATRER k < p, WATRER & > p fH rank ).

FEIXREE ST . FrARH) pairwise 8 R /2

(e) & —(a),
(b)=(a), (o)=(a), (d)=(a),
(), (b), (c), (d) = ~(e),  (e) = ~(a),~(b),~(c), ~(d),
()= ~(d),  (d)= ~(c).

The repeated arrows in the third line are just contrapositives or consequences of
the definitions; on an exam one need not list the same logical fact twice. There is
no pairwise implication from (a) to either (¢) or (d): an identified model may be
exactly identified or overidentified. Nor is there a necessary implication between
weakness (b) and the count labels (c)/(d): both an exactly and an overidentified
model can be weak.

Convention II (FZIfE exact/over /under R {E order labels) . Define

(c),: k=np, (d),: k>p, (e),: k<p.

Then these three labels are mutually exclusive, so every one implies the negation

of the other two. Under the regular smooth finite-dimensional moment setup, local
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identification requires rk(G) = p, hence k > p; consequently

(@) = =(e),, (b)) = (a)==(e),, (e),= ~(a)

But kK = p or k£ > p alone does not imply identification: for example, G = 0 has
deficient rank regardless of how many rows it has. Thus under the order-only
convention, omit (c), = (a) and (d), = (a).

PEZEANRETRH o JFEZR—HHE (o) (d) B SORAETTEL, — i (e) R3S T
Pl FTREIE—A k= p (H G FERRAEYE R UAE exact 5 underidentified ;
IR G, R B AR 250 BT RS RIBM A4 T A%
WA ENL, HB—aNE: “I use exact/overidentified to include the full-rank
condition and underidentified to mean not point identified.” 4%)5 H #1] Convention
I #iske A—MhF B IR ICHIE weak-identification class 32 [F] 1R 5 & s A &
it —#FRAF weakly identified, NI (b)=>(a) FEIZY" JRMIE T LY omit; A%H
HE K weak but nonzero | HYHE,

Remark (Q6 #0457 56R%).

o5 N TE /D kAR AR I B R A R 2 - weak Jexact Jover = identified ;
underidentified < not identified; exact 55 over H J¥; identified A& A4 HiHEH
exact mf, over, weakness 5 exact/over B WNIAK Ko A IMIAHADL exact/over
% k5 p 118, MR exact/over = identified, Ff#[ I order = 43251 B JF 6
o

6.7 Q7 (10%) ZEEAK Poisson B score IE

J3/E: ECON 510 (#ZHNZAHZ) FEE: 1 BEHM: |
ZOE R K Poisson [1 score/LM 556

FEEEM: B =/E 2022, 2024, 2025

EEARX: 5ZR MLE. score. {5EMHMA x> HHE

FE& Q7 (10%)

Suppose X1, ...,X, are iid draws from the distribution with probability mass
function
p(z) = y0 I(x = 0) + A\g exp(—Xo)(1 — 70)/z!, r=0,1,...,

where —1/(e* — 1) <79 <1 and Ag > 0. [10%]
(a) Derive the score test statistic for vy = 0.

(b) Suppose you conducted both the score test and the likelihood ratio test for
70 = 0 and found that the likelihood ratio test produced a p-value equal to 0.03
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and the score test produced a p-value equal to 0.45. How would you explain
that contrast in this case?

Solution.
B, score (LM) #IIIIFALE R &A% & MLE 4 RAL——XH v = 0 By
BAL I8 Poisson, £y MLE /2 A = 2. JrHEMHUL 6 TR K. & v A
TR —1/(e* —1) <0, Filhy =0 REAFE (AL, HHL score Hl X7 &
M——3XRAE (b) HIRRRE AR

(a) Setup. Write the log-likelihood contribution for observation x, with pa-
rameters (v, A):

Ae~A
z!

p(x; v, A) =1z =0)+ (1 —7) f(z;A),  flz;A) =

I(w = 0) — f(x:))

Score in 7: %logp = Evaluate under Hy : v = 0, where

P57y, \)
p(2;0,) = f(a; \):
D] TEZO SN _Te=0) | Te=0)
a'Ylgp«y:o f(@; A) flx; A) ! e=A L FO52)

B sy (3 A) =Tz =0)e* —1o B o=00 e —1>0, M4 x>0H —1; BT
[0 275 Poisson TIMAYZ .

Restricted MLE. Under v = 0 the model is plain Poisson, so A =x
%Z?:l Xi-

Score statistic. Let the (efficient) score for v at (v, A) = (0, A), summed over

the sample, be

n

Sn:Z(I(xi:O)eS‘—Q:ej‘no—n, no := #{i:x; = 0},

=1

where the \-MLE first-order condition 31" (x;/A — 1) = 0 at A = Z leaves the
numerator unchanged. The ~-score is not orthogonal to the A-score, however,
so the variance in the denominator must be the efficient-score variance (i.e. the
A-block partialled out). The score test statistic is
LM, = —— S —
n Varg {u,y(xl; )\)}

where, under the Poisson(\), u(z;\) = I(x = 0)e* — 1 has mean 0 and raw

variance

Var(u,) = e Var(I(z = 0)) = e e M1 —e ) =t — 1.
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But ., is correlated with the A-score uy(z;\) =2/ — 1:
Cov(uy,uy) = E[(I(m =0)e* —1)(z/A—1)| = E[I(z = 0)(z/A — 1)] = e*-e N (=1) = —1,

since on {z = 0} we have /A — 1 = —1 and P(x = 0) = e~* (the —1 part has
mean 0 as uy is a score). With Var(uy) = 1/A (Poisson Fisher information), the

efficient-score variance is

Cov(uy, uy)?
Var(uy)

:(*—1)—(_1)2:e*—1—x.

Var(u,) — )

IXEFRIE ZIP score ¥ UG5 . ~-score 5 A-score Wp 57 = —1 # 0, WAJ0FIf4
MR Cov?/ Var(uy) = X, JEDMEHE X —1 - X CREMTZE e — 1),
Plugging in,

R 2
(e)‘no - n) J R
LM, =——— — X% under Hy, A=X

n(ej‘—l—j\)

Reject at level « if LM, > Xika- =R ej‘no —-n= n(ej‘ﬁg — 1) , Hrh po =ng/n
SRR 0 LB 4RI 0 2T Poisson B e~ i S, > 0, K56 i
2 TP o

(b) LR p=0.03 (#f) 5 score p=0.45 (A#H) T“EEE. ZM [score FELH
MLE &bZethft LR B2 BUIAZE | A STt

The score test linearizes the log-likelihood at the restricted (Poisson) MLE
and uses local curvature; the LR test compares the restricted and unrestricted

maxima globally. Under the regular null here they are asymptotically equivalent,
but they need not have similar finite-sample values. A gap as large as 0.03 versus
0.45 is evidence that the local quadratic approximation is poor for this sample (or
that the two procedures were implemented differently), not a logical contradiction.

Concretely:

o Asymmetry / non-quadratic log-likelihood in ~. The zero-inflation parameter
enters very nonlinearly; the slope at v = 0 (what the score sees) can be modest
while the likelihood keeps rising substantially as v moves away from 0 (what
LR captures). The restricted-point gradient understates the global gain.

o Near-boundary behavior. Although vy = 0 is interior (the lower bound is
—1/(e* — 1) < 0), the unconstrained MLE 4 may sit far out where curva-
ture differs markedly from that at 0; the score’s local Fisher information at 0
then mis-scales the statistic.

o Little efficient information when X\ is small. After nuisance adjustment the
information for v is I,y = e* =1 — A = XA2/2+ O(A3), which can be tiny. Local
normal/x? calibration can then be inaccurate in moderate samples.
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Bottom line: the discrepancy is a finite-sample warning. It does not follow from
the two p-values alone that LR is correct and score is wrong. Check that both
tests use the same two-sided null, the admissible parameter space, the efficient
denominator e* — 1 — 5\, and the same nuisance treatment; if the decision matters,
calibrate the finite-sample distributions by a parametric bootstrap or Monte Carlo

experiment under the fitted Poisson null.

Remark (Q7 score vs LR S EMEIEFRH).

—% (Wald/LR/LM) N 2L BIREARE, score HEZAR LM
HARE, LR AW AER S REE. XEEFNASEER X —1- X~ 2?2/2,
A et — 1. HILWANE RSBy [aEs —UonPe s ged ), A~
REQUEMD p R E AT LR B A5,

6.8 Q8 (20%) %I logit MI&ZMHEE GMM S5HMLITE

JARE: ECON 510 (#MZ&Hk) EBEEE: dhe BEHE: $
BOFE R LI logit 504 GMM Hifi TH

ESH: 2017-2022 fHfi TH; BSEO%EE N 2020/2021
Z2iBAX: S5 cell probabilities f{I score, FiHAIZELE

FR&E Q8 (20%)

Suppose that y; denotes the product purchased by individual i = 1,...,n, x;;
some observed product characteristics, and £; an unobserved product charac-
teristic, where j = 1,...,J. There is an ‘outside good’ (no purchase), product
0. Suppose further that we know that

eXP(Xz‘TjHO +£;)
1+ 37 exp(xh0o + &)

P(yi=j|x:,§) =

Finally, suppose that the object of estimation is 6y, that J is fixed, and that
n — oo. Use GMM for the questions below, even though it is not the most

natural estimation method here. [20%]
(a) What conditional moments conditions would you use?
(b) Derive the optimal instruments.

(¢) What would have been a more natural estimation method here?

Solution.
B 40 NET N J) SRRtk i, SERTINSERIEZESEMER 0 5
Rk ZE . SRR AN REHLEEFRN unobserved By & firfir 4k © A1 B A product
N, H J fixed, BrLAWAE realized € = (&1, ...,&) 24 finite-dimensional fixed
unknown nuisance, 5 0 Be& (it . &t T EASH Chamberlain /43, {H derivative
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HX] joint parameter 3.
Notation. For each i let dj; := I(y; = j), j = 1,...,J, stacked into d; =

(di1, ., diy)". Let X; be the J x p matrix whose jth row is x;, define

n= (0/75,)/> Bl: [Xz IJ]:

and stack the inside-good probabilities into P;(n) = (Pi,...,P;)" € R’. The
denominator’s 1 normalizes the outside-good effect to zero.
(a) Conditional moment conditions. Since E(d;; | X;, &) = Pj(Xi;m0), the

choice-indicator residuals have conditional mean zero:

E(gi(no) | Xi,60) =0, gi(n) == d; — Pi(n) € R”.

XX inside goods [ J #EAFHE . MBI AR X-m I matrix 5£75%] uncon-
ditional moments. Z:f4 outside-good indicator J5, H# outside probability 5 4%

inside probability #J°51F, conditional covariance fEiX J 4E_EWifk. A SChEfl 1T
WA EI R € 8 € B O\ conditioning set /NZET econometrician EAHLEE o
(b) Optimal instruments. Chamberlain (1987) fz{f; L H : X} joint parameter

n, A X-r TR GMM ¥l 7 7= S M2
AL(Xi) = Dy(X:)' Q7
Dy(X;) = E<3gz o) ‘X,,&))
Q; := Var(gi(no) | Xi,0) -
The conditional covariance of the J inside-good indicators is
Q= Diag(P;) — PP, (Qu)je = Pi(0j — Pr).-

Because P;g > 0 and all P;; > 0, €2; is positive definite. The multinomial-logit
derivative with respect to both parameter blocks is

dP;(no)
on'

Consequently,
* _ 1
AL (Xs) = Dy(X, ) Q= —B.

Multiplying every estimating equation by —1 changes neither its root nor its effi-

ciency, so use the sign-equivalent optimal instrument

Ar(X;) = B].
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Its joint moment is

Xi{d; — P;(n)}
di—Py(n) )’

Bi{d; — P;(n)} = (

This is exactly the joint multinomial-logit likelihood score. Identification requires

I, := IE(B{QZBZ) nonsingular.

Equivalently, there must be no nonzero (a, b) such that X;a + b = 0 almost surely;
regressor columns collinear with product fixed effects must be removed or normal-
ized. #7 & B, theta-only score A &6 A X/(d; — P;)o @A B € /& unobserved,
P LLiZ oracle 7y A RERRAL joint answer,

(c) More natural method. MRGEFMFIEZFEME T 255E T, HAZM
MLE,

Joint (or profile) conditional multinomial-logit MLE:

" J
0.8y = arg;gaxz d(Xi0+€) —logq 1+ e u?te
’ =1 =1

Profile out £ and retain the 8 block. If one wants the efficient score for 6 alone,
partition the information as
Igg = IE(XZ’QZXZ) , dge = IE(X{Q,) ,
Iee =E(Q), Teo = Ipe.
Then
sof = AX] = Toelg Hdi = P}, Tog = Too — Tocl Teo,

and Avar{y/n(0 — 0y)} = I o 51 The joint MLE performs this nuisance adjustment
automatically. Thus optimal GMM and MLE use the same joint score, while ML

is the more direct implementation.

Remark (Q8 ;i TE = joint MLE score).

XA TG | 2 - 4% unobserved € 44 A\ joint parameter f5, OP/dn' = Q[ X 1],
flrA Chamberlain &0 T EALR —[ X I;]": #HM. moments IF2 joint logit score,
HE X' T [¢ B4 19 oracle i, A&,

Remark (ARE/NE - 2022 EHEFE).

Ql WA IA = — 5t 7R, RIS A = JUMEME 1/(1 — q);
Q2 UFEETE + S ii) EAESEIRE T T EOE, R FI A singletons 5 countable-
cocountable o 5; Q3 LLN/CMT—plim. £ 7t CLT. delta 3£, 0,(1/v/n) ZEMN ALY
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i Q4 NS ME4EN False, &— 4% Ul / ZE 4K / Jensen J71A] / ancillary
[ x* % EUEEIEE # A Q5 M iR HOIWH Q6 HE5E
SCEIRRSIH S, BRI IRATEC A 12 QT score f£ Poisson MLE 48R
{15 LM = (e‘ng — n)?/[n(et — 1= N)], ERBHRRA REEAR ZUGE M 50
TR AT s Q8 U fixed-J product effects Zh N\ n = (¢',&'), OP/on' = Q[ X I;],
optimal GMM IE /& joint logit score, natural method /& joint/profile MLE,
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AREFMLG 2023 4F 8 H BRI e B . KGR EIE 4wk (QL-
Q4, 510 #tHY) A Patrik Guggenberger, Z#iilr size , UMP. JEH GMM 55307
FEL 2k IV SR B)S Das—Newey—Vella #4578 ridge  LASSO; J52f (Pinkse
Q1-Q8, 501 £:Ail) A Joris Pinkse HJ 8 JE4G 8L, MHIHHERE 280N BREA
it LT O R S B, TP AR ST IER LG S FEBUEZENT
H =T HEAMod up——ARE N AEmT SR e EE, AEE YR,
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7.1 Ql(a) - #NE size SHNERRIZIELME / Asymptotic
Size vs. Null Rejection Probability

J3E: ECON 510 (Guggenberger) EBEEE: m (W%) BEA: e
Zi0E S 57 NRP 5 uniform asymptotic size

ARSI 2023. 2024, 2025 j&EL:HIN

EEAN: E PN limsup,, sup., 7 AAHE#E; FlF 2o iR

B& Ql(a)

Formally define what it means for a test to control (i) the (asymptotic) null
rejection probability and (ii) the (asymptotic) size. Provide an example of a test
where for a certain parameter space the asymptotic null rejection probability is
controlled but not the asymptotic size. What is the issue for applied researchers

when employing such a test?

Solution.

RIER. WS ENSEERRR SN SH=EBERR > 4. JFERE
LM AR 2 RN ER R, n— oo BFEARERARIR < o7y ¥l size £
HIZR B ESHES FEL sups FFEURIR EHA < o, RIE4 MR — Bt K.
PIE AT LA B YRS BN A —2 (FEAE R RUF 47, nss TR il
BRI , B RERISFRE sup HE o 2 Fo BEHERIL 13 BYHHEL size.

Formal. Let the data have law P, indexed by v € I', and let I'y C I' be the
null. A test ¢, (rejection region R,,) of nominal level a:
(i) controls the asymptotic null rejection probability if

limsup P, (R,) < « for each fixed v € I,
n—oo
a pointwise (in ) statement.

(ii) controls the asymptotic size if

AsySz := limsup sup Py(R;,) < a,
n—oco €l
where the sup over I'g is taken inside, before the limit —a wuniform statement.
Always sup,, limsup,, < limsup,, sup,, so (ii)=>(i) but not conversely.

Ezample (controlled NRP, uncontrolled size). Take the just-identified linear
IV t-test of Hy : B = o, with parameter v = (8, 7,...) including the first-
stage strength m, and I'g = {7 : 8 = [p} allowing 7 arbitrarily close to 0 (weak
instruments). For each fized m # 0 the usual ¢-statistic is 4N (0,1) under Hy, so
lim,, Py ([tn| > 21_q/2) = o the asymptotic NRP is controlled at every fixed point.
But along the drifting sequence 7, = ¢/y/n (weak-IV embedding) the t-statistic
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has a non-standard limit whose tail mass exceeds «, so

sup P7(|tn| > Zl_a/Q) 4 a, AsySz > a.
~v€lo

FLEL: 7=0 (8 7 BB/ B ENAEL N, BRMRAE e A —E
Wesle R T mp = o/ n X DI RE AR n, T2 worst case
e HERMEF: ERAR AR SEAEH TR pretest [5HEHTo

AR EREIE (the issue) . Wit NRP 52 H 2R EIE: SHEAE
FEEE, FEAJEAS KFBEE & K. (BRFRETFENA—1BRER, HAHE
HOB WA (55 TR, iR AL size KIEZWE : fFESHREBGIRE, #
BRI n BRIZIGHISLIR size HHEET a—

AR B RS R RR R SR o 2 B, BEXKEAA
AISE (RBEER) KA BT .

fiE 2 H—B30a 8T (A weak-TV Faf@Ag AR 7 CLR g5, W 14, 14),

N

7.2 Q1(b) - UMP FEMIERS K UMP BTHIEEEN /
When a UMP Exists, and Criteria When It Does
Not

JA/E: ECON 510 (Guggenberger) EZE: & BEHMN: &
BobE S UMP (276 & UMP e (1 B35 v 01

BEEI: 2017. 2018. 2019. 2023. 2025

Z#EFRX: ¥ NP/MLR; J& UMP <25 invariance. similarity. local power

B Q1(b)

In a scenario where there are several tests that control the size and one of
them is uniformly most powerful (UMP), applied researchers should use that
test. However, often UMP tests do not exist. (a) Give a (nontrivial) example
where there exists a UMP test. Prove your claim. (b) In a situation where no
UMP test exists (in the class of tests that control size) describe general criteria
according to which one could still potentially single out a recommended test.
Provide an example of that strategy (with details) that we dealt with in class.

Solution.

(a) FXEE: BiAMMALEL + Karlin-Rubin (6) . BS8eE0G T N EIEE
UMP #5, HREVE MLR g5 (AL TE 24ttt i, 15 N-P ffifigs
OB A2 BER R — M, TS i A—B0A ik

Formal claim & proof. Let X ~ pg form a one-parameter family with density

po(x) = h(z)exp{n(0)T(x) — A(0)}, n strictly increasing (one-parameter exponen-
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tial family = MLR in T'(z)). Test Hyp : 0 < 6y vs. Hy : 6 > 0.

Concrete instance: Xq,...,X, i N(,1), T =5, X;, test Hy : 0 < 0 vs.
0 > 6p. Claim: ¢* = 1{X > 0y + 21_a/\/n} is UMP of size a.
Proof for Theorem

Step 1 (size). Under § = 6y, X ~ N(6p,1/n), so Py, (¢* = 1) = «; since
the power 0 — Py(¢p* = 1) = 1 — ®(21_o — V/n(0 — y)) is increasing in 0,
Supp<g, Po(¢* = 1) = a. Size controlled.

Step 2 (UMP via Neyman—Pearson + MLR). Fix any 61 > 6y. The likelihood

ratio

R

is strictly increasing in 7" = ), x; (since §; — 6y > 0). By Neyman-Pearson,
the most powerful size-a test of the simple 6y vs. 61 rejects for large T, i.e.
exactly {X > 6y + z1-o/y/n} = ¢*. The critical region does not depend on
the particular 61 > 6y, so ¢* is simultaneously MP against every 6; > 6. By

Karlin—Rubin this MLR test is also valid against the composite null 8 < 6.
Hence ¢* is UMP.

’ One-sided test in an MLR (e.g. one-parameter exponential) family has a UMP test (Karlin-Rubin). ‘

AR LKA UMP ZERI H : 0 # 6 —IRAFLE. FNZEATFNIE N-P
U2 VR  TEH: AN SR X I L (b) 3L

(b) FXEH: T UMP B, H/NSSESMBRIDEN. R FE T
SR WS, IAFISE: (1) % SBIZnR k4N, i UMP 76T
HEGIE: (2) 0 SR Hs— R LR b (IACETh Bk
BN o L bR e

o ZfmlE = UMPU. 23R Egp > o XA 0 € Hi (WBUMET /R « £EiT
FEPIRER UMPU 74,

o A%EfE = UMP invariant. 7ERHFA] R 2RI AL, fBRBZL R
g, A UMP AR (14),

o MIFEHTNZ (WAP) / RKBD /| BRAFISH. E—LEAE w 13K
bR AL, SR [ Bp(0) w(dB): At Hi L KAGH NI
Detailed in-class example: the two-sided z-test as UMPU. Xy,...,X, i
N(0,1), test Hy : @ = 6y vs. Hy : 0 # 6g. No UMP test exists (one-sided re-
jection regions beat the two-sided one on their own side). Restrict to unbiased
size-a tests. An unbiased test must have power > « everywhere and, being dif-

ferentiable here, must satisfy the first-order (similar-on-the-boundary) condition
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OgEgplg, = 0. Within this class the generalized Neyman-Pearson lemma yields

the symmetric two-sided region

o"MPU = 1{\/n|X — 00| > z1_as2},

which is UMP among unbiased (UMPU) size-« tests. (Alternative in-class strategy:
invariance + CLR for weak IV, 1J; or weighted-average-power optimal tests.)
REES T UMP ANELE — e X —HARAHR — 7KE UMPU 1% — 753
XEFRRG 2 #5671 B 7ESS IV (CLR= 3 WAP & N
RIS ) B B

7.3 Q2 - IEXE GMM BV, T it 54546IE1T /
Nonsmooth GMM: Estimating 1{,[', and Quantile

Regression

JA/E: ECON 510 (Guggenberger) EZEE: e (W2 BEHB: 5
BbE R Bkl GMM [ Vo, T 520z[H

FEEM: 2023. 2024, 2025 4R HH

EEANX: BAMGHRAS QR R MRS TE BTG5

R Q2

Under Assumptions EE3 and CF-NS we derived +/n(6, — 6o) 4

N(0, (I'T) " '"VoI'(I'T') ') for the GMM estimator with nonsmooth criterion
Qn(®) = 1Gu(O)]], §u(6) = 1 S, g(W;,6), 9(0) = E(g(W;,6)). (a) Pro-
vide estimators for Vy and I' and discuss their consistency under appropriate
conditions. For the quantile-regression example (Y;, X!)' i.id., Y; = X[0y + U;
with 7-quantile of U; | X; equal to 0: (b) derive Vj and I'; (c) find a simple
expression for (I'T)~'I"Vo[(I'T)~t. [CF-NS: 6 interior; g differentiable at
0 with T' = 9g(6p)/96' of full rank d < k; g(6p) = 0; /i gn(60) <> N(0,Vp);
stochastic equicontinuity. EE3: @, (én) = infy Q, + op(n_l/ 2, 6, 2 0o.]

Solution.
ARIERZ 11 BFE6E GMM it iy By H—— AR AL Bl a1
=] A o

(a) B3R Vo BAREIEEMARHIET 7, 1id. TR kY
{5, FAREASMEUI plug-in 6 BT, T = g(6o)/00' ZEIERAE g(0) = E(g(W,0)) 1Y
HERT e ——TFR g(0) S61 GHERURMEREI B ARE T) . R ga.(0) A
W, WORREZRMEAK S, ERABEEZS (S kMG T,
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Estimating Vo. Under i.i.d. and g(6y) = 0,
Vo = Var(g(Wi, 00)) = E(g(Wi, 00)g(Wi, 6p)') .

A consistent estimator is the sample outer product at 0:

~

1 —_ 1 - . o . /
Vb_n;g(WZ)e)g(Whg)

Consistency: by a uniform LLN over a neighborhood of 6 plus N Ay and conti-
nuity of 6 — E(gg’) at 9, Vo B Vg (finite second moments of g required). HJ[A]J7
PRI Newey—West (HAC) &ZAABFILAAIN B B 7 2.

Estimating I'. Since g(W,#) is nonsmooth in 6 (e.g. contains 1{-}), use a
numerical derivative of the sample analogue g, to estimate the derivative of the
smooth population moment g(): with step &, — 0 and unit vectors e;,

i ltee)—a(—cc
F'j = gn( + Enej)QE gn( €ne])7 j - 17 . e 7d.
n

Consistency: Lecture 16 assumes ¢, — 0 and 1/(y/ne,) = Oy(1); CF-NS(v)
then makes the amplified local empirical remainder op,(1). The stronger, easy-to-
remember sufficient choice \/ne, — oo also works. Together with differentiability
of g(#) at 6y and RN fo, this gives T B 7. i (bandwidth dilemma): &, &K
N5 AN local derivative; K/NUZSHUA local empirical remainder, ] 7Y
en=n""% 0<a<1/2 VENLEIEEF.

(b) XRBEL: SLEVFER. S-OLml = — W 40 AR AL g(W5,0) = Xi(T —
1{Y; < X[0}) kB check BMEGRFRE) . 1E 6o 4 {Y; < X[00} = {U; <0}, M5
- 015 P(U; <0 | X;) =70

Compute Vy. At 0y, g(W;,00) = X;(7 — 1{U; < 0}). The scalar 7 — 1{U; < 0}
is mean-zero given X; (since E(1{U; < 0} | X;) = 7) and has conditional variance
Var(1{U; <0} | X;) = 7(1 — 7). Hence

Vo =E(g¢) =E(X: X/ (r —1{U; < 0})?) =E(X;X/7(1 - 7)) =| 7(1 = ") E(X; X]).

Compute T'. The smoothed moment is ¢g(0) = E(X;(r — 1{Y; < X/0})) =
E(X;(T — Fyx(X/(0 — 60)))). Differentiate at 6y (chain rule, dpFyx(X/(0 —
00)) = fux(0)X7):

dg(0o)
0o’

S T arts ({Y < X0} Bf 6 #5°K), HNHE=HRE T gt HI. i

IR, R SCERER LSS T =E(fux(0)XX'). iXE d=k

=

= ~E(X; fux, (0) X)) =| ~E(fux,(0) X:iX)) . |
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CiatriRl, T 5 FEml)

(c) PR HEEHZREIRME. AT 2 kxk Wik, (D) ' =11,
=R D10V,

Formal. For square invertible T, (I'T) ~'I"VoI(I'T) ~! = T 114 (1Y) ~L. Writing
J :=E(fyx(0)XX') (so T = —J, symmetric) and Vy = 7(1 — 7)E(X X"),

AVar = 7(1 - 7) [E(fyx (00X X") ] "E(XX') [E(fux(0)XX') ]~

This is exactly Koenker’s classical quantile-regression sandwich covariance. &4
N L . g T(1—7 -
AL I 261 fuix (0) = fur(0) BEE— M4 ;U(O)g) (B(XX"))

7.4 Q3(a) - &% IV #B 05 (%) / Point
Identification of Linear IV via the Rank Condition

J3E: ECON 510 (Guggenberger) BEEE: & B2 =
ML FE R etk IV R RUR B SRS

BAEEM: 2017-2022 IV/GMM; 2023, 2025 JHFIME&
EEAR: M reduced form 5 R HLIIHEREH-IE I #5117k

B Q3(a)

Consider y = 2'8 + 2}y + ¢, * = Iz + 0, where z = (2],25) € R%, z; €
R%i (j = 1,2), E(ze) = 0, E(zf) = 0, and E(z2') nonsingular. Show that
0 = (B',+') is point identified under the rank condition rk(Ily) = d,, where
Il = (I : ITy) € R%&Xd= TI; € R%*%;

Solution.

RSCRBER. X2 7 et IV SUNARIETT AL + BRAE MR IHTT w = (o, 2]) (3%
dw+dZ1 gﬁ) s IE— z (;H\: dz - dz1 +d22 éﬁ)o _‘L/[\IjEJIIJ = A%%%Eﬁ%% E(Z(y - wla)) =0
AME—fk. B E(ze) =0, FAEWCIZITFE; W1 — REGERE E(zw') FiE
o M E(zw) 5, H o =Hz+n. E(zrf) =0 BHEET E(z2) e IO
FEERAE MRS I, TRk <= rk(Il2) = dyo

Formal. Stack regressors w = v € Ré%*d=1 The population moment
21
condition is

E(z(y — w'0)) = 0.

Because E(ze) = 0, 6y solves it. The solution is unique (point identification) iff
the d, x (d, + d,,) matrix M := E(zw’) has full column rank d, + d,,. Compute
the two blocks using z = Iz + 7 and E(zn/) = 0:

E(z2') =E(2(Hz +n)') = E(22) IT, E(zz1) =E(22') 51,
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where Sy = (14, : 0) selects z; from z (so z; = S12). Hence
M=E(:w') =E(z2) [IT" : S ].

Since E(z2') is nonsingular, k(M) = rk ([II' : S7]), an d. x (d; + d.,) matrix.

Partition rows by z = (21, 25)":

oo (T o

[II': S]] = ! (rows z1 on top, z2 below).
I, o

Full column rank: suppose [II' : S7](}) = 0 with a € R%, b € R%1. The bottom

block gives ITba = 0; under rk(Ils) = d, (i.e. I, has full column rank d,) this

forces a = 0. The top block then gives b = 0. So the only null combination is

trivial:

tk(Ily) =d, = tk(M)=d, +d,, = 0= (5,7") is point identified.

ﬁiﬁ* zo FEHERRME TH (RS —M B RS R, 1k(Ip) = dy s T EAM
KM SRR 20 XTNE 2 1Y dp DA dy Qﬁmﬁiﬁ#ﬁﬁ MU 8 iR
BIHR: 20 BEMSENHTC Y OB TE, 18] ye 3% 2SLS Al f Ay 7B/ 554

7.5 Q3(b) : Das—Newey—Vella IES5EFRE 5 SR /
Das—Newey—Vella Selection: Identifying the
Derivative

HE: ECON 510 (Guggenberger) BEEE: 1 BEHE: (K
#%0ZE B Das NeweyVella JESE4%H 51

5} Egu. U 2023 BEENA: EPHRAIE 2024/2025 L Heckit FER
EEAR: 0K, support/exclusion -1 SEGR L6

B Q3(b)

Define the nonparametric selection model of Das, Newey, and Vella (2003)
discussed in class. Without proof, specify conditions that are sufficient for
identification of the derivative of the unknown function in the main equation.

Solution.

I (7 B9k /EEEH) . DNV U Heckit [9ZtE £ e SHEA IEA
TR AT ES TACA o W EREA ) S5 A BB ] 5 R IS5 A PR AL m(z) n— Ak
#fi propensity score [ AHIERIE IE M (2, 2))o FAEAS R[] L11“[E F propensity
score”, TEFIHHERAZ R 2 BSESERHET N (r), FMN = J7 S SACE kg
B, 153] om(x)/0x.
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The DNV model. The observables are (Y, X, Z, D), with latent outcome and

selection rule
Y*=m(X) +e, Y = DY™, D =1{r(X,Z) > n}, (e,n) L(X,2).

The excluded variable Z enters the selection function 7(X, Z) but does not enter
the structural outcome function m(X). Assume 1 has a continuous distribution.
By the probability integral transform we may normalize n ~ Unif(0, 1) without

loss of generality. Then
m(x,z2) =P(D=1|X=2,Z=2)=ED|X=2,Z=2)

is identified from the observable selection probability.
On the selected sample,

r(z,z) =EY | X =2,Z=2D=1)
— (@) + (e | 7 < 7(z,2))
=m(z) + A(w(z, 2)),

where the unknown selection-correction function is

1 S
)\(s):zs/ E(e | n=1) dt, 0<s<1.
0
Thus r(x, z) and 7(z, z) are identified from observables, while both m and A are
unknown.

Sufficient conditions. At an interior support point (z,z), assume:

(i) the model, exclusion, independence, and continuous-error normalization above

hold;

(ii) r(zx,z), m(x), A(s), and 7(zx, z) are continuously differentiable in the relevant

arguments;
(iii) the exclusion is operative through the rank condition

on(x, z)
——= #0
5, 7 Vs
so changing z changes selection while leaving m(x) fixed;
(iv) the support of (X, Z) contains a neighborhood needed for the derivatives (and
0<m(z,2) <1).

Identification calculation. Differentiate the observed selected-sample re-
gression r(x, z) = m(z) + A(w(x, z)) with respect to the excluded z:

or(z,z) |, or(x, z)
5, N(m(z, z))iaz .
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Let a(z,z) := On(x,z)/0z be a nonzero d, x 1 vector. Then the scalar derivative
of the unknown correction is identified by projection onto a:

a(z, z) or(z, z)/@z‘

a(z,z)a(x, z)

N(m(z,2)) =

Now differentiate in the outcome regressor x:

or(z, z) _ om(z)

on(z,z)
Ox Ox ’

+ N(m(x,2)) 5

Every term on the right except Om(z)/dx has just been identified, so

pdm(x)x = M — N(n(z,2))

on(z, z)
Oz '

ox

This is the requested identification result. The level of m may still be normalized
only up to an additive constant shared with A, but its derivative is unaffected and
is point identified. ZHixfHE &K HH r(z,2) = m(z) + AMn(z,2)); % rank
condition d,m # 0; H 9,7 = N (m)0.7 1A N(n); B 0:m = Opr — N (7)o
B EIRSE 2 SEC WBOA EIE BN R MG E IE «© SECHFE,

7.6 Q4(a) - IRfHITEIRZESIHAZE / Bias and Covariance
of the Ridge Estimator

J3/E: ECON 510 (Guggenberger) EEE: 5 BEHE: &
BLE R Ridge KR EST £

EEI: 2023, 2025

EEFN: BN W25 sandwich JIiFASRESS

[FRE Q4(a)

Model Y = X'B+ ¢, 8 € RP, E(e| X) = 0, i.i.d. observations. Show that
Bridge = (X'X +AL)"'X'Y with fixed A > 0 has bias(Buage | X) = —A(X'X +
AL)~"18 and Var (Bﬁdge | X) = (X'X + AL) " YX'DX)(X'X + M)}, D =
E(ee’ | X).

Solution.

IR AZERE + SR T7E (15). RANY = XB +e, FME X
A A= (XX 4 M) HHEL e | X) = 0 EmBEHLEMI 2 2
Var(4e | X) = A(X'- Var(e | X) - X)A',

Formal. Write A := (X'X + A,)~! (symmetric). Plug Y = X + e:

Bridge = AX'(XB +e) = AX'X B+ AX'e.
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Bias. Conditional on X, E(AX'e | X) = AX'E(e | X) =0, so
IE(Bridge | X) = AX/X5 = A(X,X + )\Ip — )\Ip)ﬁ = AA_lﬁ — )\AIB = 5 — )\AIB

Hence

bias(Bridge | X) = E(Brage | X) = 8= —AX'X +AL) ™8,

Covariance. Only AX'e is random given X:

Var(ﬁridge | X) = Var(AX'e | X) = AX'E(ec’ | X) XA’

=| (X'X +\,)"HX'DX)(X'X + \I,)" L.

A= 02 — 0. 7 — (X'X)7IX'DX(X'X) ™ (M 7 2Z54(@ OLS =1
¥R), 5 OLS 82, D = o2l [T ENTE = 02AX'X A,

7.7 Q4(b) - I& vs. OLS B MSE tt% / Ridge Beats OLS
in MSE

JA/E: ECON 510 (Guggenberger) EEE: thy BEHE:
¥ob# S Ridge 5 OLS 1 MSE 4%

RS 2023; Ridge #i 2025 FHI

EEF R £ bias squared + variance, FfFFE(ET

[F&E Q4(b)

Show that mse(Brage | X) < mse(BoLs | X) if 2Amin(D) > A'B, where
Amin (D) is the smallest eigenvalue of D = E(ee’ | X) and ) is the ridge penalty.

Solution.

B, MSE = trace(J7 % + ZEIMN) o EERFEX/IN X fi Taylor, T f—
Z1EMIEE R (Theobald 1974): it S == X'X. A= (S+M)"1. V= X'DX,
M S~ =A+AAST!, 48 OLS [ =Win S~'VS~1 i HidRk NS5 22 AV AL i
ETERIEREE. T2 MSE 22 SRR, IHERWEFFIEE A OF
BRZN A) BT FHETT ZZRE MR A Amin (D) AR FURAES P77 22 A SR
REIFE A 2Amin(D) > AB'Bo

Setup. Let S := X'X (symmetric, = 0), A := (S + \,)"%, V := X'DX = 0.
Scalar (trace) MSE conditional on X:

mse = tr( Var(- | X)) + [/bias]||*.

OLS (A = 0): bias 0, mseprs = tr(S_IVS_l).
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Ridge: mseyigge = tr(AVA) + A2 A?B (from Q4(a)).
Ezxact decomposition (Theobald 1974, no small-\ approximation). From S +
M = A~ multiply A=! = S + Al on the left by A and on the right by S—!:

STh=A(S+A)S'=A+2AS7L.

This identity holds for every A > 0. Substitute it into both factors of the OLS

sandwich:
STIWVET = (A+AAS™) V (A+AST1A) = AVA+N(AST'VA+AVS T A)+ N2 ASTIVSTA,

using symmetry of A,S. Taking traces and subtracting tr(AV A) gives the exact

variance reduction
Avar i=tr(STIVE™H—tr(AVA) = 2A to( AVSTTA)+ X2 t2o(AST'VSTIA) > 2At(STTAV A),

where the last step drops the nonnegative A? term (S~'V.S~! = 0 sandwiched by
A) and uses cyclicity tr(AVS™1A) = tr(S~LAV A).
The exact MSE difference. Therefore, with no approximation,

2 2
A= mMSE€ridge — MSEQLS = A BIA B - Avar
——

squared-bias cost ~ variance gain

XERAEEM ON?) Ti: A JZ mserqge — mseors HIRFHHA, WZERM 572
Weas B BEREORBE L T T B A AR RN SR AR L, MR SR SR
BE A a7z, MEERUN A

Bounding the two sides by eigenvalues. For the variance gain, V = X'DX >
Amin(D) X' X = Ain(D) S (since D = Ayin(D)I and congruence preserves ), and
A% = 0,50 AVA = Auin(D) ASA. Because S~! > 0,

Avar > 22 t1(STTAVA) > 2X Ain(D) t2(S™TASA) = 2X Apin (D) tr( A?),

the last equality by cyclicity tr(S~1ASA) = tr(AS~1SA) = tr(A?) (all factors
symmetric and A, S commute, being functions of the same S). For the squared-

bias cost,
NBAE < N Amax(A?) B8 < NP tx(A%) B8

Hence
A < N2 tr(A%) BB — 2X Amin (D) tr(A%) = A tr(A?) [A8'B — 2Amin(D)],

and since A > 0 and tr(A2) > 0, this is < 0 exactly when A\3'8 < 2Amin(D):

2min(D) > A '8 = mse(Bridge | X) < mse(Bors | X) (for every fixed A > 0).
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B JT WS o< Amin(D) (MU BOR, URZEBUE) . R oc AB'8 (BG5S K.
FIEE, RO o IR 2 21 A5 (Theobald 1H555{ 4+ Loewner
Jr + BRI . AMERRDE X (B X)) #RER TR A < 0, AFE/N X B4
SIS IE . JX1F & Hoerl-Kennard S f77EME E I — DT 50 UA -

7.8 Q4(c) - LASSO HY oracle ¥R KR EH{RIZ / The Oracle
Property of LASSO and Its Assumptions

JI3/E: ECON 510 (Guggenberger) EEE: & BEHE: =
BbFE S LASSO oracle 4 i 5 5B 5L

AEEEI: 2023, 2025

ZiEFN: ¥ oracle B4 selection consistency &4 5z 3E—FhEHLH]

[RRE Q4(c)

Discuss what is meant by the “oracle property” of the Lasso estimator. Criti-

cally discuss the underlying assumptions needed to obtain that result.

Solution.
R ER (15) . “Oracle "2 Fan-Li 2 O EE—: (1) EEHEE—L
MR 1R B GURREU R ERREINAER); (2) EAER—3
BRI THENL A 5 e mEER . FHIR LA JEE 4 ik OLS ~ MLE
[ oracle”SE 22— (FIFE o MR FFEARMN T 2) . Atk it tRIE5%
“Wiﬁﬁﬁf’ﬁ%iﬁ?fﬁﬂﬂﬁ%%ﬁ‘ﬁi%”o

Statement. An estimator [ of sparse 5y (support S = {j : fo; # 0}) has the
oracle property if, with probability — 1,

(i) supp(B) =S (selection consistency), (i) vn(Bs—fo.s) KN N (0, ngackey,

the same limit as the OLS that knew S in advance.

Critical discussion of the assumptions.

L BERME (sparsity) : FIZHUUEREES (S| /M) B S0R TM.
2. femin / (F5UREE: SUMEERE min 6oy FREA/N (B> WFTRID) . SOUTIE AL, ik

3. FARR/ FHEFFEM (irrepresentable/incoherence) : AHFEAR X TE AR I T otk 52 4%
AT JUIFE R B 22 A8 b iR —— X 2l LASSO 43 & 1Y L2551
4. PREIFFIEE / AR5 (restricted eigenvalue) : & FEAER G T A EAEAL, RuFEZ Al ik,
5. BB\, selection 1l ERET R A (FEARH— FHE VA, — 00),
1M} oracle TEASEERIEIRAE LMY ARIEST Ho(n™/?): plain LASSO fIBFER %,
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Critical caveat. i LASSO — A EIHHA oracle PEi: Fo N\, KE%E
XS HIGART RGBT 2GR BIRE (BR (1) AAR0E) - B4 N,
INETESRAARIEAUTC R ZUEAE R AR . IR BEIE A, — 0 H /nAn — 00”iR
Ui A I SR i —— B ik 55 T 4%, A5 plain-LASSO ) oracle =A% #H5E.
AFHF %A (3) AESLFRAHR K M TR . FTIA=8E) oracle HRBEESE
Zou(2006) ] adaptive LASSO ($&#14G— 80kt BN IAAET , AEERALHR Y
BHRAE /N FARIARE LK), 5 SCAD / MCP &3k MBS ——8 I T
IR TIFIHE A AT R — W 25

Oracle = JEBFHEG + FEZREQNIE ARG frfE LASSO — ik Az, &
adaptive LASSO / SCAD, Jf&ifi sparsity. B-min. AfHT HZEM

FRE S REUITE “oracle= FZET. JERLFIESR AR LASSO (19 25— 4% Wik
AT AW, MG EE H 1 R A—— X IE /2 H “critically discuss” {7 i




Part B - Pinkse (501 Efli, &8+ 4 4%
")

114
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Pinkse BB+ 80N BRI UTRI——5 K2R 2. DU RS 1%

LAREE-NSEAIPS P S5} 72 S

7.9 Pinkse Q1 - WEESHER / Two-set
Inclusion-Exclusion

JIA/E: ECON 501 (Pinkse) ZEERE: (f BEHME: [
BLE R HERNEN EERF

PESM: HatEg; RMENENBES

EEHTN: I EA I F A

R P-Q1

Using the definition of a probability measure, show that P(AN B) = P(A) +
P(B) - P(AUB).

Solution.
RIRBRE. 40 AU B Pl “HRECAHRS, FABRAT M (MESRIEATE) B4t
(1),

Formal. Decompose into disjoint pieces:
A= (A\B)U(ANB), B=(B\A)U(ANB), AUB = (A\B)U(ANB)U(B\A).

Finite additivity gives P(A) = P(A\ B)+P(ANB),P(B) =P(B\ A)+P(AN B),
and P(AUB) = P(A\B) + P(ANB) + P(B\ A). Adding the first two and
subtracting the third:

P(4)+P(B)—P(AUB) = [P(A\B)+P(B\ A) +2P(ANB)]
— [P(A\B)+P(B\A)+P(ANB)| =P(ANB).

| P(ANB) =P(A) + P(B) - P(AUB). |

7.10 Pinkse Q2 - FHHX /&ZEHEMIL /ML (EERHITE
%) / Uncorrelated vs. CMI vs. Independent

J3E: ECON 501 (Pinkse) EEE: & BEHE: =
BobE s AR FE M 50N

FEEI: 2020, 2021. 2023. 2024

EEAN: ERASKARE Y = X? 4l
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[Ff P-Q2

Let y = 22, where 2 ~ N(u,02), p € R, 0 > 0. For what values of y,o?
are: (a) z,y uncorrelated; (b) z conditionally mean independent of y; (¢) y

conditionally mean independent of x; (d) z,y independent?

Solution.

RICE . P BESA TR B REE TT R S = WA SR RE RN = A
MfEGTEER {(Mharfr} C (R CMI} € {AHSC. B4 IR AR SR
E (3,2),

(a) Uncorrelated. Cov(z,y) = E(2*) —E(z) E(2?). For z ~ N(p,0?), E(2?) =
13+ 3po?, E(z) E(2?) = p(p?® + 02), so Cov(z,y) = 2uc?. Since ¢ > 0,

z,y uncorrelated <= pu =0 (any o> > 0).

(b) x CMI of y (E(z|y) constant). Given y = 22 = ¢, x € {++/c, —/c}
with conditional probabilities oc ¢((£+/c — p)/o). For p = 0 these are equal by
symmetry, so E(z | y) = 0 (constant) —mean-independent. For u # 0 the sign is
tilted and E(x | y) varies with y. Thus

‘xCMIofy — u:().‘

(¢c) y CMI of z (E(y | z) constant in ). But E(y |z) = E(2? |2) = 22, a

nonconstant function of x for every ¢ > 0. Hence

’ y is never CMI of z (for any u, o > 0). ‘

(d) Independent. y = x? is a (nonconstant, since o > 0) deterministic function
of x, so x and y can never be independent:

‘ x,y are never independent. ‘

Brep—H T8 p=0 1A (a)(b) ar: (c)(d) AMEMSEHLI. KIEZA
MR G ZAFIEASy C A" BRI BN AR PRI HR R Bl o
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7.11 Pinkse Q3 - fEREBHERNBRHENIRIES % (delta
i%) / Delta Method for a Smooth Functional of a
Matrix Mean

J3/8: ECON 501 (Pinkse) BEEE: & BEHAW: &
ML R R ARG R delta 35

RS 2018-2025 Wi A5

ZIEA: |0 8{bak directional derivative WFhEjLEERE S

F# P-Q3

Let {X;} be matrix-valued i.i.d. variables with bounded support and mean
My, with sample mean X. Derive the limit distribution of 7, {exp(u' Xv) —
exp(u' Mov)} for given vectors u,v # 0, with 7, such that the limit exists and

is non-degenerate.

Solution.

B o Xo 2 X N&MEZHE, SFThRigs & = o X AR
B, XEHE L CLT; SN2 exp(r) EGEEREL, H—F delta i (4), SEOLZE
exp(u’ Mov)o 7 = /Mo

Formal. Let & := u' X (scalar), i.i.d. with mean u' Myv and finite variance
s? := Var (uTle) (finite by bounded support). Then u' Xv = %Z?Zl &, and
CLT gives

\/ﬁ(uT)_(v - UTM()U) 4 N(0,5%).

Apply the delta method to h(t) = e, ' (u" Mgv) = exp(u' Mov):

vn{ exp(u' Xv) — exp(uTMov)} LA N(O, exp(2 uTMov) - Var (uTle) ), rn = V/n.

JEBLRTHE : s? = Var(u' X1v) >0 (u,v # 0 H Xy £EA 5 10 _EAaREHLE) . &
B e Mov > 0 TR, AU QBb IFFEFHH .

7.12 Pinkse Q4 - REMKITENHEEM™ / Consistency of
an Extremum Estimator

J3E: ECON 501 (Pinkse) EEE: & BEHE: =
BOoZE S M EAM TR argmin consistency

FEEM: 2022 Q5. 2023, 2024 510 Q1

AN 1Y separation + uniform convergence [{F5#fE S ilE
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R P-Q4

Suppose 0y = argmingeg 2(0) (unique), € continuous, © compact, and
supgee |2(0) — Q)| = 0,(1). Prove § = arg mingee Q2(0) 2 6p.

Solution.
RSB, bR =& (5): ME—F/N + % + 5 = AR (well-separated
minimum) ; FFE—EUE, B 0 D 6o,

Proof for Theorem

Fix ¢ > 0. By compactness of O, continuity of €2, and uniqueness of 0y, the

minimum is well separated:

0= inf QO) — Q(6y) >0
s gy 5o O — 2(00)

(the inf is attained on the compact set {||§ — 6p|| > €} and exceeds Q(6p) by

uniqueness). Let § minimize (. Then

Q(6)—(6o) = [A8) — 2O)] + [Q8) — 2(B0)] + [2(6) — 8)] < 2sup 1(6)—2(6)).

<sup |20 <0 (6 minimizes €2) <sup [2—9|

On the event {sup, |2 — Q| < §/2} we get () —Q(f) < , which by definition
of § forces ||6 — 6| < e. Since supy | — Q| = 0,(1),

P(Hé — || > 5) < P(St;pm —Ql> 5/2) - 0.

0L 0.

iX 42 Newey—McFadden fH&ME @AY H/MIEE: uniform convergence + identifi-
able uniqueness. —BA¥G/RZEL AR < 0 2“0 F/ME QfgME— 4k

7.13 Pinkse Q5 - HIEERIRAIEFE (IZHI4X&L) / Existence
of limE(y,) via DCT

J3/8: ECON 501 (Pinkse) EEE: hm BEHE: 5
A DCT TR

ARSI 2019 #r. 2023, 2024/2025 Y SLFa

ZIEAN: B RSHE. FTEATAT R dominator
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[FE P-Q5

Let x be continuously distributed with support [1,00) and density f. Let
Yn = (1 +x/n)~". Prove that lim,,_,~ E(yy) exists and determine its limit.

Solution.
R F (I+a/n) ™" —e ™ HO<y, <TPHEE L CET f ) &
fil, DCT gty (4, 1o

Formal. For each fixed z > 1, (14+z/n)™ — e asn — oco. Also 0 < y, =
(1+x/n)~™ <1, and the constant 1 is integrable w.r.t. the probability density f.

By the Dominated Convergence Theorem,

n—oo

lim E(y,) =E(e™®) = /100 e Y f(x)de.

S [1,00) ik —YIELE ., RRIRA A f BEERATER (BRI . B
B 1 I yn € [0,1]

7.14 Pinkse Q6 - F Hoeffding &R METREAR size-a
38 / A Finite-sample Test via Hoeffding

JAE: ECON 501 (Pinkse) EEE: thg BEFE: |
% R Hoeffding A4 A FRFEAK L

[RESH: 2023; RENXTE 2024/2025 (HHE

BRAR: IO NTURE S critical value {451

[R&E P-Q6

Hoeffding: if {x;} independent with P(a; <x; <b;) = 1, then Vz > 0,
P (z — E(zy))] > 2) < 2exp(—222/ > 1, (bi — a;)?). Suppose i.i.d. {z;}
has support [—1/v/2,1/4/2]. Construct a test of Hq : pg = 0 vs. Hy : pig # 0
(o = E(x1)) with rejection probability < « under Hy, of the form “reject if
|z| > Cy”

Solution.
RIERE. HHEAN Hoeffding £5) 7 L, SRAFT o il Coo LHED b —ai =
V2, WY (b — ai)? = 2n. X EBRERRERRI AR (6).

Formal. Under Hy, po = 0 so Y ;" (z; — E(z;)) = Y./ @ = nz. With
b —a; = % - (—\%) =2, 3" (b; — a;)? = 2n. Hoeffding with z = nC:

—2(nC)?

- ) = 2exp(—nC?).

Pu,(|z| > C) =Py, (‘ zn:(xl - E(mz))‘ > nC) < Zexp(
i=1
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Set 2 exp(—nC2) =

reject Hy if || > C := 1/ In(2/a), P, (reject) < o Vn.

Sl X2 IEENE (finite-sample) 7K°F o faf——AHE CLT, FEARTHE +
Hoeffding, XHME= n #F%sr (WiRsE, K4 Hoeffding 2 5L o

7.15 Pinkse Q7 - fREESIXRBEMNBRSM / Exact Law

of a Quadratic Form in Normals

JA/E: ECON 501 (Pinkse) EERE: g BEHE: |
Bab X s bR IS R AR AR

RS EA /KA 2018, 2023, 2025 HiFY
EEAN: EOMEES —REMMBUEST 3 MIERRE 12

[FEE P-Q7

Consider z = 2z Wz for a positive semidefinite W, where z is a vector of i.i.d.
N(0,1). Derive the exact distribution of x.

Solution.

FRIZERE. XFFx PSD BRI W = PAP, IEAAEIERCES FAZE = o 2y

XT MEHEME RO (2, 3).
Formal. Diagonalize W = PAP’ with P orthogonal, A = diag(\1,...,\,),
Aj >0 (PSD). Let w := P’z; since P is orthogonal, w ~ N(0, P'I,P) = N(0, I,),

SO W1, ..., Wy i N(0,1). Then

n
r=2 Wz=2PAP z=w'"Aw = Z )\jw]z.
j=1

Each wjz ~ x? independently, so

n
z 2 Z j %1 ; (independent X3, Aj = eigenvalues of W.
=1

Rl WS (W2=W) Fkr Hﬂ%fﬂﬁ% r A1 HHER 0, o~ XIER
OLS BRZ=FI5flls F iR G — B2 X RJ7” (Imhof A[H CDF),
MGF = [[;(1—2tx;)" 12, t < 1/(2 max; \;)o
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7.16 Pinkse Q8 - EJE (Cauchy &) & TAHERNHEEHE
1L / Consistent Test for the Scale of a
Cauchy-type Law

J3/8: ECON 501 (Pinkse) EZEE: i BEHM: JE
tbE R R RUESE @R

FASEEHL: (L 2023 iZ BRI s A B AR AT S B
FREAN: P RS CLT; AR AE

[FRE P-Q8

Suppose {z;} i.i.d. with density (609v/3)7m {302 + (x — 10)?}~'. Propose a
consistent and asymptotically valid test for Ho : 03 = 1 vs. Hy : 0 # 1. Be
precise (no need to argue consistency/validity).

Solution.
B GRERMME) . X %ERE Cauchy B: L5 Wiy
782+ (. — po)?

s =V3oo (RIHEMHEE 2 HBAFER, 45442 Cauchy), Cauchy ZHHIRHY
BEESAE—TUBRREANAT 2L of (BEATTZEANED) o ERIE: H
— A REMAIEZE (IQR / MAD) 3K /n-——38fl oo, Fiit Wald #1566,
4) o

Construction. The law is Cauchy with location s and scale s = /3 0¢. Its
quartiles are g =+ s, so the population interquartile range is IQR = 2s = 2v/3 09,
giving
IQR , IQR?
ﬁ’ 00 =5

Estimate g by the sample interquartile range IQ\R = (75— (.25 (sample quantiles),

[

—— 2
and set 63 =IQR /12. Here the asymptotic variance can be derived explicitly, so

no unspecified nuisance constant is needed. For sample quantiles,

min(p,r) — pr
f(%))f(q?«) .

At the Cauchy quartiles q.o5 = po—s and q.75 = po+s, f(q25) = f(q75) = 1/(27s).
Consequently,

ACOV((jpa (jr) =

NECICZ I
(1/@ms)? ~ 1

47
ACov(q.25,q.75) = /( /E /4 >)()3/4) i 252

AVar(Gos) = AVar( 252




Chapter 7 2028 ¥i&% ¥ (Worked Solutions) 122

Therefore
Vr{IQR — 25} % N (0, 72s2).
The derivative of h(q) = ¢%/12 at ¢ = 25 is h'(2s) = s/3. Since s? = 30Z, the delta

method gives
2

V(62 — o) LN N<0, 897T2S2> = N(0,7%0p).

Thus a fully explicit Wald test is

n(62—1)2 OR
Wy, = 702% 50X, reject Hy : 03 =1itW, > xil_a, 6(2] = —
nters 12

Under Hp one may equivalently use the null variance 72 in the denomina-

tor, because of = 1. JEiEHEIA TR AH (BRI« BB,
[Z (600V3)m 308 + (# — po)?} Mz = 6 # 1, FrLAMTEIHRIORATRR
REBE (RiHHEEIN T2 T 6 15). 0HEEUE V3oo/m AT N 1, &hikgst
ERE s =30y 1Y Cauchy—— ki I 24 B 5 Bl 25 AT —. $% Cauchy 4%
MUWEE, WG =ED. BB (FF5 ) HAIH Cauchy/HE = 7 ZEAGAE
= NREHISGHL s (977 2285, H IQR/MAD B F A8 fafd )R Bl
5 Wald, Sritin] il MLE: Cauchy (i %- R & MLE #i EAA. X of %
Wald/LR 757 (5).
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5i% - Roadmap (FEiEXE, FEAR)

2024 F 8 HRk&H 5 W, —% ECON 501 (£ Sung Jae Jun, 75il)
A e SRR QL HERTIEE (pushforward) Y2 %1 E 54T %
Q2 HKEHE ERYARGetE KIS /77 2 /R E MR /R ZIER . Q3 HILEK
WM E(IX —y|) 5 THEHAE) B ER. Q4 HEKG MGF ERUES
AT E SRR SASME GF Mills t) - Q5 IR E N s Hek
MR Z R, GRIE) « Q6 IEEMWBE&H. % =% Comprehensive
(510) (3% Patrik Guggenberger, Fii#il): Q1 OLS ¥l + FJ/7 Zf IO T
7z N —EEIE . Q2 B GMM MR Vo, T WMk I &R A2 mH. Q3
Heckit =[A] (¥ Mills ¥ fmi%I. probit 5 m. HEERFRERRG] 0 5 o)
Q4 HAFEARI I ERFHE (b BFEEL he — BTt EARMAHEIIGFE
Y] asymptotic size. Bonferroni size {&1F 6 = a — 8 ST « Q5 JE=
bootstrap 5FHiFE (s = /n) XMHMEAELH NRP 55—,
s RA (B , BE v XLE%Y English formal derivation +
bozed answer. FrHE E (Var(X) = 1/20. Z W JET 21/32,27/32.
E(Y [2X +Y <0) = —/2/(5m). Q5 ZH1 ~ 2) FHM EHEHFBUEZR
ite FREREMR—FERIFMES =T, AERBAFEM.

8.1 Q1 (501) #HEEIMESHETEE

J3/E: ECON 501 (Sung Jae Jun) EEE: 5 (%) BEHE: 5
oL S eI AN 2 S e

FEEW: 2017. 2018, 2019. 2024

EEAN: WL HITHIERAIEE Jacobian #E S

123
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[F@ Q1 (verbatim)

Consider the probability space ((0,1),8(0,1),\), where B(0,1) is the Borel o
algebra over the interval (0, 1), and A is the Lebesgue measure. Let X : (0,1) —
R be a random variable defined by X (w) = exp(—w).

(a) Provide at least two ways of completely characterizing the probability law
Px := Ao X! on (R, B), where B is the Borel ¢ algebra over R.

(b) Find a nonnegative function f on R such that f(oﬁl)g(X(w)) AMdw) =
fR u(dz) for any nonnegative function g, where p is the Lebesgue

measure on (R, B).

Solution.

B, X(w)=e" Tj—: (0,1) b5k, 1 we(0,1) ——MF ze(l/e,1). #
HIEE Px = Ao X! #if2 [Uniform(0,1) B e~ ) WM. SEREZ0mH— R B
MR JLESF S CDF. 5. MGF /FAERE——25 WS BIm] (1 AY4ERTI
JE 4 2 A ZIE) o (b) Y f 15/ Px KT Lebesgue [ Radon-Nikodym
B, Bt c =Y > w=—Inz, dvw=—dz/z /15,

(a) Two characterizations of Py = Ao X!, Since w + e™¥

is a strictly
decreasing bijection of (0,1) onto (1/e,1), Px is supported on (1/e,1).

(i) CDF. For x € R, using X(w) <z <= e ¥ <z < w>—Inz,

0, x <1/e,
Fx(z)=P(X <2)=A{we(0,1): w>—Inz}) =S 1+lnz, lle<z<l,
1, x> 1.

(Forl/e<z <1, —Inz € (0,1) and A([—~Inz,1)) =1—(—Inz) =1+ 1Inx.)
(ii) Density w.r.t. Lebesgue. Differentiating F'x on (1/e, 1),

1
fx(z) = Fi(x) = ;]1(% <z <l).
(iti) MGF (a third, optional). Mx(t) = E(e'*) = fol e " dw = fll/e et 4t finite

for all ¢; this too determines Px. Any one of (i)/(ii)/(iii) plus another constitutes

“two ways.”

Fx(z)=(14hz)l(l/e<z<1l)+1(z>1),
fx(@)=211(1/e <z <1).

(b) The density f via change of variables / unconscious statistician.
By the change-of-variables (image—measure) theorem (1), for any nonnegative mea-
surable g, f(o 1 g(X (w ) = [p9(z) Px(dz). Compute the left side directly
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withz=e ¥ w=—Inz,dw=—dz/z;asw:0—1,2:1— 1/e, so
1 Y z=1/e dx 1 1 1

[ateyao= [ g (<) = [ ato) s de= [ gte) S0/ <0 < 1) i)

0 z=1 T 1/e T R L

=:f(z)
Hence
1
f(:c):;]l(% <z <1)

which is exactly dPx/du = fx from (a). O

Remark (Q1 E&).

fORTALERE (1el) BTk TSI B AT
Jijer e =In1—In(1/e) = 1, BEBHN 1, k.

8.2 Q2 (501) KEZHE: REMHER. HE. KREFHHRESK
EIER

Tt

JA/E: ECON 501 (Sung Jae Jun) EEE: & BEFH:
BOER: HEEE. KBRS BRERTMESIER
BEESI: 2019. 2020. 2021. 2024

EIEARX: L THEE; tower 5 projection ] o AKX AR

[F& Q2 (verbatim)

Suppose that the joint probability density function of (X,Y’) is given by
flz,y) =c-z-1(0 < x <y < 1) for some constant ¢ > 0.

(a) Compute P(Y < X2 +0.5). (b) Compute Var(X).

(c)  Characterize  the  probability  distribution of Z =
EE(E(Y |1(X <0.5) |[1(X <0.5),X?) | X).

(d) What is the correlation coefficient between ¥ — Z and 1(X > 0.5), where
Z is defined in part (c)?

Solution.

AEEH. AW O0<z<y<l L folfoycxdxdy = cfol %dy =&=1,
c=6. T (a)(b) BRI (c)(d) 2 3 [ tower P JT SR IESCMERTES
i, AR SEI o

(a) The region is {0 < < y < 1, y < 22 +0.5}. For each z € (0,1)

the bounds on y are x and min(1,22 + 0.5) (note 2% + 0.5 > z always, since
22 — 2 + 0.5 has negative discriminant); and 2% + 0.5 < 1 <= z < 1/1/2. With
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fo 6x dy = 6x(U — ),

1/V2 1
P(Y<X2+§)=/ 6m(m2+§—m)d:c+/ 6x(1 — z)dx
0 1/V2
- - is [644 3UV2Z 33 1 _9_ 1
Evaluating, the first integral is [§a? + a: — 2z ] =g+ 5= 8 5> and

the second is [322 — 22°]} =1-(2-1)=—-14 L1 Summing, the 1/v2
1/vV2 2 2

terms cancel:

9 1 5
P(Y < X? ——o=c 62
(VY <X?405) =5 -5=2| (=062
(b) Marginal of X Ifx(z f 6xdy = 6x(1 —x) o (O 1) (a Beta(2,2)
density). Hence E(X) = fo x- 6:U l-z)dz = and E(X?) = 1‘2 bx(l—x)dr =
&, s0
Var(X) = — 1 =5 =0.05.

(c) B (tower iﬂ_ﬁ) BRHNEW =EY|1(X <0.5)) HE 1(X <0.5) 1Y

B (FI(ERENLAS ) o TR (1(X < 0.5), X?) BURAFIAE: W C2i% o SR,
WE%BU\HZ%‘MEA@ o W BANEX X: W OR 1(X < 0.5) EE. M
o(X) v, HE—ibE W bl Z=W =E(Y|1(X <0.5)).

By the tower property (3): W := E(Y|1(X <0.5)) is o(1(X < 0.5))-
measurable; since o(1(X < 0.5)) C o(1(X < 0.5),X?) C o(X), both outer
conditional expectations leave W unchanged. Thus Z = W, a two-valued random

variable. Compute the two atoms. With E(Y | X = ) f ny(l ) dy = 1+”” and
P(X <0.5) = [1/?62(1 — z)de = 1,
1/2 1
6xy dy d 21/64 21 27/64 27
o m E(Y| X < 0.5) = J0 S Oydydz 20/64 21 o gy 2T/04 2T

P(X <0.5) /2~ 32’ /2 32

Therefore Z takes value a; on {X < 0.5} and az on {X > 0.5}:

21

5 wp. P(X <05) =4,
7132

33 WP P(X >05) =3

LB = G = 8§ B0, 5 tover R B =B () -
1+1 2
e

(d) Z = E(Y|1(X £05) 2 Y £ o(L(X < 0.5) £y L? #5, ik
Y -7 5% o W AR AR i IFAZ . By the orthogonality of conditional expectation,
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Y —Z=Y -—E(Y|1(X <0.5)) satisfies E(Y — Z | 1(X < 0.5)) = 0, hence

where the second equality uses that 1(X > 0.5) = 1-1(X < 0.5) iso(1(X < 0.5))-
measurable and E(Y — Z|1(X <0.5)) = 0. Thus Cov(Y — Z,1(X >0.5)) =0

and

Corr (Y — Z, 1(X > 0.5)) =0.

Remark (Q2 S&=).

(c) Hpk =2 REWRE—AORZ TWEEERNINZ o ST 4 1o (d) A
AR IR ES RSN o MIESORE XPHL (3).

8.3 Q3 (501) H{IHMM/IMEL E(|X —y|) SHE-HHAHIES
ER

JA/E: ECON 501 (Sung Jae Jun) EEE: i BEHE: b
Vb m s h A EUR IME 4 e S TR A EUR

ARSI 2024; MRS QR ERYHET 510

EREAN: HMELSE/ K FUH Jensen/ = fIAER

[RR% Q3 (verbatim)

Suppose that X has a probability density function f on R such that f(x) >
0 for all z € R, and [%_a%f(z)dz < oo. For y € R, define g(y) :=
oo e =yl f(z) da

(a) Derive a characterization of the value y* that minimizes the function g by
using the probability density function f.

(b) Let 2* := [*_xf(x)dz. What is the largest possible distance between *

and y*?

Solution.

FE»E% ( ) (’X y|) E/ﬂ:ﬁ/ \;'J—\?'\/_\Ell:':'j’fifﬁ—?ﬁ ’[1:‘ — y’ Xj‘ Y *%‘1, ay ‘JZ _ y‘ _
senly— o) (o 7y 1), BUME o/(y) = 2F(y) = 1. %08 Fy) =1/2. f >0 4k
AORIE FOPefgdi, o Mi—. (b) 2 TH(E- zm @y | R |~y <o, H
g 1 y* B + Jensen s,

(a) FOC = median. Write g(y) = [Y_(y— d$+f y) f(z)dzx. The
integrand |x — y| is Lipschitz in y (slope +1) and f (1+ |x\)f < 00, so dominated
convergence justifies differentiating under the integral (2); the boundary terms

E(Y - 2)=0, E(Y -2)1(X>05)=ELX >05EY — Z|1(X <0.5))) =

0,
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vanish by continuity at z = y. Hence
J) = [ f@de— [ f@)de=F) - (1- F@) =2F() - 1.
oo y

g is convex (¢"(y) = 2f(y) > 0), so the unique minimizer solves ¢'(y*) = 0:

y*
F(y*) = %, ie. / flx)dx = % (y* = the median).

Since f > 0 everywhere, F is strictly increasing and y* is unique.

() |z* —y*[ < o. Pik: SEH v* 2 E(X —yl) BHIAL 8 E(X —y*|) J&
2| E(|X —2*) 2 F; A Jensen/Cauchy—Schwarz fl E(|X — z*|) Tii®| 0. Let
o? = Var(X) = E((X — 2*)?) < co. First, by Jensen’s inequality applied to the
convex map t — |t],

2% =y = [E(X —y") S E(X —y7)).

Since y* minimizes ¢g(y) = E(|X —y|), E(|X —y*|) < E(|]X —*|). Finally, by
Cauchy-Schwarz (Jensen on t +— t2), E(|X —z*|) < (IE((X—x*)Q))l/2 = o.

Chaining,
|z* —y*| <o =+/Var(X).

The coefficient 1 is sharp (it can be approached by increasingly skewed distri-

butions, and the strict-positive-density requirement can be met by an arbitrarily
small smooth perturbation). If “largest possible distance” is read as asking for
one numerical bound uniform over all admissible densities, then there is no finite
bound: rescaling X by a constant rescales both |z* — y*| and o without violat-
ing the assumptions. Thus the meaningful sharp answer is the scale-normalized

inequality above; across the unrestricted class of f, the absolute supremum is 4oco.

Remark (Q3 iF).

(a) BREEHR [F(y*) = 1/2) BP0, XESBEER [H f RZ20m
y* o (b) trifE H sharp FIR LS L2 |mean — median| < o PF4 RIOMREEAE
= (Jensen — y* AL — Cauchy-Schwarz) BN, A Z A B E R R
Y N HUE supremum, TR AAEELE M 2 +oo; XA #_E AT THER TR 3.

8.4 Q4 (501) BEA MGF EWIEZ + FihEK&H4E

JA/E: ECON 501 (Sung Jae Jun) EBEE: 5 (W) BEHE: 5
BLES: B4 MGF. o IEASHEME
EEI: 2020, 2021, 2024. 2025
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FEEARX: MGF 151, KHFES. ¥ Mills =454

[F/ Q4 (verbatim)

Suppose that X and Y are random variables with E(exp(tX +sY)) =
exp {(t? 4+ s?)/2} for all t, s € R.

(a) Obtain the conditional density function of Y given 2X + Y.
(b) Obtain E(Y |2X +Y < 0).

Solution.

&, B4 MGF exp{(12+52)/2} = e!*/2e*/2 U430, # X LY H&H N(0,1)
(MGF ME—ER AT, 2/3). (a) & W :=2X +Y, (Y, W) & IES: Var(W) =
4+1=5, Cov(Y,W) =Var(Y) = 1. FHIEHRY|W =w ~ N(tw, 4/5). (b)
E(Y |W <0) = EE(Y |W) |W <0) = tEW|W <0), FHHEKESHE/ %
Mills [,

(a) Since the joint MGF factors as et’/2 /2. X and Y are independent N(0,1).
Let W =2X +Y. Then (Y, W) is bivariate normal (linear in the Gaussian (X,Y"))
with

E(Y)=E(W)=0, Var(Y)=1, Var(W)=22-1+1%-1=5,
Cov(Y,W) =Cov(Y,2X +Y) = Var(Y) = 1.

Cou(Y, W) (

By the Gaussian conditioning formula (3), E(Y |W =w) =E(Y) + Var(i7)

E(W)) and Var(Y|W) = Var(Y) - 0000 e

fypex4y (v | w)

ie. YV|2X +Y =w~ N(¥, %)

(b) By the tower property and part (a), E(Y | W < 0) =E(E(Y |W) |W <0) =
TE(W|W <0). For W ~ N(0,5), write W = /52, Z ~ N(0,1); the truncated
mean of a standard normal below 0 is E(Z|Z < 0) = —¢(0)/®(0) = —1/1\//22? =

2/m (negative inverse Mills ratio at the boundary; truncated-normal condi-
tioning, 3; inverse Mills/Heckit, 7). Hence E(W |W < 0) = V5E(Z|Z <0) =

—V5\/2/7 = —/10/7, and

E(Y|2X +Y <0) = 1(— /10/7) :—\/150/” _ 215%
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2
EOWZ¥+Y<O%:—Mgfz—Q%%.
s

Remark (Q4 E&).

(a) EEEEINE X,V "5 N(0,1) (MGF 4M + & H ef/2). (b) FE BN Y
AT ——Y HFEM (W <0} BT IEMERARERE W (E(Y |W) =W /5)
T WO, A0 L 4 Mills oo ¢(0) = 1/v2m, @(0) = 1/2.

8.5 Q5 (501) IRFHZE TMILEMHBE ZFNAIILIN

JAE: ECON 501 (Sung Jae Jun) EBEE: th FEHE:
BbF R IRGEE ML AIBER AR

FEEM: 2024 HEHB: AF/ELOH WAL
BEAN: FETEGRETOER R AEER

[F7% Q5 (verbatim)

Suppose that X7, X, ... are independent random variables, and that the prob-
ability density function of X, is given by f,(z) = {1 + cos(2mnz)} 1(0 < z <
1). Compute

600
> P(05< X, <0.7and 0.2 < Xp43 <0.3).
n=501

You may provide an approximation with a proof that justifies it.

Solution.

B, X, 5 Xnys FRE = W57, BRAEMRIRRR M ASEE . X
R = KK + A O(1/n) IATAT. KAVFET = 100 x 02 x 0.1 =2,
I > O(1/n) #=H18] ~ 1070, BUER ~ 2, HRELAT M LA H 41 TH%
T IRk | B o

Independence + interval probabilities. For m # n, X,,, 1 X, so the joint
probability factors. For an interval [a,b] C [0, 1],

sin(2mnb) = sin(2rna) _ LR (a,b),

b
Pla< X, <b)= / (1+cos(2mnz))dz = (b—a)+ S

1
with |Ry,(a,b)| < —. Therefore, with p,, := P(0.5 < X,, < 0.7) = 0.24+R,(0.5,0.7)
™
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and gn := P(0.2 < X3 < 0.3) = 0.1 + Rn45(0.2,0.3),

600 600
=Y puta= Y (02+ Ry)(0.1+ Ruys).
n=>501 n=>501

Leading term and error bound. The leading term is 2202501 0.2-0.1 =
100 - 0.02 = 2. The remainder is >0%%; (0.2 Ry43 + 0.1 Ry, + Ry Ryy3), with

0.2 0.1 1

02R 0.1R R, R <—m 4+ —+ ————.
| nt3 + n Tt fin n+3|_7r(n+3)+7m+7r2n(n+3)

Over n € [501,600] each summand is < -%:3- + —TEoLZ 5012 ~ 1.9 x 1074, so the total
remainder is at most ~ 2 x 1072 in this crude bound; the exact value (the sin

terms nearly cancel) is ~ 3.6 x 1075, Hence

600

> P(05<X, <07, 02< Xpy3<03) =2+,
n=>501
7] <2 x 1072 (crude), actual ~3.6 x 107%, so ~2.

Remark (Q5 E=).
WHFER D (1) A TARREAS., EERSEERFIT ONE TR X 1D (i)
51 |Ry| < 1/(mn) iX—TTHE SR justify T~ XA Jo =3 100-0.2-0.1 = 2,
E VPR RMEESRIER , SRR EAIIER .

8.6 Q6 (501) MU E{hiESER

JA/E: ECON 501 (Sung Jae Jun) EEE: & BEHE: &
BbE R R SIS S E

FEEM: 2020. 2021. 2022. 2024. 2025

2RAN: FIUHE S IEHE )]

[RR% Q6 (verbatim)

State whether each of the following statements is true or false, and explain
why.

(a) If X, %0, then X, is approximately equal to 0 when n is large, and
therefore we must have P(X,, <0) — 1

(b) The p-value, significance level, size of a test are all interchangeable terms,
which indicate the chance of making a Type I error.

(c) Suppose that we are interested in some parameter 6y, for which an asymp-
totically normal estimator 0 is available. Suppose that an estimate 0 =0.10 is
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reported with the standard error 0.025. Based on this information, it is correct
to say that 6 is approximately between 0.05 and 0.15 with probability 95%.

(d) Suppose that we have an i.i.d. sample {X1, ..., X, }, where X1 ~ N (g, 03).
If we knew 0@, then we would be able to estimate py more accurately than we
could without knowing og.

Solution.
(a) FALSE. 5 0 Hili P(|X,| > ) — 0, %} X, 47F 0 W— M 2= e 4% . Conver-

gence in probability means P(|X,,| > ) — 0 for every £ > 0; it says nothing about
the sign. Counterexample' X, ~ N(0,1/n). Then X,, 5 0, yet by symmetry
P(X, <0)=1 /4 1. The conclusion fails.

(a) False: X,, ~ N(0,1/n) = X, & 0 but P(X,, <0) =1

(b) FALSE. = /2 =A%, The p-value is a data-dependent random variable
(under Hy with a continuous test statistic it is Uniform(0, 1)); the significance level
« is a pre-chosen threshold the researcher fixes; the size is supgc g, P, (reject), the
test’s worst-case Type I error rate (6, 13). A level-a test rejects when p-value < «,
but the three are not interchangeable.

‘(b) False: p-value (random) # level (chosen) # size (sup Type I error).‘

(c) FALSE (as a probability statement about 6y). 6y 2 [ EH AL, SRR
95% 5 MAUR 8 I S, AR THSE Oo T A BSEELXTR ) RIBER. Oo is
a fixed (nonrandom) parameter; the realized interval [0.05,0.15] = [9 +1.96 - se] is
one realization of the random interval [a:i: 1.96 se], which covers 6y with asymptotic
frequency 95% over repeated samples (8). It is not correct to assign probability
95% to the event that the fixed 6 lies in this particular realized interval.

’ (c) False: 95% is long-run coverage of the random CI, not P(6y € [0.05,0.15]). ‘

(d) FALSE. IE?SElﬁi’Jﬁ SAZEZEER: FRIAESRXA, TR oo Xk o
TeRCRIES . For X; K " N(uo,03), the score for p is Y (X; — u)/o? and for o2 is
231X — p)?/o* — 1/0?%); the Fisher information is block-diagonal,

1/o 0
e = (00 1/(203))’

so the p-block of 17! is 0 whether or not og is known (5). The MLE X,, has
variance o3 /n in both cases; knowing o gives no efficiency gain for po (parameter
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orthogonality / ancillarity of the scale for the location).

(d) False: y,0” are info-orthogonal; Var(X,) = 0§/n regardless.

8.7 Q1 (510) OLS #EnH5RAERBATEMN—EE

JA/E: ECON 510 (Guggenberger) EZEE: e (W2 BEHB: s
BUE R OLS/MAAMG T Fafe )y 7 & —8hk

[FSEEH: 2017, 2022, 2023. 2024; HAEIRAFERZL

ZiEAN: FOC U4 sandwich 5% ZER M AHE T E I

[F7% Q1 (verbatim)

Suppose Y; = X/3 4+ U; for i = 1,2,...,n, {(X;,U;) : @ > 1} are iid with
E(U; | X;) =0 as. and E(U? | X;) < o0 a.s.
(a) Derive the asymptotic distribution of the least squares estimator.

(b) Provide a consistent estimator for the asymptotic variance of the least

squares estimator and prove consistency.

Precisely state any additional assumptions you may need.

Solution.

BB, bRl OLS i va(B - 8) % N(0,Q'0Q7Y), Q = E(XX]), Q =
E(X;XU?). iEWiE LLN + CLT + Slutsky/CMT (8 #AEAGTH — KR,
OLS 2 HZMH54) . (b) White/Eicker-Huber J20Mb i, —#EsE LLN + 5k

oN=

Bl + OMT. B B(|1Xi]) < oo — 3%l

(a) Additional assumptions: (Al) @ := E(X;X]) exists and is nonsingular
(positive definite); (A2) Q := E(X;X[U?) exists and is finite (e.g. E (HXZH2 UE) <
o0). From § = (13 X; X)) 'L S X,Y; and Vi = X8 + U,

\/E(B —B) = (% > X1X2'> o (ﬁ D XzUz)

By the WLLN, 1 3" X; X/ % @ (nonsingular by (A1)), so by CMT the inverse %
Q~!. The summands X;U; are iid with mean E(X;U;) = E(X; E(U; | X;)) = 0 and
finite variance Q (by (A2)), so by the Lindeberg-Lévy CLT ﬁ > XiU; 4 N(0,9Q).
By Slutsky,

Va(B-8) SN0, V),  Vv=Q'0Q7', Q=E(XX]), Q=E(X;X]U?).

(Under conditional homoskedasticity IE(Ui2 | XZ-) =02, Q=02Qand V =02Q 1)
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(b) Additional assumption: (A3) ]E(HXIHZL) < oo and ]E(HX,-H2U1-2) < 00
(so the LLN applies to the relevant fourth-order averages). With residuals U, =
Y; — X3, the Eicker-Huber-White heteroskedasticity-robust sandwich estimator
is

V207007, QeiYNX 03X

Proof of consistency. Q 5 Q by the WLLN and Q~! & Q1 by CMT (using (A1)).
For Q), expand U; = U; — X/(B — 8), so U2 = U — 2U;X!(B — B) + (X)(B — 8))°
and

0= 1N xixju? - ( ZXX’UX’)(B B8+ ( > XiXi(X{(5 - 5)))

2 Q (WLLN, (A2))

By (A3) the two correction averages are O,(1) (bounded in probability via the
LLN/Markov), while B— 8250 from (a); hence both correction terms are o,(1).
Therefore 2 2 Q, and by CMT

V=Q'QQ ' HQleQ ! =V.

Remark (Q1 (510) E=).

(a) B2E R LR 2 E(U | X) = R 7 26). MOl 7 22 200 Q1 Q"
Fafd AN . (b) —BUEIEH R OEIE U2 JEFF. B 5 8 138 LHUEK 0p(1);
B precisely state FIRAMNEIFREE Q WiEE (A1). Q AR (A2). PIBE (A3).

8.8 Q2 (510) IEHxZ GMM: V,, I Bttt 5 S 4GLEI

J/E: ECON 510 (Guggenberger) BEEE: g (»e) BEHE: WS
BLER: AR GMM 59 [E

FEEWM: 2023, 2024. 2025 ELEHIL

EEAR: [H 2023/2025 Q2, WM

[RR% Q2 (verbatim)

Under Assumptions EE3 and CF-NS we derived +/n(6, — 6p) LN
N (0, (T'T) 'Vl (I'T) 1) for the GMM estimator with nonsmooth stochas-
tic criterion Qn(60) = |Gn(0)]l, Gn(0) = n~' 35, 9(Wi,0), g(6) = E(g(W3,0)).
[CF-NS: (i) 6y interior; (ii) g(#) differentiable at 6y with T' = (9/96")g(6p)
full rank d < k; (iii) g(6o) = 0; (iii") /n gn(60) 4 N(0,Vp); (iv) stochastic
equicontinuity supjg_g,( <5, v 9n(0) — g(6) — gn(00)|| > 0. EE3: Qn(fy) =
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infy Qn(0) + 0p(n1/2), 6, 2 6]

(a) Provide estimators for Vj and I' and discuss their consistency under appro-
priate conditions.

Consider Quantile Regression with (Y;, X[)' iid, Y; = X[6p + U;, where the
T-quantile of U; conditional on X; equals 0 for some 7 € (0, 1).

(b) Derive what Vj and T" are in this case.

Solution.

REERE (11) o WM Q, AW (B/RMERED , [HEMKIE g(0) = E(9(W;,0))
FEH I ——HER M R B A CDF /4. LA T 2 RE 6 g(0) 1 6o 1
HERTLE, T Vo J& g(Wi,00) M7 2. (a) ZaREARRHLME T (b) Y& 21900 =,
g=X(L(Y <X'0)—71), Vo=71-7)E(XX'), T' = E(fU|X(0)XX’)O

(a) Estimators.

VO:

S
i M:
)
<
—
£
>
3
N—
<
E
>
3
=

i
the sample second moment of g(W;,0,) (recentering at gn(,) is asymptotically
negligible since g, (0,) % g(6) = 0). Consistency: by a uniform LLN over a
neighborhood of #y (Glivenko—Cantelli / ULLN class condition) plus 6, 2 6y and
continuity of 6 — E(g(W,0)g(W,0)) at 8y, Vo = Vo = E(g(W, 00)g(W, 6p)").

For T' = (0/00")g(6y), do not differentiate the nonsmooth g,; estimate the
derivative of the smooth limit g(6) = E(g(W,6)). Two standard routes: (i) a
closed-form plug-in when ¢(6) is known analytically (as in QR below, it involves a
conditional density estimated by a kernel with bandwidth h,, — 0); (ii) a numerical
derivative

P Gn (0, + €ne;j) — Gn (0, — €ne;) 1

= S0, — = 0,1
J 2€n, v T V/nen p(1);

consistent under CF-NS(v), which makes the relevant local empirical numerator

0p(n~1/2). The stronger convenient choice /ne, — oo also suffices. Either route
needs the step to vanish at an appropriate rate and g to be differentiable at 6.

~

Vo =1, 9(Wi,0,)g(W;,0,); T = numerical/kernel derivative of the smooth g(6) at ..

T n

(b) QR case. Take g(W;,0) = X;(1(Y; < X[0) — 7) (the QR moment; its
expectation is the FOC of the check-function GMM). The conditional-T-quantile-
zero condition gives P(Y; < X!0y|X;) = P(U; <0]X;) = 7, so E(g(W;,6p)) =
E(X;(r — 7)) = 0, confirming g(6p) = 0.

Vo: since 1(Y; < X/0y) — 7 has conditional mean 0 and conditional variance




Chapter 8 2024 ¥i&% ¥ (Worked Solutions) 136

7(1 — 7) (centered Bernoulli(7)),
Vo = Var(g(W;, 60)) = E(X; X[ E((1(U; < 0) = 7)°| X;)) = 7(1 — 7) E(X:X]) .

I: the smooth limit is g(0) = E(X;(Fyx(X/(0 —6p)) —7)); differentiating at

6 = 0y (inner argument 0),

-2 9)‘ = E(X:X] fux (0] X3)) .

= @9( 9o

Vo=7(1-7)E(X:X]),
L' =E(fyx,(0) X:X]) .

With d = k (just-identified) the sandwich collapses to

Il V=r1-7I"E(XX )T,

the classical Koenker—Bassett QR variance.

Remark (Q2 (510) E&).

DB R AR a9 N, &
Blg): T £ER) g(0) = E(g) K
I' BB AR fux(0)—XIE
o

BAkgE. Vo FIREARM T 2 B8 (FE 6, 4
S, AEEXT gn RT (WAEATTHD . QR B
L B H 77 22 AR H A4 1Y) nuisance 25

F
e

8.9 Q3 (510) Heckit EFHRE!: # Mills. probit 127, #E
R BRI

JA/E: ECON 510 (Guggenberger) BEE: s (0e) BEHE: WS
#Z0F B Heckit, 3% Mills. probit SHERRER IR

FEEH: 2023 LM, 2024, 2025

EEAN: WEANX ¥ Mills SRIFRRRA A O ES iR

[RR% Q3 (verbatim)

In the Heckit model (Heckman, 1979), using the same notation/assumptions
as in class (y* = 2’0 + ¢, y = dy*, d = 1(2'm + 2'ma > —n), joint normality of
(e,m)):

(a) Show that E(y | z,2,d = 1) = 2/0 + ocpA(@'m + 2'm2), where A(s) =
¢(s)/®(s).

(b) Identify 7; and o from a probit regression of d onto z and z.

(c) Specify conditions under which one can identify § and o,,.
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Solution.

BE (7)o () f£d=1 1 n > —(a'm +2'm)) X e BEAHE, N
EZ TE@E|n) = oan) (H—4k Var(n) = 1) INEmmakay Mills o (b)
P(d=1|xz,2) = ®(z'm + 2'ma), probit R (71, m2)e (c) HEFRIRH]: 2 Hhz
D AR TR IR OTRE, 8 AC) AN T ¢ B S, Rl o 3
2.

(a) Normalize Var(n) = 1 (only the scale of the index is identified from d).

With (e,n) jointly normal, E(e|7n) = 0., 7n. Conditioning on (z,z,d = 1), i.e. on
n>—(z'm + 2'm) = —s,

E(e|z,2,d=1) =0y E(n|n > —s) = 0¢y 1?%)_(8_)8) = 0gy g((z)) = 0o A(9),

using ¢(—s) = ¢(s), 1 — &(—s) = P(s), and the truncated-normal mean
E(n|n >c)=¢(c)/(1 — ®(c)). Since y = y* = 2/6 + ¢ on {d = 1},

E(y|z, z,d=1) = 2'0 + oy N(&'m1 + 2'm2),  A(s) = ¢(s)/D(s).

(b) The selection indicator is d = 1(n > —(a'm + 2'm)) with n ~ N(0,1)

independent of (x, z), so
P(d=1|z,2)=P(n>—(2'm + 2'm)) = ®(a'm + 2'm2).

Hence a probit of d on (x,z) has index coefficients exactly (71, 7m2), identified
provided (2/, 2') has a nonsingular second-moment matrix (no perfect collinearity)

and Var(n) is normalized to 1.

(71, m2) identified as the probit coefficients in P(d = 1|x,2) = ®(2'm + 2'm).

(c) From (a), on the selected sample y = 2'6 + o-y)\(8) + error with § =
x'm + 2'my (w from the first stage). 6, 0., are identified by a regression of y on
(z,A(8)) provided the regressors are not collinear. Because A(:) is a nonlinear
function of the index it has some variation even when z = z, but identification is

fragile (near-collinearity) unless there is an exclusion restriction:

(i) 3 a component of z entering the selection index ( # 0 in 72) but
excluded from the outcome equation, giving A\(-) variation independent of x;
(i) joint normality of (e,7) (so the correction is exactly oc,y));

(iii) full-rank / no-collinearity of (x, A($)) on the selected sample.

Under (i)—(iii), the second-stage OLS of y on (z, A(8)) identifies 6 (coefficient on
x) and o¢, (coeflicient on \).
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Remark (Q3 (510) E=).

(c) W RAEHEIR IR AT BOA T IEERE . RS R ) (TR R 2, A(2'm) 2Al
v L, AR A ARG S fl R — s EA R fF . EAMER e
BTG oen ) HRIE, HEF].

8.10 Q4 (510) ®EAHENRIE: EHFF. CR IaFE. size
121E

JA/E: ECON 510 (Guggenberger) BEE: g (We) BEHE: WS
BibE S A%, drifting sequence. AsyCS 5 Bonferroni

[FEEH: 2023. 2024. 2025 size T2k

EEAN: WRLK S size (B ELBRTHM:; FEENFY

[FR@E Q4 (verbatim)

Consider the model with moment inequalities/equalities Epm;(W;,6y) > 0
for j = 1,...,p and Epm;(W;,0p) = 0 for j = p+1,...,p + v. Define
Y1 = (")/171,...,’}/1713), € Rﬁ_ with v ; = O'ij(e)_lEFm]‘(Wi,(g), O'FJ'(@) =
Var}/Q(mj(Wi,H)); 2 = Q = Q0,F) = Corrp(m(W;,0)) the k x k cor-
relation matrix; 3 = (F, 0) Define T,,(6) = S(n'/?m,(0),%,(0)), where
3n(0) = n= 132 (m(Wi, 0) — i (0)) (m(W;, ) — m,(6))" is an estimator of the
asymptotic variance matrix ¥(8) of n'/?m,(f). Assume (i) S non-increasing
in my, (i) S(m,%) = S(Am,AXA) for pd diagonal A. Under drifting se-
quences 7, j with n1/2’yn7h,1 — hy € 0,007, Y2 — ho, one has T}, (6y,p) 4
S(h1/2Z + (h1,04),h2) ~ Jn, Z ~ N(0,1I), with 1 — o quantile c,(1 — ).
Test Hy : @ = Oy at nominal size a (two-sided) using T,,(6p); h1 cannot be
consistently estimated but one can construct an asymptotically valid (1 — 3)-
confidence region C Ry, »(1 — ) for h;.

(a) Discuss how to construct CRy,, (1 — 3).
(b) [With cv(1 —a) = SUPﬁleQRhl,n(lfﬂ) C(fu,fzz,n)(l — a) for a consistent hg ,, of
ha.] Provide a candidate for hg .

(c) Is the asymptotic size of the test that rejects if T,,(6y) > cv(1l — «) equal to
a? Bigger? Smaller?

(d) Is there a modification rejecting if 75,(6g) > cv(1 — ) for an appropriate
nonrandom 0 > 0 (depending on «, ) guaranteeing asymptotic size < a? If
yes, specify d and prove your claim.

(e) If (d) is yes, what can be said about power relative to the worst-case plug-in

approach?

Solution.
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HEZR (Andrews-Soares / Andrews-Guggenberger, U, 13). hy 2&AERL (4
WO FABEE n'/ 2y, AEEAET (O(1) A% . HAEE N BE K. IHFUE
TR hy FEGBE XN EAFBCER supl. (a) REXRT v WiEEE CR; (b)
ho MMM, FREARSRAER AL (o) JRREF RBEIRIE size < o+ B, FTLA—K
FAARIE level a5 (d) BB BMERSEE WL 6, WL 6 = a — #, Bonferroni 73
WIEAH size < o (e) 4/ nuisance SESFERIGFUE, AU HE RS S
i FHE, BB A sy -

(a) Constructing CRy,, ,,(1—3). hqy =lim n1/27n,h,1 collects the scaled slack-

1/2

ness n aE;Eij of the p inequalities. The studentized sample moment satisfies

. _ . L _ d
nt/241 j i= nt2my, §(00) /605 (00) = 0Py 46, (M = Emy) S b+ 25, Z;
asymptotically N(0,1). Inverting, a one-sided (Bonferroni) componentwise (1 — 3)
CR is

CRp, n(1-p) = {hl € 0,00} : hy; > max (0, nl/Q'Aij — knwg), j=1,... ,p},

where k; g is the (1 — ) critical value of max; Z; (e.g. 21_g/, by Bonferroni,
or a joint-normal quantile using hs,). Because the true h; is component-
wise > 0 and the CR is the upper set consistent with the data at level S,
liminfP(h1 € CRp, (1 —pB)) > 1—B.

(b) Candidate for hy,. hy = Q@ = Corrp(m(W;,6p)) is the moment cor-
relation matrix; estimate it by normalizing the sample covariance in(Ho) to a

correlation matrix:

hon = DyY2%,(00) Dy Y2, D, = Diag (£,(60))-

n

By the WLLN DIy along the drifting sequences and by CMT (the normaliza-
tion is continuous where variances are bounded away from 0), ﬁg}n 2 h.

(c) Asymptotic size. % CR 2GH 5 E hy 40f# rejection event: # 35Hf
BMREL o WESHNAEHATZES B RIKHERE o + 8, AREER
level oo The test rejects if T,,(6p) > cv(l — a) = supy, cor C(fn,ﬁz,n)(l —a). On
{h1 € CRp n(1 — B)} (probability > 1 — 3), cv(1 — a) > ¢, py)(1 — @), so the
rejection contribution on this event is asymptotically < «. On the complement
(probability < ) rejection is bounded only by 1. Hence the general bound is
P(reject) < a + [ asymptotically:

‘ (c) asymptotic size is bounded by « + f3; it need not be < a. ‘

The word “conservative” is not justified relative to the nominal target o: although
taking a supremum over a covered CR raises the critical value, the CR can miss
the truth with probability as large as 3, and the resulting bound « + S is above

a. Depending on the model and dependence between the two events, the actual
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asymptotic size can be below, equal to, or above «; the general conclusion is only
the upper bound a + 5.

(d) Size correction 6 = o — B. JFHIHY cv BEMEFRERICHN 0: cv(l —9).
A S FUE SR [ conditional rejection 6 + CR miss 8, W04 6+ 8 = «a, HfI
d=a— L., Yes. Assume 0 < § < « and take

d=a— 0.
Reject if

Th(0o) > cv(l —0):=  sup €l o n)(l —6) = sup s oo n)(l —a+p).
h1€CRh17n(lfﬁ) ’ h1eCR ’

Proof. Split on whether the CR covers h;:

P(T,(60) > cv(1 — 6)) < P(T(6p) > cv(1 —8), hy € CR)+P(hy ¢ CR).

limsup<é§ limsup< 8

On {h1 € CR}, cv(1 =0) > ¢, hy)(1 —9), and T, (6p) 4 J(hy ,ha)s SO the first term
has limsup < §. The CR miss contributes at most . Therefore

d=a—pF: limsupsize < §+8 = (a—0)+8 = «.

The Bonferroni budget splits a into o — 3 for the test and S for the CR.

(e) Power. PRV TT A : CR JEHL sup [ nuisance SE45/)N, ZF&KIm
FUE: Ho=a -8 <a BN 1 —afdmE 1-a+ 8, SaEinAE. ¥
HHHMES A GESG—HEF - The worst-case (least-favorable) plug-in uses

LF
™ (1l—a)= sup ¢, i (1—a).
h1€]0,00]P (h1,h2,n)

The Bonferroni procedure instead uses

P = sup c(hljun)(lfaJrﬁ).
hECRy, n(1-B) ’

Restricting the supremum from the whole cone to the confidence region tends to

make cvP

smaller and recover power. However, replacing the 1 — a quantile by the
higher 1 — a + § quantile tends to make cv? larger. Neither effect dominates in
general. Hence Bonferroni can be more powerful when the CR is informative, but

it is not uniformly more powerful than the worst-case test:

(e) Often a power gain is possible because the nuisance set is smaller,

but there is no general or uniform power ordering.
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Remark (Q4 (510) E=).

X2 Andrews-Guggenberger [] Bonferroni size-correction Frifi# . —/-=F 4k
(c) T HRES size < a+ B, ArLAAAS level a, ANREFR AN o fR5F; (d) 5L
E R co(l—=0), Mikod=a—3, BHEHMMEER (a-B8)+8=0a; HH—
FE 55 co(l —a+96), HNAZE 6 =85 (e) CR /) nuisance 55 H 54>
REBOT I, Thal ] SEHGE (R uniformly dominate. hop st HEATHCHERE

8.11 Q5 (510) 3ES bootstrap 5FIMFEITHEKIEH
NRP 5—E%

NN

I3/E: ECON 510 (Guggenberger) BEEE: & BEHE: =
¥%OZE S JEZ bootstrap. subsampling. NRP 55—
RS 2024; R PS/Pk U 5 4

Z2iEA I Express-Condition-CLT-DCT ] subsample rate Z<>

[F& Q5 (verbatim)

Let X; ~ iid with unknown mean S € R and variance 1, i = 1,...,n. Test
Hy: 8 =0vs Hi : B+ 0 based on the statistic n*/2X,,, X,, = > Xi/n. Two
resampling schemes for the critical value:

(a) Let X}, ~iid F, fori=1,...,n,b=1,..., B (say B = 1000), F;, the EDF;
define X*, = >°. X} /n. Take as critical value the 1 — o quantile of "1/2X;b>
b=1,...,B.

(b) Choose s = n'/2. Consider all subsets S;, j = 1,..., (), of {X1,..., X}
with s elements; for each compute Xy; = >, s, Xi /s. Take as critical value
the 1 — a quantile of 51/2)_(Sj.

What can you say about the asymptotic null rejection probability and consis-
tency of the two procedures? Provide justifications. Would you recommend

either? Explain.

Solution.

SEIRRIRRE A ANPEME (12), 55—, 5 two-sided, (B 1 — o 4014
HR2 signed; FH b H GEFUFE 48 B0 N33 5% upper-tail comparison. 2% ., bootstrap
statistic A I 2 bootstrap world [EE X,.. FrLA bootstrap critical value 2>
MIGET & T, = vnX, HOERIEER . DA BRI ER ), FRIAERE
FLIE AR 55 o

Let T}, := /nX,,. Because only a signed 1—q critical value is supplied, interpret
each literal procedure as rejecting when 7;, exceeds that critical value. Assume the
usual testing range 0 < o < 1/2. As is standard in resampling asymptotics, first

analyze the ideal conditional quantile (equivalently let the number of bootstrap
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draws B — oo fast enough); the finite-B qualification is stated below.

(a) Literal non-recentered bootstrap. Conditionally on the data, the EDF
has mean X,, and variance 62 2 1. The bootstrap CLT gives

V(X — X)) 5 N(0,1),

Therefore the conditional 1 — « quantile ¢;, ;_,, of the uncentered statistic VX,

satisfies
1o =VnXn+ 2120+ 0p(1) =Ty + 21-0 + 0p(1).

The rejection inequality is consequently

*
n,l—a

T, >c = 0> z1_q +0p(1).

Since z1_o > 0, under Hy

‘Po{reject by (a)} — 0.‘

The same cancellation occurs under every fixed § # 0: both T}, and the critical
value contain the same leading term /nf. Hence the power also converges to 0,
not 1:

Procedure (a) as written has asymptotic NRP 0 and is inconsistent.

Merely saying “the NRP is not a” misses the sharper conclusion: it degenerates to
zero because the uncentered bootstrap critical value tracks the observed statistic
itself. If B is held literally fixed at 1000, the limiting empirical critical value is
Tn+Z (), where Z, is the r = [(1 —a)B] order statistic of B independent N (0, 1)

draws. Then the limiting rejection probability is
P(Z(,) < 0) = P(Binomial(B,1/2) > r),

an astronomically small but nonzero Monte Carlo error for conventional (B, a) =
(1000, 0.05). It does not approach « and does not restore consistency; the clean

limit 0 above is the ideal-quantile/ B — oo result exam solutions normally report.

(b) Literal signed subsampling, s = \/n. For a uniformly chosen subset
of size s, the finite-population/subsampling CLT gives, conditionally on the full
sample,

\/E(ij - Xﬂ) i* N(07 1)7

because s — 0o and s/n — 0. Thus the signed subsampling quantile satisfies

Ao = V5 Xn + 21-a + 0p(1).
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Under Hy, T,, = Op(1) and
\/an = \/iTn = n_1/4Tn = Op(l)a

so b B oo . Since T, % N(0,1),

n,l—a

Po{T, >V — a.

n,l—a

For a fixed alternative,
T — & _a = (VR = V5)B + 0p(1) = (n'? = n/*)3 4+ O, (1).

It tends to +o0 if # > 0 and to —oo if § < 0. Hence

1, >0,

Pg{reject by (b)} —
0, pB<O.

Procedure (b) is valid and consistent for the right-sided alternative, but it is not
consistent against the stated two-sided alternative 8 # 0 because it has zero lim-

iting power for every fixed negative g.

Repairing the problem into a genuine two-sided test. Use the absolute

target statistic
IT| = |vnXa|.

For the bootstrap, take the 1 — a conditional quantile of the recentered absolute
1001

V(X5 — Xn)| -
That critical value converges to z;_q /2, so the NRP tends to « and, for every fixed
B # 0, |T,|] — oo while the critical value is Op(1); power tends to 1. A two-
sided subsampling repair analogously uses the 1 — a quantile of ‘\/E(X' s — Xn)}
(or imposes the null directly); it is first-order valid when s — 0o and s/n — 0 and

is consistent for both signs.

Recommendation. Recommend neither literal procedure for the stated two-
sided problem. After repair, prefer the recentered two-sided bootstrap for this
smooth root-n mean problem: it is first-order valid and can exploit higher-order

refinements, whereas subsampling is more robust but usually less accurate because
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it uses only s = o(n) observations per resample.

Literal (a): NRP — 0, power — 0;
literal (b): NRP — «, but consistent only for 5 > 0;

genuine two-sided version: use absolute values and a recentered resampling root.

Remark (Q5 (510) E5).

PEIOEW)Z. (1) sk bootstrap critical value & T, + z1-a +0p(1), 5 T),
I, BOBTHERE R NRP f] fixed-alternative power #3543 ; NEESMN [ AET
ale (2) & BIHIE Hy: f # 0 HHZ signed upper-tail statistico subsampling
E null FAER, HEXE B > 0 consistent, X 8 < 0 power — 0o EL A£G 56 2
4 |T,| 5 recentered absolute bootstrap/subsampling root {1 —« 3%, W,
12,
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8i% - Roadmap (£iEXE, F852K)

AREEHE 2025 FF R (Pinkse 501 75/ + Guggenberger 510 FfHl) 265
—— X EE AP X — B R RNERIE—F, SinE. 501 2k #
AT EHIR A p BriE FREAKERILSCE . x2 BIERAY limsup. —JCIE
AHEW SR ARBERICSON S TN SL. Markov+Jensen BUARZE,
TR M RN MLE. LA —A [0,1] B4 Bt gayml ik, 510 52
B ER: =M size =&, R GMM By Vo, T it 540Gzl
SEAS A IEASBER TS B IR FUE/ThE/J6 UMP. LASSO |y oracle #:Jii 5
Ridge= #5/" OLS. LLK Heckit SR, EIELSRA (BF), BHHET X
B35 English formal derivation; FE|H)EE—FHHE B FTPIHE X W E T o

9.1 501 -Q1 (HMEIEL: HAFE. WHZER. B#MZE limsup)

J3E: ECON 501 (Pinkse) ZEE: & (02 BEHM: 5
BbE R HATZ. (VA p BHERRS B limsup

FAEEI: 2019-2025 Wi FISES: S

EEFR: FAJZ IF. von Bahr-Esseen/MZ ] Markov FL¥43 i3

[FE& 501 - Q1 (Asymptotic theory)

(a) Let 62,03 denote the sample and population variance, respectively, of an
i.i.d. sample of size n with finite fourth moments. Derive the limit distribution
of \/n(6% — ad).

(b) Establish the convergence rate of z if & is the sample mean of an i.i.d.
sequence of random variables with 0 < E(||z|”) < oo for some 1 < p < oo.
Your answer should be a function of p and work for all such values of p.

(c) Let 6% be the sample variance of an i.i.d. sample (of size n) of unit vari-
ance random variables with finite fourth moments. Let 2, be a x2-distributed

145
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random variable independent of 2. Derive limsup,, ,., P(né’2 > zn).

Solution.
B, =/NoZEG: (a) 2FrifE CLT+delta, J7ikafE 45 (b) % [E#DIL
SOBIE |, B2 p EREG (o) 2IEMAMSLR T %8 CLT fb. AENFS
R, 45 1/2 1 BARBRAFAENL limsup BIARFR. 38 pg == E((z — p)?).

(a) Write p = E(z1), 08 = E((z1 — p)?), pa = E((z1 — p)*) < co. The (bias-

uncorrected) sample variance is

i=1 i=1

The second term is O,(n~") (since Z — pu = Op(n~'/?)), so \/n(Z — p)? = 0,(1) and
it drops out after scaling. Let w; := (x; — p)?, i.i.d. with mean o2 and variance
Var(wi) = E((z1 — p)*) — 0§ = pa — 05 < o0. By the CLT (4),

1 n
ﬁ(nZwi—a(Q)) E>N(O, ,u4—0§).

i=1

Adding the o, (1) term and using Slutsky,

\/ﬁ((fQ —0(2)) iN(O, ,u4—0§) , 4 :E((331 —M)4)

AT BRPY B HE A AE A BAEARIE Var (w1) = pa — o AR CLT Az Hn—1 4%
BEREE Op(n) AT, R /it HERR. TEASI jua = 308, Ji2IBMLY 200,

(b) iX/2& Marcinkiewicz—Zygmund BIZEi: F=LHA p i (1 <p < oo) HY,
FEARYE B SE HAR IR e —HRIEMBE p 2. p > 2 FIZIEFER Vs 1<p<2 K
worst-case polynomial exponent J2& 1 —1/p. XHAY “rate” ANREMIR L AT L
RS AT A R — D EB AR . Center at p = E(z1) (which exists since
p > 1). We seek a normalization r, whose order can be guaranteed using only the
stated p-th moment.

Case p > 2: second moments are finite, the CLT gives \/n(Z — p) = Op(1), i.e.
rate n'/2.

Case 1 < p < 2: By the Marcinkiewicz—Zygmund / von Bahr—Esseen inequality
(Thm 2.15), for i.i.d. mean-zero y; = z; — u with E(|y1]”) < co and 1 < p < 2,

n
Z Yi
i=1

P
) < CpnE(jyf").
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Hence E(|n™' Y0 1i]") < Cpn'PE(|y1[P), so by Markov, for any M > 0,

VPP E(z— ) _ - Gl PE(l) _ CE(uP)
1-1/p |7 _ < i P u - e m
P(n |z — | > M) < G e ur

uniformly in n. Thus n'~'/?(z — u) = O,(1). The Marcinkiewicz-Zygmund strong
law gives the sharper statement

n
n_l/pZ(xi—u) — 0 a.s., 1<p<2,
i=1

so in fact n'=VP(z — p) = 0p(1). This does not supply a universal nondegenerate
limit: a particular distribution may have finite variance and hence the faster root-n
rate, while heavy-tailed distributions can make the exponent 1 — 1/p essentially
sharp.

Combining the two cases, the convergence rate is

T—p= Op(nfmin{lfl/p, 1/2}) - pmin{1-1/p, 1/2}

min {E p =2 4L8EE: 1-1/p W OF (p—1) JHEI 1/2 (p=2), ZJawk 1/2 #
Tle X 1 <p <2, MZ SRBAEILE ro(2—p) > 05 5 Op A THE—IA
ABLFARFS po W FEIX HLIUZ 25 LA AT PRI polynomial order, “As
FAPRAFAEME— AR IR 31 o
(c) ARG n6® b 2n = x5 #i2 n A Lid BZAL 5B PUOMEBREL Vi )5
CLT iiEL, HoFwms., B2 P(n&2 > zn) = P((na —n)—(zp, —n) > 0)
[ limsup, Unit variance means 08 =1, s0 E(na ) =n — 1 (uncorrected sample
variance) and E(z,) = n. Centering each by n and scaling by /n leaves only an
O(n~Y/2) mean drift in the first term (since (E(né?) — n)/\/n = —1/y/n — 0),
asymptotically negligible:

~2
”U\/ﬁ” = Vn (62 —1) 5 N, ps—1) by (a) with 0 =1,

n— Sia(G -1 iid,

Zﬁ"= P AN 2, G RN, Var(ch) =2

The two are independent (given), so jointly

(n6? —n) — (20, —n) 4

Jn S N(0, (pa —1)+2) = N(0, pa +1).

Therefore

(n6? —n) —

vn

P(ne? > 2,) :P< (zn = 1) >0) — P(N(0,pa+1)>0) =13
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The limit exists, hence the limsup equals it:

lim supP(n(f2 > Zn) = %
n—oo

W)\E\/Hﬂ%' H—, FuMbEA n (BRI ERAN 26 E(né?) =n—1, {HiX

RO MZEBRLL vn J52 —1/vn — 0, YHEER A28 E(z,) =n Kif); H

-, E,u 0 MR = 1/2 572 pa +1 3139%7 BT A PR IE AT FRRI AT
HEZRME—VER ZIE CLT mior. RFRZ A ER. limsup = lim = 1/2,

Remark (Ql1 = [@ZEH).

(a) 62 HYWFILTT 75 urao (R 208, BEFURIEAER)); (b) s nminll-1/p1/2}
p > 2 HE Vs (c) B 1/2 H limsup BIHEFR. =77 delta/CLT. 454
HIGK R BSTRIZ M SR, &= 4 (R,

9.2 501 - Q2 (ZJCIEs: HMrEHHAE)

J3E: ECON 501 (Pinkse) HEEE: 5 (%) BEHN: &
BLbE R COUIEASHENT 1R
EEI: 2017. 2018, 2020. 2021. 2024. 2025

RGN SEEIHSGE, FHEERDERIES

[RR%E 501 - Q2

Suppose that z,y are jointly normal with mean zero, unit variance, and corre-
lation p for which p? = 3/4. Compute E(y | y <z, = 0).

Solution.

BE&. % condition on x = 0: _JCIEANEUHED My |2 =0~ N (07 1 —P2)
(W 3 AT IERAR E(y | 2) = pry Var(y | ) =1—p*)o FHEFHM {y <o} 1
=0 bk {y <0}, FIFEtE— PP eEdmA ék&friwﬁo

Condition first on z = 0. By the bivariate-normal conditional law (3),
ylz=0 ~ N(p-0, 1—p*) =N(0, 1—p?).

With p? = 3/4, the conditional standard deviation is o := /1 — p? = \/1/4 = 1/2.
On the event = 0, the condition y < x becomes y < 0. So we need the truncated

mean of a centered normal:

E(y|y<0,2=0)=E(y|y<0), y~ N(0,0°.
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For 3y ~ N(0,0?), the left-truncated mean (inverse Mills ratio at 0) is

#(0) 1/V2m 2
Wly=0 =50 = """ 7
Plugging o = 1/2:
1 /2 1
E(y|y<a, 2=0) = —=1/2 = ——— ~ —0.399
(yly < )=—35\ - W

M SAEEMAIME: Xy ~ N(0,02), E(yL{y <0}) = [°_t1(t/o)dt = —a(0)
(F 4o(t/o) = —Lo(t/o)) . HERLAP(y <0) =1/2 15 —20¢(0) = —0\/2/m0 X
H p 5 A F 0 HA p? PN T2

Remark (Q2 5 R).

I p e —H. condition on x =0, FHHIME p-0=0, p JilIL 1 —p* )7
%5 FE {y <o} £ o = 03Bk {y <0} RZEE —1/V2r 1175 6(0) [A
BI9G (0y/2/m RELH) .

NS

5

9.3 501 - Q3 ({REEFRUET A HIEBUEN)

J3/8: ECON 501 (Pinkse) EZEE: g BEHE: e
bF R R SRS IR PR

SRS YRS rEIL 2020-2025; % 2SHTHEAE L 2025
AN BRARRITHENE: 18 P(1Xal <€) <26

[RR% 501 - Q3

Let x,, for any n be continuously distributed random variables with bounded
support and density f, < 1. Suppose further that z,, 5o (converges in prob-
ability to 0). Prove or disprove the statement: “E(x,) necessarily converges to

zero.”

Solution.

BEERBME. AW IR M S0 — A2 & 1 S S — 5T
F(UD) I, TRES MR o0 | BRI ], 58 A fo < 1IX5%. AR MIB
(EABEEINT fo <1, ERk BN BHER 1 HT, K5 2 [XH
BLIEHMR 2, T2 Plan| <) < 26 B P(lzn] > &) > 1— 2 XBIA n k7o
FE/he e=1) TR >3 SnTHk. AFRBETO0, Wz, B0TE f <1
TRARTHRE S BN (fo<15 2, 50) FIZF: WERHRIETLE
W R AL, BT EA L. XA BT B RLHE—REEREH T X
SARMAH B
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(I) Without the constraint f, < 1 the statement is false. Convergence
in probability does not control tails; absent uniform integrability, E(z,) /4 0 in

general. Textbook counterexample (a point-mass spike, so f,, <1 is violated):

1
0, wp. 1—,
xn = 1
n, Ww.p. ..

Then P(|z,| > ¢) = 2 — 0s0 zp, 20, yet E(z,) = n-L =1+ 0. The implication
holds only under uniform integrability (Vitali’s theorem). This is the content the
question is testing —but note the spike puts mass 1 — % at the single point 0,
which is a density violation, not a density < 1.

(IT) The constraint f, < 1 rules out =z, 20 entirely. For any density
with f, <1, every n and every € > 0 give

g
P(lzn| <e) = fat)dt <2e-1=2 = P(lzy|>e)>1-2e.
—&

Take e = 1: then P(|z,| > 1) > 3 for every n, so P(|z,| > ) # 0 and z,, 20
fails by definition. There is no escape: a bounded density cannot concentrate mass
near 0. Trying to “smear the spike” confirms this —to put probability 1 — % ~ 1
in a shrinking window [0, d,,] requires density ~ 1/§,, — oo > 1, illegal.

(III) Resolution: the hypotheses are jointly unsatisfiable, so the im-
plication is vacuously TRUE. Because no random-variable sequence can satisfy
both f, <1 and z, 2,0, the set of objects to which the claim applies is empty. A
conditional with an unsatisfiable antecedent is vacuously true, so:

Under f, <1, z, & 0 is impossible (P(|z,| > ) > 1 — 2¢); hence the implication holds vacuously.

FFEROE A G WEREFEH TanfiON L s Mgt — RN E fo < 1.
Zn 50 H E(zy) A 0 BB T (D) IEBTXFFH R A4, BTEL T + A
B ) RSB IEBFIE R = & A . Al EIERE 1 UL Rp) (L (1) R
R fr < 1A BEL—X IR A fo < 1IEREBEL T .

Remark (Q3 EMFIESE R).

PS4 R (2) — B JE R —— M SR U SR 20 B U, R — BT
(Vitali) , JCLYBRMT Esmoemge ) B E (W (1) : (b) ABAH fo < 1 &M
P(|lzn| >¢€) >1—2¢, {fi 2, B 0 ATRE. BHZEMTE, BHARsEH A, #
GRFA S o (a) B T3A fo <1 BAIE. UL 2568, FA (b) 15
HUBZAH fo < LAGTAERTIRTCE SN SRS AT . ANEAESE fo < 1 URTIR T
AR ) AR R AR, T 4.
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9.4 501 - Q4 (Markov + Jensen BA%, TTIMIr(t)

JA/8: ECON 501 (Pinkse) ZEE: & BEHE: &
#ZibE S Markov 5 Jensen BIARZES
BREM: A0 2023, 2024, 2025

EEAN: MEAZEEEAN N ESEUEE

[FERE 501 - Q4

Suppose that for any i, z; is such that E(x;) = 3 and P(x; > 1) = 1. Show
that P(>°"" ;logz; > 3n) < 1/3. You may not assume anything beyond the

conditions stated (e.g. no independence, no identical distribution).

Solution.

B, AR AR R BN, BRI HR S EXFEAR 21, 2, S
AU FHAER . FOHPIERIAT 3n, SMTIUTFEHRT 5 mER
SERIA/NTF U, BrLAZ R 2, > €3 g AR AR 2, H
Markove EMBIERM z; > 1. E(x;) = 3 HWIRLMN:, ATEM8H M. Ji
EW 2.

Let .
A, = {Zlogwi > Bn} .
i=1

Step 1 (rewrite the event as a statement about the geometric mean).

On A,,
1 n
— Zlogmi > 3.
i

Exponentiation is strictly increasing, so

1 n
exp (n Z logazz) > e3.
i=1

Because x; > 1 > 0 almost surely, every logarithm is well-defined, and

n n 1/n
exp (ib Zlog iL‘z) = <H :U1> .
i=1 i=1

Thus, on A, the geometric mean of z1,...,xz, exceeds €.
Step 2 (AM-GM gives an event inclusion). For every realization with
positive z;, the arithmetic—geometric mean inequality gives

1 n n 1/n
Ty = - z;xl > (1_[1 932> .
1= 1=
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Consequently,
A, CA{z, > €3},
This is a deterministic inequality applied pointwise; it makes no probabilistic in-
dependence assumption.
Step 3 (Markov on the arithmetic mean). Since z; > 1, Z,, > 0 almost

surely. Moreover, by linearity of expectation,

n

S E@) = (n-3)=3

1
n <
=1

again without independence. Therefore Markov’s inequality and the event inclu-

sion yield

e > §3—5—12>9 . 3.3
3) 21 379

We have actually proved the stronger bound

W=

3
P(Xi logz; >3n) < = <

H 3 NEFEHESR: Y, logx; > 3n = ([]; xi)l/” >ed =z, >e3 (AM-GM),
H E(z,) = 3 55 Markov 1§ P(() An) < 3/€® <1/3. G LA T E MM

Remark (Q4 HIXEHT: SEMNEH, MAISEIHAE).

5 H E(log x;) <log3, FXf > . logx; H Markov, HiEEf3%] log3/3 ~ 0.366 >
1/3, XAPEAGE . FEHHZER 24 Jensen/AM-GM 24 A3 T ARG
n~tY logx; <logZy, T2 BVRFEETIE {2, > €} ., X 2, ] Markov,
AEHHN [1; 2 ) Markov, KUAAEBAT MNZAE AR B(TT; 22) #5 [1; E(4) o
2,

9.5 501 - Q5 (E#HHEHE + &4 MLE)

o

JA/E: ECON 501 (Pinkse) EEE: 5 BEHE: 5
BUER: BESMERES &M MLE

ARSI 55050 W 2020/2021/2025; MLE L4450
EEAFN: EREARTE; FOHORERZE 5
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[FE& 501 - Q5

Let {u;} be i.i.d. standard exponential (i.e. u; has density exp(—u) 1(u > 0)).
(a) Determine the cumulants of u;.

(b) Suppose further that y; = Opz;u; where x; has bounded support on the
positive halfline and 6y > 0. Determine the (conditional) maximum likelihood
estimator 6 of Oy if the u;’s are independent of the x;’s.

Solution.

B, ( ) RPN RAREH R K (1) = log M (1) BERE, TRMEREIN M(t) =
(1-t)7", K(t) = —log(1 —t) MR A E LM s = (k—1)Le (b) 455E 2. yi
SERIE Gozs RITREUIM s G EAFREUIA X 0 5K FOC. RBUEH 2. 5fF MLE
W 5.
(a) Cumulants. The MGF of a standard exponential is
o 1

M(t) =E (") :/0 ee v du = ¢ t <1

The cumulant generating function is

o0

8

tk

K(t) =logM(t) = —log(l —t) = e = tk.
k=1 k=1
The k-th cumulant is k! times the coefficient of ¢:
1
pe=kls=(k=1)L k=123
so k1 = 1 (mean), kg = 1 (variance), k3 = 2, k4 = 6, etc. #£54: k1 = E(u) = 1.

1
Ko = Var(u) = 1 (841 Exp(1 )itﬂaﬁ;é 1), Xt = BB =E((u—1)3%) =2,
Xt o

(b) Conditional MLE. Given x;, since u; = y;/(6oz;) ~ Exp(1) and z;, 0y >

0, the variable y; | z; is exponential with mean 6yx;:

1 Yi
f(yZ | L 9) sz exp< 91’1> ]l{yl = 0}

AR w = y/(0z), du/dy = 1/(0z), B e |du/dy| = z-e7¥/(6%), The
conditional log-likelihood (treating z; as given; u; L x; makes the r-marginal free

of 0, so it drops out) is

0,(0) = Z [— log(0x;) — Hajj = —nlogl — Zlog:vz ! Z iz

=1
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First-order condition:

o,0)  n 1 - Yi 1 Yi

.

The second derivative at this point is zz — 6%2% = gz — 3—’2"” = - <0,a

maximum. Hence

IR
n s

0 =

i=1
S MLE = yi/z; BOREAMME. B vi/z = Oowi. RABIIRERES
(E(ys/: | 2:) = O0B(us) = ), FREAKIE IR oo 25 1w BRAE o MIHBRA
0, FTLARATSA = SeBEMIAE 0 _LIARGT .

Remark (Q5 £f125 MLE HiER).

(a) £ttt w1 = B(u) = 1 1E2 (b) B E(yi/zi | 2:) = 6o - 1 = 0y [IRGE—2%AF
MLE Jcfii. 6 tgse3t (] E(u) = 1), PEAEIES, FORERZREFAR
HfEE e gt & MLE. I 5.

9.6 501 - Q6 (MEL: [0,1] LERBEEBAIATNE)

J3E: ECON 501 (Pinkse) ZEE: & BEEHE: =
BbE R BRI Borel H]

FBEEREI: WELI 2017, 2018, 2022, 2023. 2024, 2025
EEFN: HBME S AR Borel; ZFBHANEEF

[RR% 501 - Q6

Consider the probability space (£, B,\) with Q = [0, 1], B the Borel field, and
A the Lebesgue measure. Consider the function x : 2 — R with

1 —w?, if w is irrational.

{ﬁ, if w is rational,
z(w) =

Is x(w) a random variable? Show that it is (isn’t).

Solution.

B, BRI E (Borel A1 . SC4: QN [0, 1] HHAME (JCHED #E Borel
% (Q W% = Borel); f£4F—H | o #8E & % (Vw. 1—w?) 4 Borel; 43¢
JEXAEW A Borel fr b £ H] Borel B4, #&4K Borel W[, H 119 M78E3% /) 4
RO ERE ) BIRT, (EGXEE R AT {o < ¢} PR 4 E Y Borel JR{R2 I

Yes, z is a random variable (Borel measurable).
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The two pieces are Borel. Let A := Q N [0,1]. Since Q is countable, A =
Ugea{q} is a countable union of singletons (each closed, hence Borel), so A € B.
Its complement A¢ = [0, 1] \ A (the irrationals) is also Borel.

Reduce to two restrictions. For any t € R,

{wizw) <th=(AN{w:Vw<t}) U (AN{w:1-w?<t}).

rational piece irrational piece

PR R TR LSRG AR @ SR Y T /KP4E, #UZ Borel: 15 Borel £ A 36 A°
5275 Borel; W Borel #2 3f: Borel, The maps g(w) = y/w and h(w) = 1 —w? are
continuous on [0, 1], hence Borel measurable, so {g < t},{h < t} € B. Therefore
each of the two pieces is an intersection of two Borel sets (Borel), and their union

is Borel:
{r<t}eB for every t € R.

Since the sub-level sets {x < t} generate measurability and all lie in B, x is
B/B(R)-measurable:

‘ x is a (Borel) random variable. ‘

R 250 = U, By BT 4A Borel 849 (F%0) I, H o fE By L%
T Borel PREL zr, W @ Borel 7], KA {2 <t} = U (Br N {zr < t}) 20T
A Borel 22 9f. Al k=2 CAEM / TEW ), 2ZEHRNREHE. EE
B4 U A A MR TC O —— M o e A AR . EANTESE, B
sk Borel HJM,

Remark (Q6 Al # &EZL).

BB RS LS Vo 58T 1 — w? — RS, AT
o AIMIME R ESRBRARISAE o WH, SIELL ORI K. FloRkEa: Q Al =
Borel; 4>E¢1F Borel £ _F$f#% Borel pK%{ = Borel, U, 1

9.7 510 - Ql (HAZHWE + size =ZHE)

JA/E: ECON 510 (Guggenberger) EEE: H5 (s BEHE: WS
BOE R /50 /5505 size =&

FEEI: (0510 2022-2025; size ), 20232025

EEAR: EUFEFEHE, JoH sup 5 limsup i

[FR% 510 - Q1

(a) Explain precisely what is meant by i) point identification, ii) partial iden-
tification, and iii) weak identification. Which concept implies which (if any)?
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Provide meaningful examples.

(b) Define precisely what is meant for a test to i) control the limiting null
rejection probability, ii) have correct size, and iii) have correct asymptotic size.
Provide an example of empirical interest where a test controls the limiting null
rejection probability but whose asymptotic size exceeds the nominal size.

Solution.
B, PIAREEHRZ 510 FRZOGE L, 7RI 7 5 13, (a) 3HAI =3 fURA = 18
ISR WA = HEEETE AERRD; 59iR0 = &1 EE DGP T
ORI, HIRAME BIEIAE briEdr L H. (b) size R RE A sup TAL
lim: limiting NRP 2% SR ; correct size /27 [RAf A sup; correct asymptotic
size f& lim sup,, sup,,; (sup fER]~ lim 7E£j5, % uniform).,

(a) Identification concepts. Let P denote the DGP and O;(P) C © the
identified set (all parameter values observationally equivalent to the truth under
P).

i) Point identification: ©1(P) = {6y} is a singleton —the data distribution pins
0o down uniquely.

ii) Partial identification: ©1(P) is a proper subset of © that is not a singleton —
the data restrict 6y to a set but cannot pin it to a point.

iii) Weak identification: 6y is point identified for each fixed P, but identification is
“near failure” —formally, along drifting-parameter (local-to-non-identification)
sequences the information about 6y shrinks to zero, so standard normal/y?

asymptotics are poor approximations.

Implications. Under the definitions just given, point identification and partial
identification are mutually exclusive: a singleton is not a non-singleton, so neither
concept implies the other. (Some authors use “set identification” broadly enough
to include singleton sets; under that broader vocabulary point identification is a
special case of set identification, but it is not a special case of partial identifica-
tion as defined here.) Weak identification is not a third identified-set shape; it
describes the strength of identification along sequences of DGPs. In the standard
weak-1V usage, every fixed DGP with a nonzero first stage is point identified,
while a sequence of first stages approaches the unidentified boundary. Thus weak
identification entails point identification at each fixed nonboundary DGP, but its
limit experiment may be unidentified. It neither implies nor is implied by partial
identification. Zi#&k R—AJ1E AR RUE L, RS P E R 3
WAZLS s 5502 R PR R TRBREE R |, #EE T IEL R DGP )
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ORA, AR ARG 55380 SRR TE4ES . W 7. Examples.

Point: y = 2'0y + ¢, E(ze) =0, E(z2’) full rank —OLS pins 6.
Partial: interval-censored outcome y € [yr,yr| = E(y | ) € [E(yr | ), E(yr | x)].
Weak: IV y = fw + &, w = mz + v with © = ¢/+/n (near-zero first stage).

(b) Size concepts. Let RP,(P) = Pp,(reject) be the null rejection probability
at sample size n under null DGP P € Py.

i) Controls the limiting null rejection probability: for each fized P € Py,
limsup,,_,. RP»(P) < « (a pointwise statement).

ii) Correct (finite-sample) size: suppep, RPn(P) < a for all n (sup over the null,

exact, every sample size).

iii) Correct asymptotic size: AsySz := limsup,,_,., suppep, RPn(P) < o —the
sup-before-lim (uniform) version. This dominates (i): always supp limsup,, <

lim sup,, supp.

(i) 5 (i) AUZZAAAE sup 15 lim FORA: (i) S6EE P B IR GE); (i)
A n SEAE null _Fosups FFRWEER (uniform) o supp limsup,, < limsup,, supp, #{
(i) b (1) e MWHT BAAE—XIEZE FHFFH . Example (limiting
NRP controlled, asymptotic size > a). Weak-1V t-test (or near-unit-root /
parameter-on-boundary). Consider the IV t-statistic for § with first stage w =
7z +v. For each fivred m # 0, as n — oo the t-statistic is asymptotically N(0,1), so
the limiting NRP is exactly a —(i) holds. But the convergence is not uniform in
7 near 0: along the drifting sequence m, = ¢/y/n, the t-statistic has a non-normal
(weak-IV) limit whose rejection probability can far exceed «. Taking the sup over
7 (including the worst drifting sequence) before the limit,

AsySz = limsupsup RP,, > a.
n ™

’ Weak-1V t-test: limiting NRP = a (each fixed 7 # 0), but AsySz > « (uniformity fails near = = 0). ‘

Xt 510 S R TiZ fikts uniform 4% )0 [EE m [ textbook i S /RHE
72 level-ar, {H m ATLARE n &[0 55355 X, sup S INERS T HIHIH K, asymptotic
size 72| o« LA_bo [FFRHINAE unit-root A Z%(. moment inequality. Ul 13+
14,

Remark (Q1 IfF#HE—1).

WL RAERAE T 0 300 L, 5930502 TRORAMEFRE — 015 size L,
asymptotic size /& [sup fER[+ lim fE/5 ] Guggenberger FJ%4£ uniformity J7 1%
(13) #t/2A 7 ik limsup, supp RP, < a, MIA{UZEZE R
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9.8 510 - Q2 (FERB GMM: V,, T {Hit5HHIEYT)

J3/E: ECON 510 (Guggenberger) BEZEE: W (%e) BEFE: IS
TLE R bl GMM 177 Z S QR L

BEREI: 2023, 2024. 2025 FELLE

EEAN: =F Q2 —RARFINGTESH

R 510 - Q2

Under Assumptions EE3 and CF-NS the limiting distribution of the GMM

estimator #, with nonsmooth stochastic criterion function Qy,(0) = ||gn(0)||
(with gn(0) = n~" 321, 9(Wi,0), g(0) = E(g(W;,0))) is

V(0 —60) S N (0, (T'T)"'T'VI(I'T) ).

CF-NS: (i) 6y interior; (ii) g(@) differentiable at 6y with I' = (9/960")g(6p) full
rank d < k; (iii) g(6p) = 0; (iv) v/ngn(6o) LN N(0,Vp); plus a stochastic-
equicontinuity sup condition over shrinking neighborhoods. EES3: Qn(én) =
infy Qn(0) + 0p(n~/2) and 0, B 6. ¥ FEEIEBSBREFI (i) (9(60) = 0 5
Vign 5 N(0,V0)) . 48 sup/BENLGREES A A1 Ak (1)-(iv) EHIE 0 sup 14
I, T 5 PDF 25 3 TUEFA I, WAEAE.

(a) Provide estimators for Vj and I' and discuss their consistency under appro-
priate conditions.

(b) Consider Quantile Regression, (Y;, X;)' i.id., Y; = X/0y + U;, where the
T-quantile of U; conditional on X; equals 0 for some 7 € (0, 1). Derive what V}
and I' are in this case.

(¢) Find a simple expression for (I'T') "' T"V['(I'T") ! in the quantile-regression

case.

Solution.
BB, BEHUIE 11 [ worked example, BFXIFF. (a) Vo 2 v/ngn(0o) M7 2
FAREA ZIRSEAE O, QLAEHIAT: TR GAHET L, PRUENEEER AR g(Wi,-) 1
MEARSE, 1SHEEM s (Powell B4 e,) B M. (b)(c) HArEIH:
g=X(r-1{Y <X'0}), Vo =7(1-7)E(XX'). T = —E(fyx(0)XX'), Hd=k
I S BR e o

(a) Estimators of V) and T.

Vo: Since Vo = Var(g(Wh,00)) = E(g(Wl,Ho)g(Wl,Go)’)A (because g(6p) =
E(g(W1,6p)) = 0), estimate by the sample second moment at 6,,:

. 1 & R
Vo=— > 9(Wi, 0,) g(Wi, 0,)'
i=1
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Consistency: by a uniform LLN over a neighborhood of 8y plus 6, 2 6y and
continuity of 6 — E(g(W1,0)g(W1,0)') at 6y, Vo = Vo. (Each g(W;,-) may be
discontinuous in 6, but its second moment is continuous in 6 at 6y under CF-NS,
which is what the ULLN needs.)

I': The map 0 +— g(W;,0) is nonsmooth (e.g. indicator), so the sample average
of pathwise derivatives is unavailable/zero a.e. Instead I' = 0g(6p)/00" is the
Jacobian of the smooth population moment ¢g(0) = E(g(W1,6)). Estimate by a
numerical (finite) difference of g, with bandwidth &,

b= Blbtene) —anloce) gy
En

where e; is the j-th unit vector. Consistency: Lecture 16 takes £, — 0 and
1/(v/nen) = Op(1). Under CF-NS(v), the local empirical numerator is o,(n~'/2),
so the amplified remainder is still o,(1); differentiability and 0,, 2 0y then give
I’ & I'. The stronger convenient choice V/nep, — oo also suffices. (If T has a known
closed form —as in QR below —use it directly with a plug-in density estimate.) I"
REER L3 00g(Wi, 0,), TRAAEIGH (FEAREEEL SHULTALAL A 0) o BRI
WIXER: e, — 0 ANififE local derivative, {H step K/NEJiA empirical remainder.
AE ep=n"% 0<a<1/2VENZERERF. W11,

(b) Quantile regression: Vj and I'. The check-function FOC gives the
moment

g(Wi,0) = X; (1 — 1{Y; < X[0}), Wi = (Y3, X7).

Vo: At 6y, the conditional 7-quantile restriction gives P(Y; < X0y | X;) = T,
so I{Y; < X6y} | X; ~ Bernoulli(r), whence E((r —1{-}) | X;) = 0 and
Var(t — 1{-} | X;) = 7(1 — 7). Therefore

Vo =E(99') = E(XiX] (r — 1{Yi < X[6p})?) = E(X; X[ E((7 — 1)* | X;))

Vo=1(1-1)E(X;X])

I': Differentiate the population moment g¢(0) = E(X;(r — 1{Y; < X/0}))
E(Xi(r — Fyx (Xj0 — X{fo | X;))). Using g Fyyx (X{(0—60) | Xi) = forx (X (6 -
90) | Xl)XZ/, at 8 = 0,

dg(6h)

I'="0

= —E(X:X] fux(0] Xy))

(the sign is immaterial in the sandwich; many texts drop it or define g with opposite
sign). Here d = k = dim(X;). Gl ARITZIREE: HA é?ﬁfaﬁﬁiﬁk
CDF Fyx, X} 0 Al'%, SHEUETE 0o LRIMHE fux (0] X)o XIERZT Eaﬁ
AR LR AL o
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(c) Simplification. In QR, I is k x k and full rank, hence square and invertible.
The sandwich collapses: with I' square, (I'I')~'I" = I'"!, so

@) 'rv,r@T) Tt =y .

Plugging in Vy = 7(1 — 7)E(XX’) and defining J := E(fyx(0 | X)XX') = -T

(the sign cancels),

D) 'NIITT) t =rQ-7) J'E(XX) !

Under fyx (0] X)=f, J = fE(XX') and it reduces further to

1- o
n2T o)™
X SE L IE ) 28 Ml 7 72 Koenker—Bassett JElo d = k i [77 ) B
o Ty B 2R J = fE(XX) = -T, W E(XX') Zf—1, ¥
U EX X)L W1,

Remark (Q2 JEXBHIFLKH).

PIAL TARSCI BN RS - (1) T ABEREASR . (HEAR g(0) ZOEHTHY (GETRRY
M = CDF) , SHUCEHFMFEE; (2) Vo KIMAZAEN IR (Fahr-FJr =
fabr. Bernoulli J5722 7(1 — 7))o MiFAT Vo FIFEA TR T HEUEG > sk
JEAEE. W11,

9.9 510 - Q3 (AP ESHEKRE: IF7RE. ThE. £ UMP)

JA/E: ECON 510 (Guggenberger) EZEE: &5 (4% BEHMN: =
BOER: HEKIGRE. ST UMP

ARSI : 2018, 2023, 2025; NP/UMP £4EHIIN

EREAN: IGAUE. RS0 BT M B AR s

[RR&% 510 - Q3

Suppose X; ~ N(ui, 1), i = 1,...,n independent. Consider five tests of Hy :

p1=---=p, =0vs Hy : “not Hy” with acceptance regions

AL ={3" 2 <k}, Ap={X", x| <ko}, A3={z2<ksVi},
Ag={af <ks}, As={XL,a] <ks},

=11

where k; (possibly depending on n) are chosen so each test has size a for some
aec(0,1).
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(a) Determine kj, j =1,...,5.
(b) Let n = 2. Determine the power functions of the first and the fourth test.

(c) Show that none of the five tests is (weakly) more powerful than all the
other tests considered here uniformly over the alternative space {(u1,p2) :
—00 < i1, p2 < 00} (n = 2).

Solution.

B (a) 7£ Ho P& RMNZSME ORI (ES/RIT/MS2RT7) i S H

size = a [{fifp ARIEAE Aj Z5bo (b) n =2 BHEINRE AR MERY IESS R

(c) B RIAE T A £ — 7 AT = To— S it. BIBHEZRIL 6.
(a) Critical constants (reject when outside A;). Under Hy:

o Test 1 (reject if > x; > ki): > x; ~ N(0,n), one-sided, so k1 = \/n z1_q.

o Test 2 (veject if Y ;| > k2): two-sided, ka2 = /n 21_q/2-

o Test 3 (veject if max; x? > k3): the 22 ~ x? are independent, so P(accept) =
(P(x3 <k3))" =1-aq, giving ks = @2 (1 — )Y/ (Sidak).

o Test 4 (reject if 22 > ky): 23 ~ X3, 50 ky = qX%(l —a) = Zf,a/g-

o Test 5 (veject if S a2 > ks): D a? ~ x2, 50 ks = ¢z (1 — a).

ki =Vnzi—a, k2= Vnziap ks =qe((l- )™, ky = 12l =), ks =qp(l-a)

where z;_, = ®71(1 — a) and ¢y2, (p) is the p-quantile of X2,

(b) Power functions, n = 2.

Test 1 (3" x; > ki, k1 = V221_4): under (u1, pu2), Yoo = 21 + 2 ~ N(u1 +
12, 2), S0

Bipr, po) =P(X 2 > k) =1— q)<kl_(\“[12+“2)> _ (b(m:/rim B Zla)

Test 4 (22 > ky, ky = Z%—a/Z): x1 ~ N(p1,1), reject iff [21] > VEks = 21_q /9, 50

Balpr, p2) = P(lz1] > 210y2) =1 = ®(21-0/2 — p1) + P(—21-a/2 — 111)

which depends on pp only (and equals « at pg = 0). S HET wg + pe FEN G
(L,1) 71D, Ba st pn (GERZEE p2) o XXMM /X IER (c) B
2,

(c) No one of the five tests uniformly dominates the other four. The
clean proof uses the Neyman—Pearson lemma, so no unproved comparison of com-

plicated power functions is needed.

First rule out Tests 2-5 as uniformly best. Fix any ¢ > 0 and consider the
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stmple alternative
Hic: (pa, p2) = (¢,¢).

Relative to Hy : (p1, p2) = (0,0), the likelihood ratio is

fc,c(331,$2)

= 2
foo(w1,x2) exp{c(z1 + x2) — ¢},

which is strictly increasing in 1 4+ 3. By the Neyman—Pearson lemma, the unique
(up to null sets) most powerful size-a test against H; . rejects for large z1 + x2.
That is exactly Test 1, because its rejection region is

{xl + X9 > \/ézl—a}.

Fach of Tests 2, 3, 4, and 5 has a rejection region that differs from this half-plane on
a set of positive Lebesgue probability. Since the likelihood ratio has a continuous

distribution, the strict part of the Neyman—Pearson lemma gives

/81(67 C) > ,Bj(C, C)a j = 2>3>4’5'

Therefore none of Tests 2-5 can be weakly more powerful than Test 1 at every
alternative.

Now rule out Test 1 as uniformly best. Take (p1,u2) = (M,—M). Then
x1 + x2 ~ N(0,2), exactly as under Hp, so Test 1 has power

B1(M,—M) =« for every M.
But Test 4 rejects when |21] > 21_q/9 and x1 ~ N(M, 1), so
Ba(M,—M) — 1 (M — ).

Thus for all sufficiently large M, S4(M,—M) > B1(M,—M). Test 1 therefore
cannot uniformly dominate Test 4.

We have exhibited a failure of uniform dominance for every candidate: Tests
2-5 lose to Test 1 at (c,c), while Test 1 loses to Test 4 at (M, —M). Hence

No UMP test exists over {(j1, u2) € R?}: each test is best in one direction, beaten in another.

FRIZIRA - AR AT M EA H CHY Neyman—Pearson 25 [ (¢, ¢) HIHAR
JiAE @1 + @a, T (M, —M) BE5 55X MIER . ST ATRELLR—4
LI A A 7 1R e NP feflte EEATSIEAMUAS EE, BF—HERR T H
Mk UL 6.

Remark (Q3 &t UMP HJ1R).
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—H)if: UMP Z5RT A5 R NP okl 7 e — 80 48958 (1,1) Ji1h
5 (1,0) JFIA I 4R , #IC UMP, Test 1 i85 A R (u1 + po < 0 LI
<a), & [T #AHE. YRR 2-3 D RIFSCECREIA . T 6.

9.10 510 - Q4 (LASSO oracle & + Ridge= ]~ OLS)

JA/E: ECON 510 (Guggenberger) EEE: M5 (we) BEFHE: W5
#Zi0FE &= LASSO oracle 5 Ridge ¥ OLS

FAEEI: 2023, 2025

EEF N oracle KT W I EMEUAREM S AiE

[RR% 510 - Q4

Consider y = X0* +w € R™ with X € R"*P; estimate 6* from (y, X ), possibly
p>n.

(a) Define the LASSO estimator. What do we mean by the “oracle property”
of LASSO?

(b) Present a set of high-level assumptions on 6*, the penalty \,, X, and w
such that the oracle property holds. Critically discuss these assumptions.

(c) Describe the finite-sample performance of LASSO relative to Ridge under
various DGPs.

(d) Show that the Ridge estimator can be computed via OLS after augmenting
y— (¥,0,) and X — (X" VAL,

Solution.
B, £WXF% 15, (a) 5 LASSO HAx + oracle 28 L (X 4% + FEZ KRB0
45T oracle OLS), (b) ##mEiltE. beta-min. restricted eigenvalue/irrepresentable.
An < 4/ (log p) /n sub-Gaussian M5, F-4LH] (irrepresentable 58 H R4 ; plain
LASSO Aff. . oracle %% adaptive LASSO) . (c) fs#f LASSO ik, Fiss/thek
Ridge f8. (d) 1) H/ N Z3REESE

(a) LASSO and the oracle property.

. . 1
fr.asso = argmin on ly — X015 + A 1161l
OcRP n

The ¢, penalty induces sparsity (corner solutions set coordinates exactly to 0). Let
S={j: 07 # 0} be the true support, s = |S|. The oracle property holds if, as
n — oo (with prob. — 1),

(i) Support/sign consistency: P<§ = S) — 1 (selects exactly the true nonzeros,

correct signs);
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(ii) Oracle efficiency: the estimates of the nonzero coefficients fg have the same
asymptotic distribution as the OLS estimator égrade that knew S in advance,

ie. vn(ls — 0%) 4 N(0,Xg) with ¥g the oracle covariance.

oracle = [ HHFIHE 5 1 (A NFERTAURIRIBLE REUE 0, VR AT E % OLS.
oracle it = Wi (GZfE) + MifsiF (AEZFERS & oracle OLS — A% o

(b) High-level assumptions + critique. %X W AAEEES: FIEHWE
A5 45 plain LASSO U= Aliit3E, AMINEE sE AR I B SRR s HEAT]
e H 2SS + oracle OLS # [R50 7IX—5¢%E oracle property.

A1) Sparsity: s = |S| small relative to sample, slogp/n — 0.

A2) Beta-min (minimum signal): minjcg ‘0;*‘ > cy/(logp)/n (nonzeros bounded
away from 0 fast enough to be detected).

A3) Design: restricted eigenvalue / compatibility condition on X (for ¢ rates),
and the irrepresentable (incoherence) condition HXZQCXS(XZ@XS)*IHOO < 1 for

sign/support recovery.

A4) Penalty: for high-dimensional rates and support recovery, plain LASSO typi-
cally uses A\, < +/(logp)/n (large enough to dominate the largest noise score).
For the full oracle property, replace it by an adaptive penalty A, > ;W; 6| or
refit OLS after consistent selection.

A5) Noise: wj i.i.d. (or independent) sub-Gaussian, mean 0, variance .

Why plain LASSO cannot have the full oracle property under the usual regular
fixzed-p asymptotics. Let @ = plim X' X /n be positive definite and suppose the
noise score has a nondegenerate n~'/2 limit. On the event S = S, the KKT
equation on the active coordinates gives

. . L Xw .
Vn(ls — 0%) = Qgs | == — v/nA, sgn(0%) | + op(1).
Vn
For this to have the same centered limit as oracle OLS, the penalty bias must
vanish, hence
Vn, — 0. (oracle efficiency)

For an inactive coordinate to be set exactly to zero with probability tending to

one, however, its KKT inequality must dominate a random score of order n~1/2;

<Ay, JES

Under a nondegenerate score (and the usual irrepresentable condition), selection

consistency therefore requires

VR, — oc. (kill inactive noise)
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The two displayed requirements contradict each other. Thus there is no regular
tuning sequence for plain LASSO that simultaneously delivers exact selection and
the centered oracle-OLS limit.

gl
How adaptive LASSO removes the conflict. Take w; =1/

with a root-n

Hinit
03

consistent initial estimator and v > 0. Then w; = O,(1) on S, while w; = O,(n7/?)

on S¢. With our normalized objective, the compatible conditions
Vid, =0, n0FD2) oo

make the penalty negligible on true signals but overwhelming on zero coordinates.
Together with beta-min, design, and noise regularity, adaptive LASSO obtains
both support consistency and the oracle limit. Post-LASSO OLS gives the same
first-order conclusion if the first-stage support estimate is consistent.

Critical discussion. The irrepresentable condition is strong, essentially uncheck-
able, and easily violated when relevant and irrelevant regressors are highly corre-
lated. Beta-min rules out local-to-zero signals—the very cases where model selec-
tion is intrinsically unstable. Consequently the oracle statement is pointwise and
nonuniform near the model-selection boundary; it should not be read as a guar-
antee of uniformly valid inference after selection. H|/)EE f{: 4EiE X oracle BN
w5, HE H plain LASSO (27 G RAEFALIRE /nX, — oo, FEFRALIRE
oracle OLS —FETCIRAIEE /n\, — 0. FFLL™HS oracle i g adaptive LASSO
(B —EOERE G 1) post-LASSO OLS), ANgE4EEi#H LASSO [ prediction/selection
zE B Gl oracle efficiency. irrepresentable 5 beta-min thESE/R 5. H- S8R
—EHERI B . W 150

(c) LASSO vs Ridge in finite samples.

o Sparse DGP (few large nonzeros, many exact zeros): LASSO dominates —it
sets irrelevant coefficients to 0, giving lower MSE and interpretable selection;

Ridge only shrinks, never zeros, keeping noise from all p regressors.

o Dense DGP (many small coefficients of similar magnitude): Ridge dominates
—shrinking everything proportionally beats LASSO’s all-or-nothing selection,
which kills true small signals.

o Highly correlated regressors: Ridge is more stable (handles collinearity grace-
fully, shares weight across correlated predictors); LASSO arbitrarily picks one of
a correlated group and zeros the rest, making selection unstable across samples.

(Elastic net interpolates.)

ik Mrgie LASSO. Bk Ridge. b4k Ridge f2to MSE fUEHURT DGP
(TR EP S A
(d) Ridge as augmented OLS. The Ridge estimator solves

Or = argmin [y — X0|3 + A, [10]17 = (X' X + A\ I,) "1X .
(4




Chapter 9 2025 ¥i&% ¥ (Worked Solutions) 166

Augment § = (| p) € R"™P and X = (\/%Ip) e R(*P)*XP The augmented OLS
objective is

~ 2 2
|5 - %6, = lly = x015 + |0, - V2 16 = lly = X015 + An 1613

identical to the Ridge objective. Hence the OLS estimator on (7, X) is

(X'X) X' = (XX + Anly)~ (X’ + vVl -0 ) (XX + ADy) " X'y,

. ) o1 e N X B y
= (X'X)"1X’ ith X = =
b= (X0 i K= (2 )= ()

T4 VAndy BLEWARE O, 2 THAEAS 0; £ 0 Fis 4651 Ao (9EHREI. X
B X'X = X'X + M\ X'§ = X'y, EIF2 Ridge IEMITFE BH VAL,
FIRS AR, BNAETAER A2, T 15,

Remark (Q4 plain LASSO 4 oracle).

o RoaAb: 8 TLASSO A oracle P71 HalJoffFEIE, SCfr | plain LASSO
PR 0y R ZR B 5 50 L — A R [R] I 2 143 — 2 + oracle % Zou(2006) 1Y
adaptive LASSO (IIAUAEST) 7 #F_F. irrepresentable 5/ /& S Ik &E 54
Il 15,

9.11 510 - Q5 (Heckit E#FER: # Mills. 125])

J3/E: ECON 510 (Guggenberger) BZEE: W5 (W5 BEFIE: S
¥obF# S Heckit 3 Mills 53 ESHE

ARSI 2023 E4FR51. 2024, 2025

Z2iEH X probit-IMR-outcome equation = 5T Ak il EAAR

[F& 510 - Q5

In the Heckit model (Heckman, 1979), with y* = 20 + ¢, y = dy*, d =
1(2'm + 2'm3 > —n), and joint normality of (g, 7):

(a) Show that E(y | z,2,d=1) = 2’0 + ooy A(a'm + 2'ma), where A(s) =
¢(s)/®(s).

(b) Identify 71 and 7o from a probit regression of d onto z and z.

(c) Specify conditions under which one can identify § and o,,.

Solution.
B, Heckit =j%, 24fF 7 [ worked example, (a) i&fF d=1<n> —(2'm +

Zmo), MHEHFEARE(y |d=1)=2'0+E(c |n> —s); A _TCIES E(e | n) = ooyn
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(Var(n) = 1) SEWESHEEM | n > —s) = A(s) 5% Mills f&£1E50. (b) probit
ELHE (m1,m)e (o) HEAMEZUR (2 AZERAGE ©) fRE A A o M2
(a) Conditional mean with inverse Mills ratio. Normalize Var(n) = 1

(the probit scale normalization). Let s := 2'm + 2’mo. The selection rule is
d=1 << n> —s.
For the selected subsample,
E(y|z,2,d=1)=2'0+E(e | 2,2, n> —s) =20 +E(e | n> —s),

using (e,m) L (x,z). With (e,n) jointly normal and Var(n) = 1, the regression of
eonnis E(e | 1) = 0eyn (since E(e | n) = Z5tn = oyn). By iterated expectations,
n

E(e|n=>—s) =0y EMm|n=—s).
The truncated standard-normal mean is E(n |n > —s) = $(=5) = 4s) =

1-®(—s)  P(s)
A(s) (using ¢(—s) = ¢(s), 1 — ®(—s) = ®(s)). Therefore

E(y |z, 2z,d=1) = 2'0 4+ oy N(z'm1 + 2'm2), A(s) =

5 Mills A(s) = ¢(s)/®(s) KRBBWTIED: E(n|n > —s) = ¢(s)/P(s). BIETR
Blooo (e HIEFERE n BT %) IER&HmRNEL— 0o =0 (ol
fiie) , xR A RS OLS RI—2

(b) Identify (m,m2) from probit. The choice probability is

Pd=1|xz2)=P(n>—(a'm + 2'm)) = ®(a'm + 2'm2)

(by 7 ~ N(0,1) and symmetry P(n > —s) = ®(s)). This is exactly a probit of d

on (z,2):

(m1,m2) are the probit coefficients of d on (x, z) (under the normalization o, = 1).

85— probit HUETR s = /71 + 2/'my fEHK, T2 AS) ATEL, VENE BRI
MHEEIATC o o = 1 RFTHIUEI— (probit HiRJl m/oy) .
(c) Conditions to identify # and o.,. Among the selected (d = 1) observa-

tions, run
E(y | z,z,d=1) =20 + 0., \(8), §=a'm + 27

This is a linear regression of y on (z, A(8)); 6 and o, are identified iff the regressors

[z, A(8)] are not (asymptotically) collinear among the selected sample. Conditions:
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(i) (my,m2) identified from the first-stage probit (part b), so A(-) is known.

(ii) Ezclusion restriction: at least one variable in z enters the selection equation

but is excluded from the outcome equation z. Then A(§) varies independently
of x and is not collinear with .

(iii) Full-rank condition: E([x, A(8)] [z, A(8)] | d = 1) is nonsingular.
HEARPELYRZ R B » HRHIA R, A(8) 2 o MIRZbERigL, R

HdE i (I3, A5 N LA IX 2 83280 AEss . A 1A,
AR, 0, 00y RRERTIRN

~

S

FEA
A(

0,0z, identified <= (w1, m2) known + exclusion restriction (a z excluded from x) + rank.

Remark (Q5 Hft1Z)5R2 Heckit a7l7]).

Heckit ()4 #F3A1 1R HE5—f) . H probit filith A(8) M[EHIT, FAEEHFEAR
OLS. 1H# z C o (FTHHMBARED) , Ma'm) HUE o IEZete s, $H0 G A 1Y
Bf——IXEEF AR [Heckit {UEEZ RIPA ) MEFITE. HEBPEZHR (exclusion
restriction) {EIRHIEEN FESN A T FMAESARE L. W 7,
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