Midterm Exam, Econ 510 YOUR NAME:

Monday 2/23/26, 10:00-11:30am

Patrik Guggenberger, Department of Economics, Penn State

Answer all four questions for a total of 40 points (each question is worth
10 points). Closed book exam, no calculators or cell phones allowed. You can
write on the front and back sides of each page. GOOD LUCK!

1. Consider the model Y; = «ag + 5oX; + U, for ¢« = 1,...,n. Let Z; be
another random variable (that we will call an instrumental variable). Suppose
(Y;, X, U, Z;) are i.i.d. random variables with finite means and variances. The
instrumental variables estimator of 3 is defined by

BIV,n = <n1 Z(Zl - Zn)Xz>
=1

where Z,, denotes the sample average of the Z;. Do not use high level theorems
(like Theorem 12.1... from the lecture notes) here. Derive the limiting results
from scratch. R

a) Find the probability limit of 3;y,,, under the weakest additional conditions
that you can (and state what these conditions are). 2 points

b) Under what additional conditions is B 1v.n consistent for the true value
By? 1 point

¢) Find the asymptotic distribution of n!/2(3 1v.n — Bo) under the conditions
above and the additional conditions that you specify in parts a. and b. and any
additional conditions that are needed. 2 points

d) Provide an estimator for the variance of the limiting distribution in c.
Show that the proposed estimator is consistent. 1 point

e) Write down the Wald statistic to test the null hypothesis Hy : 8, = 0
versus H; : By # 0. Describe the intuition underlying the construction of that
statistic. 2 points

f) Explain how you would construct an (asymptotically valid) 95% confidence
region for 8 based on a Wald test. Provide a discussion about the precise sense
of asymptotic validity used here. 2 points

1 n
N (Zi - Zn)Yi,
i=1



1. (a) Solutions: a.

n -1 n
Brvm = <n1 > ZiXi - Zan> (n™'Y ZYi—Z,Y)
=1 =1
— ,(BEZ;X; - EZ,EX;)""(EZ;Y; — EZ;EY;)
= (BZ;X; - EZ;EX;) EZi(BoX: + U;) — EZ;E(ByX; + Uy)]
= Bo+(EZ; X, — EZ;EX;) '|[EZ;U; — EZ;EUy,

where the first equality follows by rearranging terms, the convergence
in probability statement follows by the WLLN and Slutsky assum-
ing EZ;X; — EZ,EX,; # 0 (instrument relevance), E||Z;X;|| < oo,
E||Z;Yi|| < oo, E||Zi]] < o0, E||X;]| < oo, and E||Y;|]| < oo, the
second equality follows by plugging in the definition of Y;, and the
last equality follows from simple rearrangement.

b. If cov(Z;,U;) = EZ;U; — EZ;EU; = 0 (instrument exogeneity)
then By, —p Bo-

c. Note that by plugging in the definition of Y; and simple rearrange-
ments we obtain

02 (B 1y, —Bo) = (‘1ZZX ) n'/2( -1ZZU ~Z.02)

By a. (n"'Y01, ZiXi — ZnXn) | —p (BZiX; — EZEX;)"\. As-
sume EZ;U; = EU; = EZ; = 0, E||Z;U;||> < o0, E||Zi||* < oo,
E||U;||? < oo, and E(Z;U;)? > 0. Then by the CLT we obtain

—1/QZZU —1/222 ‘1zn:Ui) —q N(0, E(Z;U;)?)

i=1

lfoecause (n=Y230  Z)(n S Ui) = Op(1)0,(1) = 0,(1). There-

2 Bry = Bo) —a N(0, E(ZiU:)(EZiX0)%).
d. We estimate E(Z;U;)?/(EZ;X;)? by a sample counterpart

Vo =n"' Y (Z:0)* /(7! i(ZiXi)f

where U; := Y; — Qo + BOXi and (ao,BO) can be taken as the IV
estimator of (ag, ). Consistency then follows by the usual steps.
e. Using the notation from Lecture 14,h(, ) = 8 and H = (0,1).
The Wald statistic is given by

~2
nﬁlv,n

Wyp = —=
Vi




The intuition is that if the null hypothesis is true then B v, Should be
close to zero and therefore W, (a quadratic form in ﬁ 1v.n) should be

small. In contrast, if the null is false then 3 v, should be different

~2
from zero and nf;y, and thus the Wald statistic should blow up.
Therefore the Wald test rejects if W, is "too big".

f. One can obtain a (pointwise asymptotically valid) CI with coverage
probability 1 — « by inverting the Wald test of Hy : 5, = 5 vs
H, : By # [ at nominal size a. To test that hypothesis the Wald

3 32
statistic reads W, (8, = ) = MTha‘c is,

CIn(ﬂO) = {B € Ra Wn(ﬁo = B) S X%,l—a}a

where x7 ;_,, denotes the 1 — a quantile from a chi-square with one
degrees of freedom. Here we would take o = 5%. Then the probability
that CI,(8,) contains the true 3, - for a fixed DGP - converges as
n goes to infinity to 1 — a. However, as we discussed in class, that
statement is not true if one allows for the DGP to change with the
sample size. For any sample size, one can find DGPs (like a DGP
where the IV has very small correlation with X;) under which the
coverage probability is much smaller than 1 — «..



2. a) Under Assumptions EE3 and CF-NS (stated below) we derived the lim-
iting distribution of the GMM estimator #,, with nonsmooth stochastic criterion
function, namely

Va0, — 00) —a N(0, (I'T) TV, (I'T) ).

Provide estimators for V) and I" and discuss their consistency under appropriate
conditions. 4 points

b) Suppose X,, —,, p for some constant p. Show that there exists a sequence
of positive constants §,, such that §,, — 0 as n — co and P(|X,, — u| > ) — 0
as n — 0o. 6 points

Setup and Assumptions for the GMM case with nonsmooth sto-
chastic criterion function:

Let Qu(0) = |15, (0)]], where 3, (0) = n=" S0, g(Wi, 0), and g(6) = Eg(Wi, 0).
Assumption CF-NS: (i) 0y is in the interior of ©.

(ii) g(0) is differentiable at Oy with T = (8/06")g(0y) of full rank d < k.

(if) 9(00) = 0.

(iii) \/7ig,, (00) —a N(0, Vo).

(iv) For every sequence of positive constants {d, }»>1 that converges to zero,

sup V1 |[7,(0) = 9(0) = G,,(60)] — 0.
0€0,]10—00||<6n

Assumption EE3: (i) Qn(gn) = infgpeo Qn(0) + 0,(n"1/2) and (ii) 0, —p bo.



Solutions:

a) This is taken straight from the lecture notes. See lecture notes 16, (16.24)-
(16.26).

b) See homework 4. We proceed by contradiction. If the statement was false
then for all sequences d,, such that d,, — 0 there exists an £* > 0 such that for
all N < oo there exists an n > N such that

P(|X,, — pu| > 6,) > €™ (1)

Given that X,, —, p for every m € N there is an N,,, < oo such that for all
n > Ny
P(|X, —pl>m™Y) <&,

Of course, N,, can be chosen to be increasing. Define a sequence d,, as m ™!

for N, < n < Npy4+1 and equal to 1 for 1 < n < N;j. Then 4, — 0 and
P(|X,, — u| > 6,,) < &* for all n > Ny which contradicts (1).



3. Consider a moment condition model Eg(W;,0) =0 € RF for § = 6, € R?
where k& > p. Assume CF and EE2 (the high level assumptions that imply
asymptotic normality of EE) are satisfied for the GMM model, except that T' =
E(0/00)g(W;,0) € REXP has rank p—1 with its p-th column being a zero vector.

~ ~ ~
In particular, assume the GMM estimator 6,, (9 ,0pn) (for simplicity with

Welghtmg matrix A, = Ik) is consistent, where 9 denotes the first p — 1 and
9pn the p-th component of 9,“ respectively. We W111 establish that 9pn —0Opo =
O,(n=%), where 0y = (0'y,0,0) . Let §,(0) = > g(W;,0)/n. Define!

-~

9.n(0.) =Gn(0.,0,,) and Gpn(0,) = Gn(6.0,6,).

i) Do a mean value expansion of §n(5n) about 6.y and a second order Tay-
lor expansion of Gy, (6,n) about 6,9. Combine the two expansions and, using
consistency, establish that

0.0 —0.0 = (T,0.0) T, [(G0(00) = 50(00)) — = Bpn (Opn — 0y0)%] +0,(n'/2), (2)

1
2
where T, = (8/86‘ Y (0.1, HPn) for some vector 6., on the line segment Jomlng
0.9 and 0. n and Bpn = (82/692)gn(9 0, Hpn) for some Gpn between 6,9 and 9pn
5 points

ii) Conclude that

~ o~

~ ~ ~ ~ 1 _
Gn(0n) = gn(90) + Pﬁn (gn(en) - gn(90)) + §Mf_ann(9pn - 9110)2 + 01)(” 1/2)a

where Py = A(A’A)"YA" and My = I, — P4 for any matrix A with k& rows. 1
point R
iii) Use ii) and |[g,,(6,)]1* < ||9n(60)]|? to conclude that

R 1 .
nl/z(ezm - 91)0)201)(1) + (ZBIMFB + Op(l))n(apn - 01?0)4 = Op(l)a

where Mt and B denote the probability limits of Mf.n and Epn, respectively.
2 points

iv) Assume that B’MrB is not the zero matrix. Conclude from iii) that
gpn — 0,0 = Op(n~/%). Show that that implies that 0. — 0.0 = O,(n"1/2). 2
points

1'We leave out transpose signs for the arguments of Gn; e.g. we write (9,,§pn) rather than
(0",0pn)" to simplify notation.



Solution
i) By a mean value and a second order Taylor expansion we obtain

~

./g\n(/éna epn) = @\n(e-Ovb\pn) + (a/ag)g\n(gnagpn)(én - 90)

and

o~ ~

~ ~ . 1 N 3\
gn(eﬂa Hpn) = gn(e‘Oa 0p0)+(6/89p)gn(0~07 01)0)(0117z_9p0)+§(82/8012))gn(0~07 Gpn)(epn_9p0)2-

Plugging the second expression into the first one we get

Gn(60)
_ SRS . ([P

= Gnlbl0,0p0) + (9/00,)7n(00)(Opn — Op0) + (9/06.)G5 (0., Opn) (6. — 0.0) + §Bpn(91m - 91)0)2
~ o 15 - B

- gn(GO) + sz(ewt - 00) + §Bp7z(0p’rL - 91)0)2 + Op(n 1/2)7 (3)

where for the last equality we use (8/891,)’9\”(90)(517” —0,0) = Op(n~?)0,(1) =
0,(n~1/2) (where in the first equality we use consistency of@m and (0/00,)g,(00) =
O,(n~'/2) which holds by a CLT because by assumption E(8/00,)g(W;,0)
equals 0). Finally, premultiply by (ffnf.n)*lffn and solve for 0., — 0.9.

ii) That follows straightforwardly by plugging in the result from (2) into (3).

iii) From ii) and carefully assessing the order of each term, we obtain that
15 @)I> = 1132 (00)]1>+ By 65020 (172) 1 By M By (Byn—030)*+0pn)

noting that G (0, ) — G (60) = O,(n~1/2). The desired result therefore is implied
by {1 ()11 < 11gn (60)|1*. R

iv) If not 6, — 0,0 = O,(n~/*), then n(f,, — 0,0)* is not O, (1) and would
diverge faster than n'/2(0,, — 6,0)%. But then, the left hand side in (iii) could
not be O,(1).

~

By i) and n(0,, — 0p0)* we get the desired result 0. —00= 0, (n=1/2).



4. Assume (X;,Y;) € R?, i = 1,...,n, are i.i.d. with distribution F (that
may depend on n). Let py = EpX; and puy = ErY;. We are interested in a CI
C,, for the parameter

0 = max{py, py}
(that may depend on n) that satisfies

AsyCS =lim inf inf Ppr(f e C,)>1-—q,

n—oo FeF
i.e. the asymptotic confidence size is nonsmaller than the nominal coverage
probability, where Pp(-) denotes probability when the true distribution is F'
and the set of distributions F is suitably restricted such that WLLNs and CLTs
can be applied. Namely, take

F=Fsm={F : F isthe distribution of a random vector (X,Y");
Ep[|(X,Y)|[*** < M, § < 0%, 0% < M and |p| <1 -4},

where p, 0%, and o3 denote the correlation between X and Y and the variances
of these variables and M < oo and § > 0.

Denote by X,, and Y, the sample averages and by Ein and Ef,n the sample
variances of the X;s and Y;s, respectively,

Xp=n"'Y0  Xi, %0 =0 00 (X — X,)%

Denote by
Cuxn = [Yn - n_l/Zaanlfa/Qayn + n_l/Qaanlfa/Q] and
C,uyn = [?n - nil/zaYnzl—a/Za?n + nil/ga\'Ynzl—a/Q]

the standard 1 — a two-sided CI for py and py-, respectively, based on inverting
a t-test.
Consider the CI C,, for 6 defined as

Cun if X, >Y, and defined as C,,, otherwise.

i) Discuss what happens to the coverage probability as n — oo for fixed F.
4 points

ii) Next define drifting sequences v,;, = (V1ns Yan, Van)s Where vy, = fiq, —
Hons Yan = (O X0, Ovn, Pp), Yan = Fn, and

n'2y1, = hi, Yan — ho = (ha1, hao, has)

for some hy € RU{#00} and hy € [vV/§,V/M]? x [§ —1,1—4]. Derive the limiting
coverage probability under v,,;. 4 points
iii) Using the result in ii) find a simple formula for AsyCS. 2 points



1. Solutions: I am presenting a very lengthy solution with a lot of repetition.

Note that by a Lyapounov triangular array CLT for row-wise i.i.d. random
variables, if p,, — ho

02 (Xn = txn) /o xn, Voo = byn) /0vn) =a (Ex pgsEvny) ~ N (O, 2221)
where ¥ has diagonal elements 1 and off diagonal element hy. Note also
that pix, € Cuon iff 02X, — px,l/oxn < 21_a2 and likewise for
tyn € Cpyn-

i) Assume first that puy,, and gy, do not depend on n.

If the means are not equal, wlog 1y > py say, then C), has asymptotic cov-
erage probability for 6 = u; equal to 1 — a. This follows immediately, be-
cause by the law of large numbers X,, —, 1y and Y,, —, uy and therefore
with probability approaching 1, X,, > Y,,. But P(ux € Cy n) > 1 -«
by the central limit theorem (CLT).

If the means are equal, pix = pty = 6, then P(6 € C,,) converges to
P(‘§X,p| < Rl—a/2 if UX&X,;) 2 UY&YW or |£Y7p| < Rl—a/2 if UX&X,;) < UYgY,p)?
This follows from

02 (X = p0)/01n (K2n = 12)/020) =a (€1, E2,,)- ()

(ii) More generally, consider the case of drifting sequences v,,;, = (Y1, Yans Yan)s

where Yin = Hin = H2n) Yon = (UXn70Yn7p7L) and V3n = FTL Consider
sequences such that

n'251, = hi, Yo, — ha = (ho1, hoo, hog) (7)

for some hy € Ry. If by > 0, it follows that P(0,, € C,,(1 — «)) converges
to

P(|&1 pps| < 21-ay2 1 ha1&q py 1 2> ha28s 4,05 |60 oy —h1/haz| < 21_ay2 if h21&y py,+h1 < B2 p,,)
(8)

under assumptions on 0%, , 0%, , and p,, imposed in the parameter space.

An analogous statement holds when hqy < 0, namely P(0,, € C,(1 — @))

converges to

P(|&1 oy thi/ho1| < z1_ayo if ha1&y pyy+h1 > B2 05180 pyyl < Zl—a@)if h21€1 pyy Th1 < h228s 4, )-
To see (8), note that fix,, = 0, € Cpi, (21-q,2) is equivalent to [n'/*(X,—
Bxn)/Txn| < 21_a/2 and the probability of this event converges to the
probability that |§17h23 | < 21_a/2 by the CLT and noting that Oxn/0xn —p
1. Likewise, fix, = 05 € Cp, (21-a/2) can be rewritten as [n'/3(Y, —
Ly n)/Gyn + 12 (tyy — fixn)/Fyn| < 21-a/2, and the probability of this
event converges to P(|€; 5,. —hi/haa| < 21_q/2). Finally, X, >Y, can be



rewritten as & x, 1" 2(X = pix ) /G xn—1 2 (ly, —tixn) > Oynn /(Y —
My n)/Tyn. Asymptotically, this event occurs when ha1&q 5, +h1 < h228s . -
By the joint CLT, the above then implies (8).

Given the probabilities in (8) and (9) only depend on h Assumption LRP
is satisfied and the AsyCS is given as the infimum over all & of these prob-
abilities. One can show by simulation that for a given nominal coverage
probability 1 — « the AsyCS is much smaller.

(iii) Denote by F,, the event Yn—l—n_l/Q(?anl,a/g > 7n+n_1/23ynzl,a/2
and define T, (0) = [n'/2(X,, — 0)/G x| I(E,) + [nY/2(Y, — 0)/Gya|(1 —
I(Ey)).

Set £ = I(h‘21§X7h23 +h1+ (h21 — hgg)zlfoé/g > hzgfy)h%). Under drifting
sequences with hy finite, we have T,,(0,,) —4 Jp, where for hy > 0

In ~ € x hos | B+ [€y,hgy — (R1/h22)|(1 — E) (10)
and for h1 <0
In ~ [Ex hyy + (h1/h21)|E+ [y, | (1 — E) (11)

Note that Jj, is continuous. It follows that liminf, .. P, , (Th(0,) <
Z1—ay2) = Jn(21—a/2). AsyCS equals the infimum of Jj(21_q/2) over all

h. Simulations indicate that this confidence interval has correct AsyCS.

10



