Advanced Microeconomics Theory

Vijay Krishna Professor
ETEX by Rui Zhou
Penn State University

Spring 2026



Contents

Preface i
Notatio iv
Introductio viii

II Foundationé 1
|1 Representing a Game{ 2
1.1 Game Treei ..................................... 2
1.2 Information Setsl .................................. 3
1.3 Strategiesi ...................................... 4
1.4 Normal Forrrl .................................... 5
1.5 Dominated Strategies and Best Responsesl .................... 7
1.6 Iterated Elimination of Dominated Strategied .................. 8
IZ Nash Equilibrium and Subgame Perfectiod 10
2.1 Nash Equilibrium and Nash’s Theoren{ ...................... 10
2.2 Iterated Dominance and Rationalizabilityl .................... 12
2.3 Potential Gamesl .................................. 14
2.4 Supermodular Gamesl ............................... 16
2.5 Subgame Perfect Nash Equilibriuni ........................ 20
III Bargainind 26
|3 Two-Person Bargainind 27
3.1 Nash Bargaining Solutiod ............................. 27
8.2 Dividing a Dollatf . . . . . . .. 31
3.3 Alternating Offer Modei .............................. 32
3.4 Unequal Discounting] ................................ 36
IIII Auctions and Mechanism Desigd 38
h Private Value Auction4 39
h.l Second Price Sealed Bid Auction (SPA* ..................... 39




CONTENTS

1.2  First Price Sealed Bid Auction (FPAi ...................... 40
1.3 Reserve PriceEJ ................................... 47
1.4 Revenue Equivalence T heorerrj .......................... 51
1.5 Risk Attitude and the Breakdown of Revenue Equivalence] ........... 54
b Mechanism Desigd 57
b.1 Direct Mechanism and Revelation Principlel ................... 57
5.2 Optimal Mechanism Design (Myerson, 1981i ................... 59
5.3 The Vickrey-Clarke-Groves (VCQG) Mechanisn{ ................. 68
IIV Matchingl 80
b Matching Theory{ 81
6.1 The Housing Market: Allocation with Endowmentsl ............... 81
6.2 The Assignment Problem: Allocation without Endowmentsi .......... 93
5.3 Two-Sided Matching . . . . . ... ... ... 100
5.4 The Boston Mechanism (Immediate Acceptance)l ................ 119
|V Information and Dynamic Gameé 125
|7 Common Knowledgel 126
7.1 Motivating Example: The Corrupted Industryl .................. 126
7.2 Formal Definition] . . . . . o v v o 128
7.3 Aumann’s Agreement Theorerﬂ .......................... 129
7.4 The Coordinated Attack Problen{ ......................... 130
b Dynamic Games{ 134
8.1 Repeated Gamesl .................................. 134
8.2 The Folk Theorerﬂ ................................. 142
8.3 Finitely Repeated Gamesi ............................. 148
8.4 The Chain Store Parados . . . . . . ... ... 152
b Perfect Bayesian Equilibriun{ 160
0.1 From SPE t0 PBH . . . . o o oo 160
0.2 Definition: Strategies and Beliefsl ......................... 161
0.3 Spence Signaling’ .................................. 163
0.4 Reputation in the Finitely Repeated P]j ..................... 173
|VI Problem Sets and Solutionsl 178
IProblem Set ]J 179
IProblem Set j 185
IProblem Set 3| 190

© Rui Zhou 2026. Do not redistribute without permission.



CONTENTS 3

Problem Set 4 196
Problem Set 5 202
Problem Set 6 208
Problem Set 7] 211
Problem Set § 216
Problem Set 9 221
Problem Set 10 226
Problem Set 11 232
Problem Set 12 235
Problem Set 13 240
IVII Exams and Soluti0n4 246
First Mid-Term Exam (2025) 247
Second Mid-Term Exam (2025) 253
Final Exam (2025) 258
First Mid-Term Exam (2026) 263
Second Mid-Term Exam (2026) 269
Final Exam (2026) 275
Bibliography 281

© Rui Zhou 2026. Do not redistribute without permission.



Preface

These notes accompany the Spring 2026 offering of EcoN 521 (Advanced Microeconomics
Theory) at Penn State, taught by Professor Vijay Krishna. The course is the standard
first-year PhD sequence on game theory, mechanism design, and matching—the strategic
side of microeconomics. The notes were typeset by the student author over the course of

the semester and reflect both lecture material and supplementary reading.

Audience

The primary audience is a first-year economics PhD student who has been through (or is
concurrently taking) graduate consumer theory and is comfortable with measure-theoretic
probability and basic real analysis. Advanced undergraduates with strong mathematical
preparation should also find the material accessible, particularly Chapters E*E The book is
self-contained in the sense that every theorem used is either proved or stated explicitly; it is
not self-contained in the sense that the reader is expected to fill in routine analysis (uniform

convergence, dominated convergence, basic topology) without prompting.

Structure of the Book

The book is organized into six parts:

o Part I (Foundations). Game representation in extensive and normal forms, dominance

and rationalizability, Nash equilibrium and its refinements (subgame perfection).

o Part IT (Bargaining). Nash bargaining solution, the Rubinstein alternating-offer

model, and the bridge between cooperative and non-cooperative bargaining theory.

o Part ITI (Auctions and Mechanism Design). Single-object private-value auctions,

revenue equivalence, optimal auctions, and the general theory of incentive compatibility
(VCG, AGV, Myerson).

o Part IV (Matching). Two-sided matching markets, the Gale-Shapley algorithm, sta-

bility and strategy-proofness, and one-sided matching with priorities.

o Part V (Information and Dynamic Games). Common knowledge and its opera-
tional role; infinitely and finitely repeated games and the Folk Theorem; perfect Bayesian
equilibrium and signaling.



PREFACE ii

o Part VI (Problem Sets and Solutions) and Part VII (Exams and Solutions).
Verbatim problem statements followed by worked solutions for the thirteen homework
sets and the five exams (2025 and 2026 sittings) of Econ 521.

Chapter Dependency

The chapters are not strictly linear. The following is a rough dependency map; an arrow

A — B means “familiarity with A helps when reading B

Ch. 1 Ch. 2
Games NE/SPE
Ch. 3 Ch. 4 Ch. 6 Ch. 8
Bargain Auctions Match Repeat

} \

Ch. 5 Ch. 7 Ch. 9
CK PBE

Mech.
A reader with limited time can take the following minimal paths:

o Auctions and mechanism design only: 1 — 2 — 4 — b.
e Bargaining and dynamic games only: 1 — 2 — 3, then 1 -2 — 8 — 9.

e Matching only: Chapter 6 is essentially self-contained; the reader needs only the language
of preferences and strategy from Chapter 1.

Conventions and Boxed Environments

Several types of coloured boxes appear throughout the book. Each type has a distinct

title-bar tint that the reader should learn to recognize on first sight:

Definition A formal definition of a term used later.
Theorem A central mathematical statement, usually with an accom-
panying proof.
Lemma An auxiliary result used inside a proof.
Corollary An immediate consequence of a theorem or proposition.
Proposition A formal statement, less central than a theorem.
Claim A short assertion proved in line; one step inside a longer
argument.
Example, A worked illustration or informal commentary; rendered
Remark with a left-side coloured bar instead of a full title block.

(cyan side-bar)

The body of the text never depends on a remark, so re-

marks are skippable on a first reading.

© Rui Zhou 2026. Do not redistribute without permission.



PREFACE iii

Mathematical conventions: vectors are bold (e.g. x), random variables are uppercase
(e.g. X;), realizations are lowercase (x;), and player indices are subscripts. The notation s_;
refers to the strategy profile of all players other than i. A complete symbol list appears in
the Notation Table that follows this preface.

Using the Problem Sets

Parts VI and VII reproduce the verbatim statement of every problem from the 2026 course
followed by a worked solution. Each chapter starts with a Problems section—read this first
and attempt the problems before turning to the Solutions section that follows. The two are

separated by a page break for exactly this reason.

Acknowledgements

I thank Professor Vijay Krishna for an outstanding course; my classmates for many helpful
conversations; and the open-source A TEX community for the tools that made this typesetting

possible. All errors, omissions, and infelicities of language are mine alone.

Rui Zhou
Spring 2026
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Notation

The following symbols are used throughout the book. Specialized notation is introduced

where it first appears.

Sets and numbers

R,R>0, R4 ¢ Real numbers; non-negative reals; strictly positive reals
N,zZ,Q,C Natural numbers, integers, rationals, complex numbers
[n] The set {1,2,...,n}

A(X) Set of probability distributions over a (measurable) set X
14 Indicator function of the set A

0,1 Vector of zeros, vector of ones

|S] Cardinality of a finite set S

P(X) Power set of X

Probability and integration

XY, Z Random variables (uppercase)

X, Y, 2 Realizations (lowercase)

X~F X has cumulative distribution function F'

Pr(() 4) Probability of the event A

E[X], Ep[X] Expectation of X (under distribution F' when ambiguous)
f,g Probability density functions corresponding to CDFs F, G

Yi The maximum of n — 1 iid random values, max;»; X; (Ch. 6)
Yk(n) The k-th order statistic of n iid draws

Ula, b] Uniform distribution on [a, b]

Games and players

N ={1,2,...,n}  Set of players

i,] Generic player indices

—1 “All players other than i”
Si Pure strategy set of player 4
S =115 Set of pure strategy profiles
S; €55 A pure strategy of player i

$=1(81,-+-,8n) A pure strategy profile

iv



NOTATION

S—q

o; € A(S;)
o= (o1,...
u; 0 S — R
u;(o)

G = (Si ui)iny
iy 7

wi € A(S-;)
Bi(o-i)

BR;

1 0n)

The profile s with i’s component deleted
A mixed strategy of player i

A mixed strategy profile

Payoff function of player ¢

Expected payoff under mixed profile o
A finite normal-form game

Weak / strict preference of player i
Belief of player ¢ over opponents’ play
Best-response correspondence

Best-response (singleton case)

Extensive-form games

X
ZCX
h

ht

H;
A(h)
H

0'|h

Set of nodes in a game tree

Set of terminal nodes

A history (path from root)
Length-t history

Information sets of player 4

Set of available actions at history h
Set of all subgames

Restriction of o to the subgame rooted at h

Auctions and mechanism design

W(z)
SPA, FPA, AP

Matching
S,C

M(S)7 M_l (C)
qc

Bidder i’s private value, drawn iid from F'

Upper bound of the value support

Symmetric bidding strategy

Bid of player ¢

Allocation rule (probability ¢ wins given report x)
Interim winning probability of type x;

Ex-post payment rule

Interim expected payment of type x;

Interim expected utility (information rent) of type x;
Reserve price

Myerson’s virtual value

Total surplus achievable at value profile x

Second-price, first-price, all-pay sealed-bid auctions

Sets of students / colleges (or men / women)
A matching, p: S — CU {0}
Partner(s) of student s / college ¢ under p

Quota of college ¢

© Rui Zhou 2026. Do not redistribute without permission.



NOTATION

sy e
DA
TTC
SD

vi

Strict preference of s over colleges / of ¢ over students
Deferred-acceptance algorithm (Gale-Shapley)
Top-trading-cycles algorithm

Serial dictatorship

Repeated and dynamic games

G(T)
GOC

5 €(0,1)
Vi(o | h)
};‘*

Bargaining

UCR"?
deU
F(U,d)
o,y

T-period repeated game

Infinitely repeated game

Common discount factor

Continuation value to i from o at history h
Player i’s minmax payoff

Set of feasible and individually-rational payoffs (Folk Theorem)

Feasible utility set
Disagreement (status-quo) point
A bargaining solution

Equilibrium offers in the alternating-offer Rubinstein game

Operators and shorthand

arg max, argmin
feog

Vf, Df

fla

lz], [z]

<'7 >

zly

N

=

([

Maximizer / minimizer of an expression
Composition of functions

Gradient / Jacobian

Restriction of f to A

Floor and ceiling

Inner product

x orthogonal / independent of y (context dependent)
Inclusion / embedding

A correspondence (multi-valued mapping)

End of proof

© Rui Zhou 2026. Do not redistribute without permission.



NOTATION vii

Acronyms

NE Nash equilibrium

SPE Subgame-perfect equilibrium

PBE Perfect Bayesian equilibrium

TESDS  Iterated elimination of strictly dominated strategies
IEWDS Iterated elimination of weakly dominated strategies

1UD Iteratively undominated set

RAT Rationalizable set

ITA Independence of irrelevant alternatives
1C Incentive compatibility

IR Individual rationality

DSIC Dominant-strategy incentive compatibility
BNE Bayes-Nash equilibrium

VCG Vickrey-Clarke-Groves mechanism

AGV Arrow-d’Aspremont-Gérard-Varet mechanism
PD Prisoner’s dilemma

CK Common knowledge

© Rui Zhou 2026. Do not redistribute without permission.



Introduction

Remark (Reading This Chapter).

This chapter is informal motivation, not formal theory. Three short vignettes—a traffic
network, a guessing game, a model of herding—preview the recurring themes of strategic
interaction, information, and equilibrium that the rest of the book develops rigorously.
Formal definitions begin in Chapter ﬂ

Example (Braess’ Paradox).

QY
XX

‘L\.)

The core idea to solve for equilibrium is that, in equilibrium, costs (the time spent
on each possible route from A to D) must be equal on all paths. Before the shortcut is
connected, the equilibrium travel time for any driver is 83 minutes. After the shortcut
is built, the new equilibrium travel time becomes 92, which is actually greater than the
original.

In the example, although the network capacity increased by adding the shortcut, the
individual cost for every agent increased. This is due to the negative externality: when
an agent switches to the shortcut, they reduce their own time marginally but impose a
heavy congestion cost on the shared links AB and C'D. This cost is not internalized by
the selfish agents.

Remark.

e In a multi-agent situation, having more choices can make you (and even everyone)

worse off.

e In a single-person decision problem, however, having more choices always makes you

viii



CHAPTER 0. INTRODUCTION

at least as well off.

Example (Coin Toss with Sequential Moves).

Agent A announces her guess first; B announces hers after observing A’s. If both agents
make the same guess, both get 1. Otherwise, nature determines the winner by coin toss:

whichever guess matches the coin toss wins 4, the other gets 0.

Q
.
E

N

Payoff

L,
L,
1,
4,
0,
0
4

B
H
H
T
T
T
H
T

)

NN TN ZDNRE
NmNSETRNSTOR

(1,1)
(1,1)
(1,1)
(1,1)
(4,0)
(0,4)
(0,4)
(4,0)

S O = =

H

b

If the coin toss is unavailable to both of them, B will make a guess opposite to A’s
as long as B is not too risk-averse. The expected payoff is (2, 2).

If instead the coin toss is observed by A and this is common knowledge, A’s best
strategy is to guess consistently with the actual coin toss, and B’s best response is to

report the same as A. Both then receive a certain payoff of (1,1).

Remark.

Information can have negative value! In the example, making the coin toss commonly
known to be observed by A actually hurts A. By contrast, if the revelation is A’s private

knowledge, the information must have nonnegative value.

Example (Herding via Information Cascades).

Suppose there are two restaurants in a town, A and B, with common prior

PI‘(A > B) =p> 5,
where A > B denotes the event that restaurant A is better than B. Everyone is therefore
mildly inclined toward A absent further information. Two private signals « and (3 are
available, with

Pr(a|A > B) =g,

Pr(8|B > A) = q,
where g > % and ¢ > p.E

The t-th agent observes all (¢t — 1) prior agents’ choices but not their private signals.

Suppose the realized signal sequence is (o, 8, 5, ..., 5).

ix
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CHAPTER 0. INTRODUCTION X

Agent 1. Receives a, which reinforces the prior. Since Pr(A > Bla) > %, she chooses
A.

Agent 2. Infers from Agent 1’s choice that Agent 1 must have received a. Agent 2’s
own signal is 5. The two signals cancel out,la so the prior dictates: Agent 2 also chooses
A.

Agent 8. Infers Agent 1’s « from her choice. For Agent 2: if Agent 2 had «, Agent 2
would have chosen A; if Agent 2 had (3, the two signals would cancel and Agent 2 would
still choose A by the prior. So Agent 2’s choice is uninformative about her private signal.
Agent 3 therefore only learns s; = « from history; combined with her own s3 = 3, the

two cancel and Agent 3 chooses A.

The same logic propagates: every subsequent agent ignores her private signal and
chooses A. This is the herding phenomenon—an information cascade in which collective

behavior locks onto the prior despite a sequence of contrary private signals.
Agent 1 2 3 4
w ) O O @
Posterior on A > % =p =p =Dp

Choice (A) (4a) (4a) (4a)

%q > p ensures that an agent observing a signal contrary to the prior forms a posterior favoring the
signal over the prior.
bVerifiable by Bayes’ rule:

Pr(e, B|A > B)Pr(A > B)

Pr(A > Bla,8) = Pr(a, B|A > B) Pr(A > B) + Pr(a, B|B > A)Pr(B > A)
_ ql—q)-p
q1—q) p+(1—q)g-(1—p)
=p> 1

2

Hence Agent 2’s posterior coincides with the prior, as if she had received no informative evidence.

Remark.

e The assumption ¢ > p matters because it ensures

Pr(B8|B > A)Pr(B > A)
Pr(B|B > A)Pr(B > A) +Pr(5|A > B)Pr(A > B)
¢(1—p) 1

Cql-p+(1—-qp 2

Pr(B > A|f) =

(Similarly, Pr(A > B|a) > %) So a single private signal is strong enough to overturn
the prior. Without this assumption agents would be “blinded” by the prior and
ignore their signals from the start—mno cascade would form because there was never

any private content to suppress.

e Even with strong signals, the cascade is not perfect. Starting from Agent 2, the

information aggregation breaks down: each agent’s choice no longer reveals her private

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 0. INTRODUCTION xi

signal.

e Agent 2 cares only about her own payoff. If she also cared about social welfare,
she would choose according to her private signal (i.e., B if she received ) to reveal
her information to subsequent agents. There is no individual incentive to do so—an

information externality that leads to inefficiency.

Remark (Chapter Summary).

Three vignettes preview the recurring themes of the book. Braess’ paradoz (a routing
game) shows that adding choices can hurt every player when externalities are present—
the first hint that strategic interaction can invert the comparative statics of single-agent
decision theory. The sequential coin-toss game shows that information can have negative
value: making a private signal commonly observed reduces the well-informed player’s
equilibrium payoff. Information cascades show that rational individual updating can
produce socially inefficient herding even when private signals would have aggregated
correctly under full information. The recurring lesson—rationality plus interdependence
yields surprising aggregate behavior—motivates the formal apparatus that begins in
Chapter m

© Rui Zhou 2026. Do not redistribute without permission.



Part 1

Foundations



Chapter 1
Representing a Game

Typically we have two ways to represent a game:
o Extensive form (game tree)

e Normal form (payoff matrix)

1.1 Game Tree

Example (Chess).

Nodes
Players
Choices at every node

Terminal nodes (outcome)

Information sets

Win, Lose, Draw

Definition 1.1: Game with Perfect / Imperfect Information

e A game with perfect information is a game where a player at node n knows all

the moves that lead to n.

e A game with imperfect information is a game where a player at node n only knows

some moves that lead to n.

Example (Matching Pennies).



CHAPTER 1. REPRESENTING A GAME 3

1
H1 Tl
2 2
H2 T2 H2 T2
1,-1 -1,1 -1,1 1,-1

1.2 Information Sets

All the nodes of a game tree are partitioned into information sets.
Rules for Information Sets
e Each node in an information set must belong to the same player.

« FEach node in an information set must have the same choices.

Example.

The first tree is invalid because the two nodes in the information set have different
choices. The second tree is invalid because the two nodes in the information set belong
to different players.

Example (Coin Toss Revisited).

Cointoss Not Revealed to Player 1 Cointoss Revealed to Player 1
0 (N) 0(N)

T, H,
1,14,0 0,41,1 1,10,4 4,01,1 1,14,0 0,41,1 1,10,4 4,01,1

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 1. REPRESENTING A GAME 4

Assumption 1.2

Each path from the root to a terminal node intersects each information set at most

once.

Example (Absent-Minded Driver).

/\ Bad Neighborhood

)
0

Bad Neighborhood  Home
0 1

Remark (“No Good Timing”).

In this game, there is no good notion of “timing” or “stages”. So the takeaway is
that, the timing of players’ moves is not important. What matters is the information

structure, i.e., who knows what.

1.3 Strategies

Before introducing the normal form, we need to formalize what a strategy is in an extensive-
form game. The notion is rich: a strategy specifies what a player plans to do not just on

the equilibrium path, but at every information set she might encounter.
Definition 1.3: Strategy

The strategy for player i, denoted by s;, is a complete plan of which choices to make

at every one of her information sets.

Example.

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 1. REPRESENTING A GAME

In this game, Player 1’s strategies are LA, LB, RA, and RB, where LA means that
Player 1 chooses L at the first information set belonging to her, and chooses A at the
second. The strategies at all information sets will lead to a unique outcome.

Intuition: A player’s strategy is a book with a page for each information set assigned to

that player, specifying the choice there.
Definition 1.4: Mixed Strategy

A mixed (or, randomized) strategy for player i, denoted by o;, is a probability
distribution over S;, i.e., o; € A(S;).

Pure strategy is a special case of mized strateqy, assigning probability one to a specific

action.

1.4 Normal Form

Definition 1.5: Game

A game G of n players consists of the set of strategies S; and utility functions
w;: ST XS x---x8§, >Rfori=1,2,--- ,n:

G = (515527"' 7Sn;u1au27"' ,Un) = (Si’ui)?zl .

Definition 1.6: Belief

A Dbelief of player 4, denoted by u; € A(S_;), is a probability distribution over
S X "'XSi_l XS'H—l Xoeee XSnES_i.

Remark.

A belief is a probability distribution over S_;, i.e., u; € A_;. But typically,

Example.

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 1. REPRESENTING A GAME 6

Consider a game of 3 players where Player 2 has strategies sy and s}, to choose from,
and Player 3 has s3 and s. From the Player 1’s perspective, she can theoretically

form the following two “beliefs”:

‘ s3  Sh ‘ S5 Sh
S9 0 1/4 S9 1/9 2/9
sy | 1/4 1/2 sy | 4/9  4/9

Note that the first belief belongs to A(S2 x S3) but not A(S3) x A(Ss3), while the
second belief belongs to both A(S2 x S3) and A(Sz) x A(Ss).

Consider the game where Player 1 has strategy space S1 = {s1, s1, s7}, and Player 2 has
strategy space Sy = {s2,s5}. The normal form of this game is mapping from the strategy
profiles to the payoffs of the players. In this example, it can be illustrated by a 3 x 2 matrix:

Remark (Relationship Between Game Trees and Normal Forms).
e Every tree leads to a unique normal form.

e However, a normal form can lead to multiple game trees that are “equivalent”.

Open Question: Do we lose some important information of the game by looking only at

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 1. REPRESENTING A GAME 7

the normal form?

1.5 Dominated Strategies and Best Responses

Rather than asking what is an optimal strategy, we approach it in reverse: what are the
suboptimal strategies that a rational player would never choose, so that we can rule them

out in the analysis of equilibrium?

Definition 1.7: Strictly Dominated Strategy

A pure strategy s; € S; is strictly dominated if there exists a (possibly mixed)
strategy o; € A(S;) such that

ui(0i,5-5) > ui(si,5-i), Vs_; € S_y,

where, by linearity, u;(o;,s_;) = ngesi o () ui(sh, s—;).

Remark (Three Equivalent Forms).

The same concept can be stated in three equivalent ways. The third form, in terms of

beliefs, is the one we will use most often when arguing about rationalizability.

(i) Pure-strategy form. There exists s, € S; with u;(s},s—;) > wu;(s;,s—;) for all
sS_; €85_;.

(ii) Mized-strategy form. The form stated in the definition above: there exists o; €
A(S;) doing the dominating.

(iii) Belief form. There exists o; € A(S;) such that u;(oy, p;) > u;(s;, p;) for every
belief p; € A(S_;).

Form (i) is strictly weaker than (ii)—there are games (e.g. matching pennies with a
third strategy) where a pure strategy is not dominated by any other pure strategy but is
dominated by a mixture. Forms (ii) and (iii) are equivalent: linearity of u; in p; converts

a profile-by-profile inequality into a belief-by-belief one.

Definition 1.8: Best Response

A pure strategy s; € S; is a best response to the belief u; € A(S_;) if
ui(sia :ul) Z ui(sga,u/i)v VS; S Siv

where u;(s;, p;) = Zs,f;es,i i (Siy S—i) i(5—s)-

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 1. REPRESENTING A GAME 8

Definition 1.9: Never a Best Response (NBR)

A pure strategy s; is never a best response if for every belief u; € A(S_;) there

exists s} € S; with u;(sh, p;) > wi(sq, fi)-

Theorem 1.10: Dominance <= Never a Best Response

In a finite game, s; is strictly dominated if and only if s; is never a best response.

The equivalence is the bridge between the eliminative “dominance” viewpoint and the
constructive “rationalizable” viewpoint developed in Chapter E The proof uses a separating-
hyperplane argument and is deferred to that chapter.

Definition 1.11: Weakly Dominated Strategy

A pure strategy s; is weakly dominated if there exists o; € A(S;) such that

wi(04,8—¢) > wi(85,5-;) Vs_i, with strict inequality for some s*, € S_;.

1.6 Iterated Elimination of Dominated Strategies

The previous theorem states that dominated strategy is a belief-free notion. This allows us
to develop the concept of iterated elimination of dominated strategies (IESDS), which is a
powerful tool to analyze games without having to worry about players’ beliefs.

The strategies that survive the IESDS are called rationalizable strategies, which are the
strategies that can be rationalized by some beliefs about other players’ strategies. Rational-
izability is a weaker notion than Nash equilibrium, as it does not require mutual consistency
of beliefs. However, it is still a useful concept to understand the strategic behavior of players
in a game.

Notably, IESDS’s outcome is independent of the order of elimination, which is a desirable
property. This is because the set of dominated strategies is well-defined and does not depend
on the sequence in which they are removed. As a result, we can confidently apply TESDS
to simplify games and analyze the strategic interactions without worrying about the order
of elimination. This is not the case with IEWDS (iterated elimination of weakly dominated

strategies), where the order of elimination matters.
Example (IEWDS and Order of Elimination).

Consider the following 2-player game and IEWDS.

| L R
ULl 00
M|11 21
D 0,0 21

e If Player 1 eliminates U and D, then Player 2 can eliminate nothing, and the process

ends. The surviving strategies are M for Player 1, and L and R for Player 2.

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 1. REPRESENTING A GAME 9

o If Player 1 eliminates only U, then Player 2 can eliminate L, and the process ends.

The surviving strategies are M and D for Player 1, and R for Player 2.

o If Player 1 eliminates only D, then Player 2 can eliminate R, and the process ends.
The surviving strategies are U and M for Player 1, and L for Player 2.

From this example, we can clearly see the “outcome” of IEWDS depends on the order

of elimination.

Remark (Chapter Summary).

This chapter introduced two complementary representations of a game and the language
we will use throughout the book. The extensive form (game tree, with information sets
capturing what each player knows when she moves) is the natural object for sequential-
move games and games of imperfect information. The normal form (a tuple of strategy
sets and payoff functions) is the natural object for simultaneous-move analysis and the
home of equilibrium concepts; every extensive-form game admits a normal-form repre-
sentation by enumerating strategies. A strategy sits between the two: it is defined on the
extensive form (a complete plan for every information set) but its payoff implications
live in the normal form. The chapter closes with the first nontrivial solution-concept
idea—dominated strategies and iterated elimination—which already shows that rational-
ity alone, without any equilibrium fixed-point reasoning, can pin down behavior in some
games. Chapter E introduces the central equilibrium concept, Nash equilibrium, that
the rest of the book builds on.

© Rui Zhou 2026. Do not redistribute without permission.



Chapter 2

Nash Equilibrium and Subgame

Perfection

2.1 Nash Equilibrium and Nash’s Theorem

Definition 2.1: Nash Equilibrium

A strategy profile (1,59, ,5,) (where 5; € A(S;)) is a Nash equilibrium of the
game G = (S;,u;);, if for any player i,

ui(ﬁi,ﬁ,i) Z ui(si,ﬁ,i), VSZ S SZ
Remark.
Equivalently we can define Nash equilibrium by
ui(éi,c’r,i) > ui(ai,ﬁ,i), VO'Z' c A(S,L)

But it suffices to only check pure strategies s; because mixed strategies are just proba-
bility distributions over pure strategies, and the expected utility of a mixed strategy is
a convex combination of the utilities of the pure strategies.

Theorem 2.2: Nash

Every finite game has a Nash equilibrium in mixed strategies.

Proof for Theorem

Here we apply the Kakutani’s Fixed Point Theorem.

10
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Theorem 2.3: Kakutani’s Fixed Point Theorem
Suppose F': X = X (i.e., F(z) C X), and

e X is compact and convex;

o F(x) is convex for all z € X;

e F has a closed graph, i.e., the set {(x,y)|y € F(z)} is closed.

Then, there exists z* € X such that «* € F(z*).

Let X; = A(S;), and X = X1 x Xy x---x X,, = [[I_; A(S;). Define the best response
correspondence B; : J[;; A(S;) = A(S;) by

o; € Bi(U—i) <~ ui(ai,o_i) > ui(ag,a_i), Va; S A(SZ)

And we define B: X = X by
By

B,
B(o) = : (0).

B7l
Three properties of B need to be verified. First, B(c) is convex for every o: if 0¢, 00 €
B;(c_;), both attain the maximum payoff, and any convex combination Ao + (1 — \)o?
does too by linearity of u; in player i’'s mixture. Second, X is compact and convex as
the product of simplices. Third, the graph of B is closed: if ¥ — & and o* € B(c%),

continuity of u; implies & € B(d). Kakutani’s theorem then delivers a fixed point
& € B(7), which is a Nash equilibrium.

Remark.

o “Mixed strategies” is important for Nash’s Theorem. Finite games may not have NE
in pure strategies.

o If 5 is a NE, and 7;(s;) > 0, then s; must be a best response to d_;, and thus
u;(8i,0—4) = u;(0;,6—;). In other words, if a pure strategy is played with positive
probability in a mixed strategy NE (i.e., in the support of the mixed strategy &), then
it must yield the same expected payoff as the mixed strategy itself.

e Then why bother mixing? Because each player mixes to make other players mix. If a
player chooses a pure strategy, then other players will have no incentive to mix, and
thus the first player will have no incentive to mix either. Therefore, mixing can be
a strategic move to induce other players to mix, which can lead to a more favorable

outcome for the player.

Remark (Alternative Proof via Brouwer (Geanakoplos, 2003)).

© Rui Zhou 2026. Do not redistribute without permission.
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Nash’s theorem can also be proved using the simpler Brouwer Fixed Point Theorem
(which only requires a continuous function, not a correspondence). The trick is to re-
place the best-response correspondence B(c), which is in general multi-valued, with a
continuous single-valued map whose fixed points coincide with Nash equilibria.

For each player i, define ¢; : A — A; by

6i(0) = argmax {uilo),0-) — o} — oill3}.
gleN;
The maximand is the sum of an affine (linear in o}) term and a strictly concave term, so
it is strictly concave; hence ¢;(o) is a singleton and, by the Theorem of the Maximum, ¢;
is continuous in o. The product map ¢ : A — A is therefore continuous on the compact
convex domain A, and Brouwer delivers a fixed point & = ¢(7).

To see that & is a Nash equilibrium, suppose for contradiction that some player ¢
has a strictly profitable deviation o} with u;(0},5_;) — u;(5) = D > 0. By linearity of
u; in oy, the convex combination o} + (1 — €)g; raises i’s payoff by exactly eD, while
the penalty ||eo’ + (1 — €)5; — 7;||3 = €2|/o} — 5:||2 is of order 2. For small ¢, the linear
gain dominates the quadratic loss, so the perturbed strategy strictly beats &; in the
maximand defining ¢;—contradicting ¢;(5) = ;.

The Kakutani-based proof is the textbook standard, but the Brouwer route is con-
ceptually cleaner: it makes explicit that the gap between “best-response correspondence
has a fixed point” (which can be multi-valued and hence requires Kakutani) and “Nash
equilibrium exists” (which only needs the existence of some consistent profile) can be
bridged by a tiny regularization. The same trick reappears in computational game the-
ory, where strictly concave perturbations are used to make best responses unique and

approximate equilibria via gradient methods.

2.2 Iterated Dominance and Rationalizability

Chapter ﬂ introduced strictly dominated strategies and the iterated elimination of dominated
strategies (IESDS), and informally identified the surviving set with rationalizable strategies.
We now make that identification precise—the equivalence is a non-trivial theorem and its

proof clarifies what each side of the definition is doing.

Definition 2.4: Iteratively Undominated Set (IUD)

A product set X = X; x --- x X,, C S is iteratively undominated if there exists

a sequence { X'}, of product sets such that
(i) X°=Sand XT = X;
(i) Xt C X! for every t;
(i) every s; € X} \ X;'H is strictly dominated in the restricted game (X}, u;)}_;;

(iv) no s; € XJT is strictly dominated in the restricted game (XJT u;)i_y.

© Rui Zhou 2026. Do not redistribute without permission.
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Definition 2.5: Rationalizable Set (RAT)

A product set Z = Z; x --- x Z, C S is rationalizable if (i) every s; € Z; is a best
response to some belief p; € A(Z_;) whose support lies in Z_;, and (ii) Z is the
maximal such set: any other set Z’ satisfying (i) is contained in Z.

The two definitions describe rationality from opposite directions. TUD is eliminative:
start with everything and prune dominated strategies, justifying each removal by reference
to the previous round. RAT is constructive: insist that every surviving strategy be optimal
under some belief over surviving opponent strategies, and take the largest such set. The

next theorem shows they pick out the same object.

TUD: eliminative RAT: constructive

[Full strategy set S [ All strategies ]

self-consistency

Z = best responses
to beliefs on Z_;

largest set in which
v every s; € Z; is optimal

S 5 against some p; € A(Z_j)

strip dominated
at each round

Theorem 2.6: IUD = RAT

Let X be the iteratively undominated set and Z the rationalizable set of a finite
game G. Then X = Z.

Proof for Theorem

We use the lemma from Chapter E (Theorem @) that s; € S; is strictly dominated
(possibly by a mixed strategy) if and only if it is never a best response (NBR) to any
belief in A(S_;). The proof proceeds by mutual inclusion.

Z C X. We show by induction that Z; C X]t- for every t. The base case t = 0 is
immediate since XJO = 5;. For the inductive step, suppose Z; C th-. Take any s; € Z;.
By rationalizability, s; is a best response to some belief ;1; supported on Z_; C X’ij.
By the SD <= NBR lemma applied to the restricted game (X, u), s; is therefore not
strictly dominated in (X, u). Hence s; € X]t-“7 completing the induction. In the limit,
ZCXT=X.

X C Z. By the termination condition (iv), no s; € X" = Xj is strictly dominated
in (X,u). By the SD <= NBR lemma, every s; € X, is a best response from X; to
some belief ;1; on X_;. To upgrade “best response from X;” to “best response from .S;”
(the requirement in the definition of rationalizability), suppose for contradiction that
some s; € X; is best-responded-to from X; but not from S;: there exists s; € Si\X;

that strictly improves on s; against u;. Since s; is not in X, it was eliminated at some

© Rui Zhou 2026. Do not redistribute without permission.
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stage t of the iterated procedure—meaning s; was strictly dominated in (X? u). But
this contradicts that s is a strict best response to p; € A(X";) (by the SD <= NBR
lemma in the restricted game). Hence X satisfies condition (i) of rationalizability. Since
Z is by definition the maximal such set, X C Z.

Remark (Why the Equivalence Is Substantive).

IUD reaches the rationalizable set “from above,” RAT defines it “intrinsically.” Their
equality is the formal statement that rationality and common knowledge of rationality
imply nothing more than what iterated elimination of strictly dominated strategies ex-
tracts. In particular: there is no mileage to be gained by allowing players to entertain
richer hierarchies of beliefs beyond what IESDS already captures. Conversely, IESDS is
not a brute-force algorithm divorced from epistemic foundations—each round of elimi-
nation corresponds exactly to one more level of mutual knowledge of rationality. The
order-of-elimination invariance for strict dominance, observed informally in Chapter m,

is now a corollary: every elimination order converges to the unique RAT set.

2.3 Potential Games

One of the central questions in game theory is whether a game has a pure strategy Nash
equilibrium (PSNE). Some games, like matching penny, have no PSNE. However, certain

classes of games are guaranteed to have PSNE. Two important classes are:
o Potential games
e Supermodular games

In this section we will focus on potential games, which are a broad class of games that
include many interesting examples, such as congestion games, coordination games, and
certain types of auctions. Potential games have a special structure that allows us to analyze
them using a potential function, which captures the incentives of all players in a single

function.

2.3.1 Definition
Definition 2.7: Potential Game

A finite game G = (S;,u;)", is called a potential game if there exists a function
P:S — R (where S = 51 x Sy x -+ x S,,) such that for every player ¢ and every
pair of strategies s;, s} € S;:

wi(8iy8—i) — ui(sh,5_;) = P(si,s_i) — P(s},s_;), s_;€S_;.

The function P is called the potential function.

Example (Congestion Game).

© Rui Zhou 2026. Do not redistribute without permission.
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Consider a road network where n drivers choose routes. Let s; be the route chosen by
driver 7, n,(s) the number of drivers on route r under profile s, and ¢(r, k) the congestion

cost incurred by each user of route r when k drivers use it. Driver i’s payoff is

ui(si,5-;) = —dsi, ns,(s)).
Define the potential function

ny(s)

P(s) = =) e(r, k).
1

r k=

When driver 7 switches from route r to route 7/, the change in P is exactly c¢(r’,n,(s) +
1) —¢(r,ny(s)), which equals the change in driver i’s own payoff (up to sign). Hence P is
a potential function and the game admits a PSNE—the route assignment that minimizes

total congestion cost.

Remark.

o Potential games can be thought of as games where all players have identical payoffs.
o Potential games arise naturally when:

— Players care about a common objective (like aggregate welfare)
— Individual incentives are aligned with some global measure
— Strategic interactions are “symmetric” in the sense of cross-partial derivatives
e The potential function P captures the payoff differences for individual players when
they deviate from one strategy to another. The key insight is that a player’s incentive

to deviate depends only on how the potential function changes, not on the baseline
payoff levels.

e In the continuous case with smooth payoff functions, a game is a potential game if
and only if:

P _ ou
881' B 881'

for all players ¢

This leads to the following necessary condition, for all pairs of players ¢ and j:

0%u; 9%u,;
= J whenever these derivatives exist.

0s;0s,  O0sy0s;
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2.3.2 Existence of PSNE in Potential Games

Theorem 2.8: Existence of PSNE in Potential Games

Every potential game has at least one pure strategy Nash equilibrium.

Proof for Theorem

A PSNE of game G is a maximizer of the potential function P. Since S is finite (in the
discrete case), P attains its maximum. At such a maximum point s*, if player ¢ deviates
to any other strategy s; # s}, then:

w;(sf,8%,) —wi(si, ;) = P(sf,s*;) — P(si,s";) >0

199 —1 —1
Thus no player wants to deviate, so s* is a PSNE.

Remark.

Different information structures (simultaneous move vs. sequential move) can lead to dif-
ferent equilibria in general games. However, in potential games, the set of pure strategy
Nash equilibria is often robust across different information structures. This is because
the potential function captures the incentives of all players in a way that is independent
of the timing of moves. As a result, the same strategy profiles that maximize the po-
tential function will be equilibria regardless of whether players move simultaneously or
sequentially.

2.4 Supermodular Games

While potential games ensure the existence of PSNE through a global potential function,
supermodular games approach the problem differently: they rely on the structure of strategic
complementarities between players’ actions.

The key insight is strategic complementarity: if one player’s action increases, it becomes
more attractive for other players to increase their actions as well. This creates a natural
coordination mechanism that leads to equilibrium. Unlike potential games, which require
a global objective function, supermodular games only require local complementarity condi-
tions on payoffs.

Examples of strategic complementarity abound:

e In a price competition setting, if a competitor raises prices, your prices become more

attractive to consumers, so you want to raise your price too.

e In technology adoption, if more people adopt a technology, the benefits of adoption
increase for you (network effects).

e In public goods games, if others contribute more, your optimal contribution may also

increase.

© Rui Zhou 2026. Do not redistribute without permission.
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2.4.1 Definitions
We need lattice-theoretic concepts to formalize strategic complementarity.
Definition 2.9: Meet & Join

Let z and y be two vectors of R". The meet of z and y, denoted by x A y, is the

coordinate-wise minimum:
min(z1,y1)
min(zz,y2)
TANY =
min(xy,, yn)
The join of x and y, denoted by z V y, is the coordinate-wise maximum:
max (1, Y1)
max(x2,Y2)

rVy=

max(y,, Yn)

Remark.

Meet and join decompose a pair of strategy profiles into their “lower bound” and “upper
bound” in each dimension. Later we will see, if a payoff function is supermodular, then
being at both extremes (the largest and smallest actions) together is at least as good as

being at the two middle ground positions.

Definition 2.10: Supermodular Function
A function f:R™ — R is supermodular if for all z,y € R™:
fleny) + flVy) > flz) + f(y)

This is called the supermodularity inequality.

Intuitively, the supermodularity inequality says: having some coordinates large and
others small is better than having all coordinates at intermediate levels.

In a game setting, we say player i’s payoff is supermodular if:
wi(s) +ui(s) wui(sns')+u(svs) Vs,s' el

This means: player i’s payoff is supermodular in their own strategy relative to opponents’
strategies.

Remark.

17
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When f is twice continuously differentiable, supermodularity is equivalent to:

82 f
8%—8@-

>0 forallisj.

This means: if you increase x;, the marginal benefit of increasing z; also increases

(strategic complementarity).

2.4.2 Existence of PSNE in Supermodular Games

The next two lemmas establish that best response correspondences have monotonicity prop-

erties under supermodularity, which enables us to use fixed point theorems.

Lemma 2.11: Monotonicity of Best Responses

Suppose u : [0,1]7 x [0,1]9 — R is supermodular. Suppose y',y” € [0,1]¢ with
y” > y'. Let 2’ € [0,1]” be a maximizer of u(-,y’), and z” € [0,1]P be a maximizer

of u(-,y"”). Then 2’ A 2" is a maximizer of u(-,y’), and 2’ V 2’ is a maximizer of

u(-,y").
Proof for Lemma
By construction, since ' maximizes u(-,y’) and 2" maximizes u(-,y"):
u(I/7y/) Z u(z/ /\ x//, y/)
Also note that u(z’ Az”,y") = u(@’ Az, ¢y Ay”) since y Ay”" =4 (as ¢y <y").
Similarly:
u(x//,y//) Z U,(J)/ \/ x//7y//) — u(m/ \/ x//’y/ \/ y//)
By supermodularity:
u(w/’ y/) +’U/($//’y//) Z u(x/ /\:I://’ y/ /\y//) +u<x/ \/m//7y/ \/y//)
Suppose u(z',y’) > u(x’ Az, y" Ay”). Then:
u(x/’y/) +u(x//7y//) > u(x/ /\./,C//,y/ /\y//) +u(m/ \/x//’y/ \/y//)

which violates supermodularity.
Therefore, we must have:

u(x/,y/) — u(x/ /\x//’y/ /\yll)
U(l_//’y//) — U(I’l \/ x//’ y/ \/ yl/)

This means both ' A 2”7 and 2’ V " are maximizers at the respective points.
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Lemma 2.12: Monotonicity of Largest Maximizers

Suppose  : [0,1]P x [0,1]9 — R is supermodular. Define:
h(y) = max{z : © maximizes u(-,y)}

(the largest maximizer). Then h is non-decreasing: if y” > v/, then h(y”) > h(y/').

Proof for Lemma

Suppose y” > y'. Let 2’ = h(y’) and 2" = h(y") be the largest maximizers at 3" and y”
respectively. By the previous lemma, 2’ A 2" maximizes u(-,3') and 2’ V " maximizes
u('v y//)'

Since 2’ V z’ is a maximizer at y” and z” is the largest maximizer at y”, we have
2" > a'va”. By definition, 2’ Va” > x’. So 2" > 2. Therefore, h(y") = 2" >z’ = h(y').

Theorem 2.13: Existence of PSNE in Supermodular Games

Every finite supermodular game has at least one pure strategy Nash equilibrium.

Proof for Theorem

This is a direct result of Tarski’s Fixed Point Theorem.

Theorem 2.14: Tarski’s Fixed Point Theorem

If f: L — L is a non-decreasing function on a complete lattice L, then f has a
fixed point.

Why Tarski holds (sketch). Let L be a complete lattice with top T and bottom L. The
set A={x € L:x < f(x)} contains L (since L < f(L)) and is therefore non-empty.
Let & = sup A, which exists by completeness. Monotonicity gives f(x) < f(Z) for every
x € A, and combining with © < f(x) yields x < f(Z), so f(Z) is an upper bound of A
and hence & < f(z). Applying f once more and using monotonicity, f(z) < f(f(Z)), so
f(z) € A and f(z) < Z. Together: f(z) = x. The argument is constructive on finite
lattices: iterate f on L until the sequence stabilizes.

For each player 7, define b;(s_;) as the largest maximizer of w;(-, s_;). By the lemmas
above, b; is non-decreasing in s_;.

Define the best response mapping b: S — S by:

b(s) = (bi(s-1),b2(5-2),...,bp(5-7))

Since b is component-wise non-decreasing and S is a finite lattice, by Tarski’s Fized
Point Theorem, b has a fixed point 3, i.e., b(5) = 5. This fixed point is a Nash equilibrium.

Example (Bertrand Duopoly with Differentiated Products).

© Rui Zhou 2026. Do not redistribute without permission.
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Consider two firms competing in prices. Let D;(p1,p2) be firm i’s demand, which is
decreasing in its own price p; and increasing in the competitor’s price p;. With constant

marginal cost ¢, firm i’s profit is:

Ti(p1,p2) = (pi — ¢)Di(p1,p2)

The key observation is:
827Ti 0 |:87TZ:|

OpiOp; - ap; | Opi

This is because when the competitor’s price increases, the marginal profit from raising
your own price increases (since demand becomes more favorable). Thus, firm #’s profit
is supermodular in (p1,p2), and the duopoly game has a PSNE.

2.5 Subgame Perfect Nash Equilibrium

Nash equilibrium constrains only on-path play. In extensive-form games—where players
move sequentially and can condition on what they have observed—this is too weak: many
Nash equilibria are sustained by threats that the threatener would never actually carry out.
Subgame perfection refines NE by demanding optimality in every subgame, ruling out such
non-credible threats.

2.5.1 Definitions and Existence

Definition 2.15: Subgame

Given an extensive form T, a subgame T” is some node r € T and all its succeeding
nodes such that if an information set I intersects T, then all nodes in I are also in
T.

Definition 2.16: Subgame Perfect Nash Equilibrium
o is a subgame perfect equilibrium if
e o is a Nash equilibrium.

e o induces a Nash equilibrium in every subgame 77 C T..

Example (Entry Deterrence Game).

Consider the following game:

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 2. NASH EQUILIBRIUM AND SUBGAME PERFECTION

From its normal form (payoff matrix) below, we know that there are two Nash equi-
libria: (OUT, FIGHT) and (IN, ACCOM).

\ FIGHT ACCOM
ouT| 0,5 0,5
IN | —2,-2 2,2

However, only (IN, ACCOM) is a subgame perfect equilibrium, because if Player 1
chooses IN, then Player 2’s best response is to choose ACCOM (so to choose FIGHT
is not a credible threat). Therefore, the unique subgame perfect equilibrium is (IN,
ACCOM).

Suppose now the game is repeatedly played for T' = 20 times. At ¢ = 1, Player 1
chooses IN or OUT. If Player 1 chooses OUT, the game ends. If Player 1 chooses IN,
then in any period ¢ > 1, the Player 1 can choose to stay (IN) or exit (OUT). If OUT is
ever chosen by Player 1, then OUT for all the periods onwards.

Clearly, using backward induction, we know that the unique subgame perfect equi-
librium is for Player 1 to choose IN and Player 2 to choose ACCOM in all periods.

However, if we add one additional constraint: Player 1 can only fight for at most 15
periods, then the analysis changes.

Claim
The unique SPE with the constraint is that
o Player 1 never enters (IN), and

e Player 2 chooses FIGHT if Player 1 chooses IN.

Proof for Claim.

21
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Suppose that Player 1 has entered and been fought for the previous 14 periods. In
period t = 15, if Player 1 chooses IN, Player 2 compares the payoffs of FIGHT and
ACCOM:

o If Player 2 chooses FIGHT: Player 1’s capacity is exhausted, forcing them to
choose OUT from ¢ = 16 to t = 20. Player 2’s total remaining payoff is —2(at ¢ =
15) + 5 x 4(monopoly profit) = 18.

o If Player 2 chooses ACCOM: Player 1 stays in the market. Player 2’s total re-
maining payoff is 2(at ¢ = 15) + 5 x 2(duopoly profit) = 12.

Since 18 > 12, FIGHT becomes a credible threat at t = 15. Anticipating this, Player
1 will choose OUT at t = 15 to avoid the —2 payoff.

Consider period t = 14. Player 1 anticipates that choosing IN will result in Player
2 choosing FIGHT (to trigger the exit at ¢ = 15 and secure future monopoly profits).
Choosing IN at ¢ = 14 followed by exit at ¢ = 15 yields a lower payoff than choosing
OUT immediately at ¢t = 14.

Following this logic backward to t = 1, consequently, the only rational choice for
Player 1 is to never enter (OUT), and for Player 2 to threaten to FIGHT at any entry

node.

Theorem 2.17

Every finite game in extensive form has at least one subgame perfect equilibrium.

Proof for Theorem

The proof is to find all subgames that do not have any proper subgames. In each such
subgame, find a Nash equilibrium of the subgame, and replace each node by expected

payoffs from any Nash equilibrium of the subgame.

Remark.

The notion of subgame perfect equilibrium is to generalize backward induction to games

with imperfect information.

2.5.2 The Backward Induction Algorithm

The proof of the existence theorem is constructive: it gives an explicit algorithm for comput-
ing an SPE in any finite extensive-form game. The procedure—backward induction—is

the workhorse of finite-horizon analysis.
Backward Induction Algorithm
Let T be a finite extensive-form game.

1. Identify minimal subgames. A subgame is minimal if it contains no proper

subgame. Equivalently, every information set inside it is a singleton in which
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only one player moves before reaching a terminal node.

2. Solve each minimal subgame. Find a Nash equilibrium of the minimal sub-
game (in finite games this exists, by Nash’s theorem applied to the subgame’s
normal form).

3. Substitute continuation payoffs. Replace every minimal subgame by a sin-
gle terminal node carrying the equilibrium payoff vector. This yields a smaller

extensive-form game 7" with one less “layer.”

4. Recurse. Apply Steps 1-3 to 7. Terminate when only the root remains; the
strategies recorded along the way constitute an SPE.

Remark (Why Backward Induction Produces an SPE).

By construction, the strategies prescribed in each minimal subgame are a Nash equi-
librium of that subgame. After substitution, the next iteration treats those subgames
as terminal nodes with fixed payoffs, so any Nash equilibrium of the reduced game T"
remains a Nash equilibrium when expanded back. Iterating, the prescribed strategies
form a Nash equilibrium in every subgame—which is exactly the SPE condition. The ar-
gument is the game-theoretic analogue of dynamic programming: a globally optimal

plan is built by stitching together locally optimal continuations.

Remark (Verification via the One-Deviation Property).

A practical corollary: to check that a candidate strategy profile o* is an SPE, it suffices
to verify, at every history (or every information set in the perfect-information case),
that no player can profitably deviate by changing her action at that single node and
reverting to o* thereafter. This is the one-shot deviation principle, a finite-horizon
analogue of the result we will state and prove for infinitely repeated games in the chapter
on dynamic games. The principle reduces SPE verification from a global check across
all alternative strategies to a local, period-by-period inequality at each node—precisely
what the entry-deterrence example above (with Player 1’s 15-period capacity constraint)

implicitly relied on.

The backward-induction algorithm settles existence and provides a constructive solution
method, but it does not guarantee uniqueness: if a minimal subgame has multiple Nash
equilibria, choosing different ones leads to different SPEs. This multiplicity is what powers
the finite-horizon Folk Theorem (in the chapter on dynamic games): when a stage game has
several payoff-distinct NE, the choice of which NE to play in late periods can be used as a

reward or punishment to sustain non-NE play in early periods.

Example (Centipede Game).
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64, 64

1,0 0,2 4,0 0,8 16,0 0,32

The unique subgame perfect equilibrium is for each player to exit immediately at their
first decision node, yielding payoff (1, 0). However, the backward induction outcome (1, 0)
is Pareto dominated by the outcome (64,64) at the end. Both players would be better
off if the game continued to the end, but the equilibrium logic prevents this.

2.5.3 Trembling-Hand Perfect Equilibrium

Example (Selten’s Horse).

1 2
2 A “1,1,1
d D
3 3
| r | r
3,2,2 0,0,0 4,4,0 0,0,1

There are two pure strategy Nash equilibria: (d, 4,1) and (a, A,r). Since this game
has no proper subgames, both equilibria are subgame perfect.

However, the SPE (d, A,l) appears problematic: if Player 1 accidentally chooses
a instead of d, Player 2 would prefer to choose D rather than A. This suggests the

equilibrium is not robust to small mistakes.

Recall that o is a Nash equilibrium if and only if for each player ¢ and any pure strategy
st ui(oi,0-4) > ui(s;,0-;), and for all the pure strategies that are in the support of o;, the
expected payoff is the same: u;(s;,0_;) = u;(0,0_;) for all s; such that o;(s;) > 0. Hence,
if for some pure strategy s, we have u;(o;,0_;) > u;(s},0_;), then o;(s}) = 0.

To formalize the intuition from the previous example of Selten’s Horse, suppose all

players’ choices are subject to small trembles (mistakes).
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Definition 2.18: e-Equilibrium

A mixed strategy profile o€ is an e-equilibrium (for small € > 0) if:

o Every pure strategy has positive probability: o5(s;) > 0 for all ¢ and s;.

e Strategies that are not a best response are played with low probability: if

u; (s, 0%,;) > ui(si,0%,;), then o5(s}) < e.

Definition 2.19: Trembling Hand Perfect Equilibrium

A strategy profile o is a trembling hand perfect equilibrium (THPE) if it is the limit
of a sequence of e-equilibria o€ as ¢ — 0.

Remark (Chapter Summary).

This chapter built the central solution concept of the book. Nash’s theorem (Theo-
rem @) guarantees that every finite game has at least one mixed-strategy equilibrium;
the proof, via Kakutani or—more directly—Brouwer, identifies an equilibrium with a
fixed point of a best-response correspondence. We then mapped out two families of re-
finements and existence results. Iterated dominance and rationalizability (IUD = RAT)
describe what rationality plus common knowledge of rationality alone can deliver, be-
fore equilibrium fixed-point reasoning enters. Potential and supermodular games carve
out structural classes in which pure-strategy equilibria are guaranteed and have nice
comparative-statics properties (Topkis-Milgrom-Roberts). For dynamic games, subgame
perfection (Definition ) sharpens Nash equilibrium by requiring optimality at every
history; trembling-hand perfection sharpens it again by ruling out equilibria sustained
by zero-probability mistakes. Each refinement narrows the prediction at the cost of
stronger assumptions about behavior off the equilibrium path—a tradeoff that recurs in

every later chapter.

25
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Chapter 3

Two-Person Bargaining

3.1 Nash Bargaining Solution

Definition 3.1: Bargaining Problem

A (two-person) bargaining problem is a pair (U, d), where U C R? is the feasible
utility set—a compact, convex set of expected utility profiles attainable by the two
parties—and d € U is the disagreement point, the outcome that arises if no agreement
is reached. We assume non-degeneracy: there exists some v € U with u > d (i.e.,
u; > d; for both 7).

Definition 3.2: Bargaining Solution

A bargaining solution is a function F' that assigns to every bargaining problem

(U,d) a point F(U,d) € U representing the agreed-upon utility profile.
We now ask: what are the natural axioms a bargaining solution should satisfy, and is
there a unique one that does?

Axiom: Scale Invariance

Consider the transformation (U, d) — (U, d) such that

U= {(ﬂl,ﬂg)

di = a;d; + Bi.

u; = aju; + B; for some a; >0,  (ug,usz) € U} ,

Then,
FZ(U, 7) = OZZ‘FZL'(U, d) T /Bz

Axiom: Efficiency

Pu € U such that u > F(U, d).

27
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Axiom: Symmetry
If U is symmetric (i.e., (u1,u2) € U <= (ug,u1) € U) and d; = dg, then

FL(U,d) = Fy(U, d).

Axiom: Independence of Irrelevant Alternatives (ITA)
Consider (U, d) and (U, d) such that U C U. If F(U,d) € U, then

F(U,d) = F(U,d).

Theorem 3.3

There is one and only one F' that satisfies the above requirements. F' is given by:

FN(U,d) = argmax(u; — dy)(ug — dy).
ueU,u>d

Proof for Theorem

Firstly, it is easy to check that F'V is well-defined in the sense that F'V satisfies the above
requirements.

Let (u},u3) = FN(U,d). We can always rescale the utilities such that (u},u}) —
(1,1) and (dy,d2) > (0,0), without loss of generality. Denote the new space as (U, d).

Claim

If we can show that F' = FN for any F in the scaled space (U,d), then we must
have F = F for any (U, d).

Proof for Claim.
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This is true by scale invariance.

Claim

FN@,d) = (1,1).

Proof for Claim.

29
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Define the set H = {(u1,u2)|u1 +uz <2}. Note that the boundary of H is the
tangent line to the hyperbola uyus = 1 through (1, 1) with slope -1. Since (1,1) € U
and (1,1) € H, if we can show that U C H, then we must have (1, 1) as the solution.

.

N u9
.

N A

\

To show that U C H, suppose for contradiction that U contains some point (w1, uz)
such that uy +ug > 2. The line segment connecting (1,1) and (uy, uz) must intersect
the hyperbola ujus = 1 at some point (&1, Usz). So the line segment joining (U1, Us)
and (1,1) must be above the hyperbola ujus = 1. Since U is convex, we can find a
convex combination of (uj,us) and (1,1) that falls within the line segment joining
(@11, 72) and (1,1), denoted by (i1, 1s) such that (i1, 1) € U and 4y > 1. This
contradicts the assumption that FN (U, d) = (1,1).

S
N

N u2

N
A
Y

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 3. TWO-PERSON BARGAINING 31

Claim

For any F', the solution must be (1,1).

Proof for Claim.

We can always include the U using a symmetric right triangle whose hypotenuse is
on the boundary of H and whose right angle sits on the line of u; = uy. Denote the

new triangle by U.

u2

o
o)
U \\

By efficiency of F', the solution must lie on the boundary of U. By symmetry of
F, the solution must be (1,1). Additionally, note that U C U, and F(U,d) € U. By
IIA, we must have F(U,d) = F(U,d). Therefore, F(U,d) = (1,1).

From all the results above, we conclude that F' = FN for any (U, d).

Remark.

This is actually a normative result in the sense that we require the bargaining solution to
satisfy certain axioms. The Nash bargaining solution is the unique solution that satisfies
these axioms. However, it is not necessarily a positive result in the sense that we do
not have a game-theoretic model that can generate the Nash bargaining solution as an

equilibrium outcome.

3.2 Dividing a Dollar

Let X = [0, 1]. Suppose utility functions for the two players are u; : X — Rand us : X — R,

which are continuous, strictly increasing, and strictly concave. The problem is given by

1—2x).
;él[%ﬁ] up (z)ug (1 — )
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The FOC is:
(2" ug (1 — %) — ug (x*)usy(l — 2*) =0
up(z”)  up(l —a")

1

= % (z*)  up(l—a*)’

Suppose in addition that Player 1 becomes more risk averse than Player 2:

v1: X = R, where v; = ¢(u1), ¢ >0, ¢ <0,
us : X — R,

So the problem becomes:

max vi(z)us(l —x) = max ¢(ui(z))ua(l — ).

wE[OJ] $6[071]
The FOC is:
¢ (ur (™)) (™ Juz (1 — ™) — @(ur (27))us (1 — ™) = 0
¢ (ua (z™))uy (z77)  up(1 — ™)
P(ur(z**)) uz(1 — a**)

' (t) < -~ = o0 <
Thus,
u(@®) _ ¢lun(@™))u (@) up(l —a™)
uy (z*) ug (2**)) ug (1 — x**)’

So in comparison,

u'lgw*; _ uéél—w*;

uy (T uz(l—z* Hk *
7o ’ % T <x.
w (@) ub(l-a™) ’

wy (z**) > wg (I—x**)

3.3 Alternating Offer Model

Consider the problem of dividing a dollar: Two players will propose a division of a dollar in
turns. Without loss of generality, suppose Player 1 proposes first. If Player 1 proposes to
give x to Player 2, then Player 2 can either accept or reject. If Player 2 accepts, then the
payoffs are (1 — x,z). If Player 2 rejects, then the game moves to the next period, where
Player 2 proposes a division of a dollar and Player 1 can accept or reject. If Player 1 accepts,
then the payoffs are (2,1 — a’). If Player 1 rejects, then the game continues to the next
period, and so on. The game ends when one proposal is accepted. The discount factor for
both players is § € (0, 1).

Claim

Any split (z,1 — z) where x € (0,1) is a NE outcome.

Proof for Claim.
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This split can be supported by the strategies where Player 1 only accepts proposals that

give them at least x, and Player 2 only accepts proposals that give them at least 1 — x.

Theorem 3.4: Rubinstein

Let (z*,y*) be the solution to

u1(y) = du ()
ug(l — ) = dus(l —y)

Then there is a unique subgame perfect equilibrium in which in Gy, Player 1 asks

for z* and accepts iff y > 2*, and in G, Player 2 offers y* and Player 1 accepts iff
x < y*.

Proof for Theorem

Y

0O

Let (z*,y*) be the solution to

u(y) = dui(x)
uz(l —x) = duz(l —y)

Player 1 always offers z*, and rejects Player 2’s offer if y < z*. Player 2 always offers
y*, and rejects Player 1’s offer if x > y*.

(2,t) is an outcome if a split of (2,1 — z) is accepted in period t.
Define v1(z,t) as the dollar amount such that Player 1 is indifferent between receiving
v1(z,t) today and receiving z in period t.

up(vi(z,t)) = 6" tuy (2).
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Define vy(z,t) as the dollar amount such that Player 2 is indifferent between giving

Player 1 vy(z,t) today and giving Player 1 z in period t.
us(1 — va(z, 1)) = 6" tug (1 — 2).
Define
M; = sup {v;(z,t) : (z,t) is a SPE of G;},
m; = inf {v;(z,%) : (2,t) is a SPE of G},
where G; is the subgame starting with Player i’s proposal.
Claim
ul(Mg) S 5u1(M1).
Proof for Claim.
If Player 2 offers y such that uq(y) > dui(My), then Player 1 would accept the
offer, because the right hand side duj(M7) is the most that Player 1 can get in
the subsequent G;. So Player 2 would never offer such y. Hence, we must have
ul(Mz) S 5’(1,1(M1).
Claim
Ul(MQ) 2 5U1(M1).
Proof for Claim.
If Player 2 offers y such that uy(y) < duj(M;), then Player 1 will reject the of-
fer, because by rejecting and entering G1, Player 1 can get at most M; (with cur-
rent payoff equivalent duji(My)). Therefore, any successful offer in Gy must sat-
isfy ui1(y) > dup(My). Taking the supremum over all y in G equilibria, we have
ul(Mz) Z 5U1(M1)
Claim

’U,Q(l — Ml) Z 5u2(1 — Mg)

Proof for Claim.
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In G,, if Player 1 demands more than vy(Ma,2), then Player 2 will reject. This
implies
Ml S ’UQ(MQ,2).

And this implies

Ug(l — M]_) Z ’U,g(l — 1}2(M2,2)) = 5UQ<1 — MQ)

Combining the three claims: wu;(Mz) = duy (M) and ug(1 — My) > Jua(l — Ma).
Together with 2* < M; (by definition of supremum) and the fact that the system in (1)
admits a unique solution, we obtain (M;, Ms) = (z*,y*).

An entirely symmetric argument applied to the infimum pair (m1, ms) yields (mq, mg) =
(z*,y*) as well: if Player 1’s worst SPE outcome in G; were below z*, Player 2 could
mimic that outcome, and a parallel chain of inequalities (with sup and inf reversed) con-
tradicts (1). Since sup and inf coincide, every SPE of G delivers exactly z* to Player 1,
and every SPE of G5 delivers exactly y*. The proposed strategies form the unique SPE.

Proposition 3.5: Convergence to the Nash Bargaining Solution
Let (2*,1 — z*) be the Nash Bargaining Solution to maxg<,<1 #1(%) u2(1 — z). Then
as d — 1, both z*(0) and y*(d) converge to z*.

Proof for Proposition.

From the Rubinstein system u(y*) = duy(x*), the multiplier § < 1 forces y* < a* for
every fixed d, and as § — 1 the multiplier vanishes so z* — y* — 0.
Multiply the two equations in (1):

ur(y ) ua(l —z*) = 52 up () ug(1 —y*),
which after rearrangement gives
up(z*)ug(l —2z*) = ur(y™)ua(l —y™).

So the two payoff vectors (uy(x*),us(1 — z*)) and (ui(y*),uz(1l — y*)) lie on the same
hyperbola u; - ug = const. They are both efficient (they exhaust the unit pie), and their
distance shrinks to zero as 6 — 1. The unique limit point on the efficient frontier of this

hyperbola family is exactly the NBS, which by definition maximizes u - us.

Remark (Strategic Foundation of an Axiomatic Solution).

This is the celebrated Nash program at work. The NBS was originally introduced
as the unique axiomatic answer to the bargaining problem (scale invariance, efficiency,
symmetry, ITA). The Rubinstein game gives it a strategic foundation: the unique SPE

of an explicit non-cooperative bargaining protocol converges, as friction (impatience)
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vanishes, to the same solution the axioms picked out. The two perspectives—“what
should a fair split be?” and “what will two patient bargainers actually agree on?”—turn

out to coincide in the limit, lending each weight to the other.

Example (Rubinstein with Square-Root Utilities).

Let u1(z) = ua(z) = /& and § = 0.9. The Rubinstein system reads

VUt = 6vVz*, V1I—x* =35/1 -y~

Squaring both equations,

Substituting the first into the second:
1—a* = 6%(1—6%2%) = 6% — '™,

so (1 — %) =1 — 62, giving

. 1=02 1
TTISH T 1402
Plugging § = 0.9 gives
:c*—# ~ 0.5525 * = 820" ~ 0.4475
T1ro0s1 T YT AR

Player 1 (who proposes first) keeps about 1 — z* & 0.4475 for herself and offers z* =
0.5525 to Player 2; Player 2, when proposing, would offer Player 1 only y* ~ 0.4475.
Notice the first-mover advantage: as 6 — 1, both z* and y* tend to 1/2 and the
advantage vanishes; for finite ¢, the proposer captures the strictly larger share.

Remark (The Symmetric-Discount, Symmetric-Utility Formula).

The example generalizes: whenever both players share the same utility function u and
the same discount §, the Rubinstein system always reduces to a single algebraic equation
in z*, with y* = u=!(6u(z*)). The asymmetric case, treated next, requires reducing to
a common discount factor by reweighting one player’s utility—the clever transformation

in the next section.

3.4 Unequal Discounting

Suppose now Player 1 has utility function w; and discount factor é;, and Player 2 has utility
function we and discount factor ds, with 61 < d2. We make the following transformation of

the original problem:

e Player 2 has us = wy and § = ds.
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In §
o Player 1 has u; = [wl(x)]ﬁ and § = 05. (Note that gj < 1 so that u, is concave, and

is even “more concave” than w;.)

Without loss of generality, assume that

Sy (2) > 68 Ly (2)

In 5o , 1:&
[55—1101('2)]71“51 > [Cﬁ _1w1(z’)}1 31
M0 = g+ ()] > 222 [~ 1) Inéy + Inwy ()
o, nd; +Inwi(z o, nd, + Inw(z
11’1(52 / 1n52 /
— (¢ 1)1nc52—|—1n(51 Inwy(z) > (¢ 1)1n52+mlnw1(z)

In 5y

In§ /
= oL +Infwy(2)] 75 > Indk ! +In [wy ()]

= 0L uy(2) > 6 ug (7).

Remark (Chapter Summary).

Bargaining theory has two complementary strands. The cooperative strand axiomatizes
a solution function F'(U,d) on the space of bargaining problems; the four Nash axioms
(Pareto, symmetry, scale invariance, ITA) pin down the unique product-maximizing so-
lution. The non-cooperative strand specifies a strategic protocol—Rubinstein’s infinite-
horizon alternating-offer game (Theorem @)—and derives a unique SPE in stationary
strategies. The connection between the two is the Nash program: as the time between
offers shrinks (or, equivalently, as § — 1), the unique SPE outcome of the Rubinstein
game converges to the Nash bargaining solution of the underlying problem. Cooperative
axioms and non-cooperative protocols thus pick out the same point. The chapter also
showed how to handle asymmetric discount rates by reweighting one player’s utility—a
clever change of variables that reduces an asymmetric problem to a symmetric one and

preserves the convergence result.
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Chapter 4
Private Value Auctions

Definition 4.1: Private-Value Auction Setting

A private-value auction consists of n risk-neutral bidders competing for a single
indivisible object. Each bidder i independently draws a valuation X; ~ F, where F'
is a continuous cumulative distribution function on [0, Z] that is common knowledge.
The realization z; is bidder i’s private information—mno other bidder, nor the seller,
observes it. Each bidder submits a bid b; € R>(, and the auctioneer determines the
winner and the payment from the bid profile (by,...,b,) according to the auction’s

rules.

4.1 Second Price Sealed Bid Auction (SPA)

Definition 4.2: Second-Price Sealed-Bid Auction

Each bidder simultaneously submits a sealed bid. The bidder with the highest bid
wins the object and pays the second-highest bid; ties are broken uniformly at random.

Claim
It is a weakly dominant strategy for each bidder to bid their true value in a SPA,
ie., b, = x;.

Proof for Claim.

Graphical proof:
Suppose bidder 1 has value 1. We show that bidding b; = z; is a weakly dominant
strategy for bidder 1. Let x_; denote the highest competing bid. Bidder 1’s profit is

vy —x_q if by >x_q,
mi (b1, x-1) =
0 if by <x_q.

This corresponds to the black line in the figure below.
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If instead bidder 1 bids b > x1, the profit becomes

T, —x_y if b_f >x_q,

m (b, r_y) =
' 0 if b < 2y

This corresponds to the red line in the figure below.
If bidder 1 bids b; < @1, the profit becomes

-~ r1 —x_q if by > Tr_q,
m(by, 1) = '
0 if b; <T_71.

This corresponds to the blue line in the figure below.

Profit

1 —

I " t T_1

T I I
by b1(=b\%+

The figure shows that the black profit profile (truthful bid by = x1) weakly dominates
both the red one (b], which can yield negative payoffs) and the blue one (b;, which

forfeits positive surplus when by < z_; < x1) at every realization of x_;. Hence by = z;

is weakly dominant.

4.2 First Price Sealed Bid Auction (FPA)

Definition 4.3: First-Price Sealed-Bid Auction

Each bidder simultaneously submits a sealed bid. The highest bidder wins and pays

her own bid; ties are broken uniformly at random.

In a first price sealed bid auction, each bidder submits a bid without knowing the bids

of others. The highest bidder wins the item and pays their own bid.

Example (Motivating Example of Two Bidders).
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Suppose the true value X; for bidder ¢ is drawn from a uniform distribution on [0, 1].
Player 1 believes that Player 2 will bid By = kX5 for some % < k < 1. If Player 1 bids
b1 < k, her expected profit is

E(’]Tl(bl)) = PI‘(]CXQ < bl) (.’El — bl)

b
= Pr<X2 < ]3) (x1 —b1)

b
= Zl(xl — bl)

Then the best response of Player 1 to her belief By = kX5 with % < k < 1is to bid
by = %
Similarly, we can show that it is a symmetric equilibrium for both players to bid

b; = 5 in a FPA.
Remark (Why k£ > 1/27).

The condition k& > 1/2 is strictly necessary to ensure that the unconstrained interior

maximizer by = % is globally valid for all possible valuations x; € [0, 1].

In the derivation, Player 1’s expected profit function E(m (b)) = %(xl —by1) is

predicated on the assumption that b; < k, since Player 2’s maximum possible bid
is essentially k- 1 = k. To guarantee that the optimal bid always falls within this
valid domain (i.e., %~ < k), this inequality must hold for the supremum of x;. Since
z1 < 1, this immediately requires k > %

If we were to relax this condition such that k£ < 1/2, a bidder with a sufficiently

high valuation (x; > 2k) would find her unconstrained best response to be %4 > k.

However, since bidding exactly k (or marginally above it) already guarantees a 100%
%
marginal gain in win rate. Consequently, the best response for high-valuation types

probability of winning, bidding would strictly decrease her profit without any
would collapse into a corner solution b; = k. Thus, k > 1/2 rules out this corner

solution and preserves the symmetric linear strategy over the entire support.

4.2.1 Symmetric Equilibrium of FPA

Now we extend the above example to the case with n bidders whose private values are
drawn from an arbitrary distribution function F. We start the analysis by assuming there
is a symmetric equilibrium where each bidder bids b; = 5(X;) for some strictly increasing
function S.

Without loss of generality, suppose bidder 1 has value x; and bids b1, while all other

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 4. PRIVATE VALUE AUCTIONS 42

bidders follow the symmetric strategy 8. The probability that bidder 1 wins is
Pr (b1 > max bi> =Pr <b1 > max B(Xi)>
i#1 i#1

o o)
<

For simplicity, we define

Y1 = max Xj.
i#1
Let G be the distribution function of Y;. Then we have
G(y) =Pr(Y1 <y)
=Pr (maXXi < y)
i#1
=Pr(X; <y,Vi#1)
n—1
=[F(y)]" .

Then the probability that bidder 1 wins the auction can be rewritten as
Pr(bl > IZI_I;?lXﬁ(Xi)) =Pr(Yy < B (b)) = G(B7 (b)).
The expected profit for bidder 1 is then given by
E (m1(b1)) = Pr(b1 > Iggtf{ﬁ(Xl)) (1 —b1)

= G(B7 b)) (21 — by).

Since by is the best response to the symmetric strategy 3, we have

d d
dT)l]E(Wl(bl)) = dT)lG(B (b1)) (1 — b1)
10— d - -
=G' (B ()) - dT)lB Hb1) - (21 = b1) = G(B71 (1))
=0.
Note that % (b)) = mﬂ And by the optimality of 8, we have by = B(x1)

IThis is true because f(f~'(z)) = x for any strictly increasing function f. Differentiating both sides

with respect to x, we have f/(f~1(z)) - %f‘l(w) = 1. Hence, %f‘l(x) = m
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and thus 871(b;) = x1. So the FOC can be rewritten as

g(x1) _
B'(z1) (z1 = B(21)) — G(21) =0

= f'(21)G(z1) + B(z1)g(x1) = z19(21)

— di (B(x1)G (1)) = z19(21)
71

s Bla1)Clan) — BO)G(0) = / " gty

= B(z1)G(71) = /OI1 yg(y)dy

— flay) = B P

= f(z1) =EM Y1 < z4].

A bidder with the lowest possible valuation z = 0 wins with probability zero, and any
positive bid would yield a strictly negative expected payoff; hence 5(0) = 0, which fixes the

constant of integration.

Remark.

« Why L2904y _ 1y )y, < 42

G(z1)
This equality follows directly from the definition of conditional expectation.
First, determine the conditional density of the highest competing valuation Y7 given

the event that the bidder wins (i.e., Y1 < z1). Restricting Y7 to [0, z1], we normalize
g(y) by the total probability Pr(Y; < z1) = G(z1) to obtain

9(y)
G(71)

flylYi<z) = for 0 <y < .

By the standard definition of expected value, we integrate the variable y multiplied

by its conditional PDF over the restricted support:

EMY <@] = /Ozly'f(y | Y1 < z1)dy
- [ (&)

Since G(z1) only depends on z7 and acts as a constant with respect to the integration

variable y, we can factor it out of the integral:
1 1
E[Y1|Y1 < =— dy.
Y1]Y1 < 4] G(a1) /0 y9(y)dy

o Economic Intuition of FPA’s Bidding Strategy: The result 8(z) = E[Y1]Y1 < z]
reveals a profound economic intuition that elegantly connects the First-Price Auction
(FPA) with the Second-Price Auction (SPA).

In an SPA, a winning bidder pays exactly the highest competing valuation, Y;. This
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payment is determined ez-post (after the bids are submitted).

In an FPA, however, a winning bidder pays her own bid. Because the bid must be

chosen ex ante (without knowing Y7), the bidder effectively “simulates” the SPA in

her mind: conditional on winning (which implies Y7 < ), her best unbiased estimate

of what she would have paid in an SPA is the expected highest competing valuation,
E[Y:1 | Y1 < z]. The optimal FPA bid is therefore the bidder’s expected SPA payment.

In an FPA, a bidder with value z bids 8(z) = E[Y7 | ¥1 < ] and pays her own bid upon
winning. She wins iff Y1 < z, which happens with probability G(z). The expected payment

m(x) is therefore

m(z) = G(z) - E[Vi[Y <] = / " yg(y)dy.

Furthermore, by integration by parts,

This derived identity, m(z) =

0

[yG(y)]

e
o Jo
xG(zx) — ; G(y)dy.

xG(x) — [, G(y)dy, allows for a beautiful geometric

decomposition of the total social surplus generated by the auction. This surplus-splitting

perspective is visualized in the figure below:

Winning Prob., G(y)
A

Expected Payment
m(z)

Total Expected
Social Surplus

(x-G(x))

Information Rent
f 0I G(y)dy

> Valuation, y

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 4. PRIVATE VALUE AUCTIONS 45

Remark (Surplus Splitting and Information Rent).

The identity m(z) = #G(z) — [; G(y)dy provides a powerful geometric and economic
interpretation of the auction’s outcome, as illustrated in the figure above:

o Total Expected Surplus (zG(z)): Represented by the entire rectangle defined by
(z,G(x)), this is the total social value created when an object is allocated to a bidder

with valuation  (who wins with probability G(z)).

« Information Rent (f; G(y)dy): This corresponds to the area under the curve G(y).
Because the seller cannot observe the bidder’s private valuation x, the bidder extracts
a surplus from the mechanism. This “rent” is the cost the seller must pay to induce
truthful revelation. It increases with valuation, reflecting the greater bargaining power

of high-value types.

o Expected Payment (m(x)): This is the area above the curve but within the x x G(x)
rectangle. It is the portion of the total surplus that the seller successfully captures as

revenue.

From this perspective, the Revenue Equivalence Theorem (shown later) holds be-
cause, in any efficient auction, the information rent is uniquely determined by the allo-

cation rule G(z).

Remark (Intuition and Derivation of the Information Rent).

¢ Why the Information Rent is Equal to f; G(y)dy?
In any auction, a high-value bidder wants to under-report her valuation to secure a
lower price. Consider a bidder of true type y + dy who instead reports type y: she
wins with probability G(y), and because her actual valuation is higher by dy, she
gains a marginal utility of G(y)dy from the misreport.

To achieve Incentive Compatibility (IC), the mechanism must compensate her for not
lying. To prevent a type-z bidder from mimicking any lower type all the way down
to 0, the mechanism must compensate her for all these accumulated marginal temp-
tations. Integrating from 0 to x yields the total required information rent fox G(y)dy.
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Winning Prob., G(+)
A

Total Information Rent
Accumulation
of all marginal

bribes: [ G(y)dy

Marginal Temptation

Utility gained by mimicking

type y: ~ G(y)dy

> Valuation

o-{qd
<

o Mathematical Derivation (The Envelope Theorem):
Let U(z|z) = xG(z) — m(z) be the expected utility of a bidder with true value z
reporting value z. Under truth-telling (which is optimal by design), the equilibrium

utility—which is exactly the information rent—is defined as V(x) = U(z|x).

By the Envelope Theorem, the total derivative of V(x) with respect to x is simply the
partial derivative of the objective function U(z|x) with respect to the parameter x,
evaluated at the optimal choice z = x:

Vi) = QUGI)

This differential equation reveals that the marginal growth rate of the information
rent is exactly the winning probability. Integrating both sides from 0 to x, and
assuming the lowest type gets zero rent to satisfy Individual Rationality (V(0) = 0),

we immediately obtain:

Vi - | "Gy

Remark (An Alternative, Intuitive Form of the Bidding Strategy in a FPA).

Recall that for a bidder with true value x, the bidding strategy is

s - 280
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By integration by parts,

/ " yg(y)dy = 2G(x) — 0- G(0) - / " Gy)dy.
0 0

We can rewrite the bidding strategy in a more intuitive form:

This formulation perfectly captures the essence of strategic behavior in a FPA. A
rational bidder will never bid their true valuation z (which would yield zero surplus);
instead, they “shade” their bid downwards. This formula tells us exactly how much they
shade:

o x is the bidder’s true valuation (their absolute maximum willingness to pay).

. foz G(y)dy is the expected information rent the bidder is theoretically entitled to
because their valuation is private.

« Dividing this expected rent by G(z) converts it into a conditional rent—the actual
rent the bidder secures conditional on winning the auction.

In an FPA, a winning bidder pays exactly her bid B(x), so her realized profit con-
ditional on winning is the deterministic amount x — 8(z). Since she wins only with
probability G(z), achieving the unconditional expected information rent f; G(t)dt
requires the realized profit to be scaled up by 1/G(z). Equating realized profit to the
conditional rent yields z — B(z) = [ G(t)dt/G(x), the standard bid-shading identity.

4.3 Reserve Prices

Definition 4.4: Reserve Price

A reserve price r > 0 is a minimum acceptable bid: the auction sells the object
only if at least one submitted bid satisfies b; > r. If all bids fall below r, the seller
retains the object and no payment is made.

4.3.1 SPA with n=2

In a SPA, the seller can set a reserve price r, meaning the item is only sold if the highest bid
is no less than r. With the reserve price, the payment is then the maximum between the
payment determined by the auction rule (namely the second-highest bid) and the reserve
price. A natural question arises: Is introducing a reserve price strictly profitable for the
seller?

To answer this intuitively, let’s assume there are n = 2 bidders with valuations drawn
from a standard Uniform distribution, F' ~ UJ0, 1]. We can perform a marginal analysis by
comparing the seller’s revenue with no reserve price (r = 0) to a scenario with a very small

positive reserve price (r &~ 0). We can divide the possible valuation realizations into three
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distinct cases:

: sk sk |
[ T o 0 |
I
r
I
[OOSR |
I
r
I
[ sk |
[ o |
I
r

e Case 1: Both valuations are greater than r. The reserve price has no effect on
the outcome. The bidder with the highest valuation wins and pays the second-highest
valuation. The expected revenue is exactly the same as if there were no reserve price.

e Case 2: Both valuations are below the reserve price r. In this case, the item
is not sold, yielding a revenue of zero. If there were no reserve price, the seller would
have received the lower of the two valuations. Since both are drawn from UJ0, ], the
conditional expected payment would be r/3. This case happens with probability r2.

Therefore, the unconditional expected loss for the seller is:

r3

3

Expected Loss = 72 -

w3

e Case 3: One valuation is above 7, and the other is below r. The bidder with the
higher valuation wins. Without a reserve price, they would only pay the losing bidder’s
valuation (expected to be r/2). With the reserve price, the winner is forced to pay r. The
probability of exactly one bidder drawing a value above r and one below r is 2r(1 — ).
Therefore, the expected gain for the seller is:

=r°—r

Expected Gain = 2r(1 —r) - (r - g) =2r(l—r)-

N3

Claim

r = 0 is never optimal for a revenue-maximizing seller.

Proof for Claim.

We evaluate the net change in expected revenue when introducing a small positive reserve
price (r > 0) compared to not having one (r = 0). The net change is the expected gain

from Case 3 minus the expected loss from Case 2:

w
N
w

ARevenue = Expected Gain — Expected Loss = (r? — r3) — % =% - i
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For a sufficiently small r (specifically, 0 < r < %), the 72 term strictly dominates the
% term, meaning r? > 373, Consequently, ARevenue > 0. Since setting a tiny positive
reserve price strictly increases expected revenue compared to setting r = 0, a reserve

price of zero is never optimal.
4.3.2 Optimal Reserve Price in a FPA

Claim

In an FPA with reserve price r, the symmetric bidding strategy for a bidder with

valuation x is

rG(r)JrGf(i)tg(t)dt ite>r,

0 ifx <r.

pr(x) =

where G(z) = F(x)"~! is the distribution function of the highest valuation among

the n—1 opposing bidders, and g(x) is its corresponding probability density function.

Proof for Claim.

¢ The Conditional Expectation (Intuitive Approach)
Without a reserve price, a bidder’s optimal strategy in a standard FPA is to bid the

expected value of the highest competing valuation, conditional on winning: S(z) =

E[Y1]Y1 < z], where Y} is the highest valuation among opponents.

When a reserve price r is introduced, the seller acts as a “ghost bidder” who steadfastly
bids r. To win, a bidder must defeat both the actual opponents (Y; < z) and the
ghost bidder. Thus, the effective highest competing valuation becomes max(Y7, ).

The optimal bid is the conditional expectation of this effective opponent:
B (z) = Elmax(Y1,r) | Y1 < «]
By definition of conditional expectation, we integrate over the distribution of Y7 up

5@ = [ maxtrr) (42 )a

We can split this integral at ¢t = r:

B (x) = G(lx) (/O Tg(y)der/rm yg(y)dy>

Since for 9(y)dy = G(r), the first term evaluates to rG(r). This leads directly to our

familiar result:

to x:

rG(r) + [ yg(y)dy

¢ First Order Approach

Suppose a bidder has a true valuation x > 7, but considers reporting a valuation
z (and bidding B(z)). The bidder’s expected utility is the probability of winning
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multiplied by the surplus:

Ulz,2) = (x = B(2))G(2)

To find the symmetric equilibrium, truth-telling must be optimal, meaning the first-

order derivative with respect to z evaluated at z = x must be zero:

oU(z,x)

Rearranging terms yields a linear ordinary differential equation (ODE):

d

B'(x)G(x) + B(x)g(x) = xg(x) = -

[6(x)G(2)] = zg(x)

Integrating both sides from the reserve price r to x:

B(x)G(x) — Br)G(r) = / " yo(y)dy

Consider the marginal buyer whose valuation is exactly x = r. To acquire the item
without strictly losing money, this bidder must bid exactly the reserve price. Thus,

B(r) = r. Substituting this boundary condition into the equation gives:

rG(r) + [ yg(y)dy
G(z)

B@6) —r60) = [ uglo)dy = 5 (@) =

Proposition 4.5: Optimal Reserve Price For a FPA
The optimal reserve price r* for a revenue-maximizing seller in a First-Price Auction
with n bidders and valuations drawn from F satisfies

1 — F(r*)
o f()

*

Proof for Proposition.

For a FPA with a reserve price r, the symmetric bidding strategy is then

TG(V')-S-C{{;;g(y)dy if &> 7,

0 if x <.

B (x) =
The expected payment for a bidder with x > r is therefore

m’(x) =rG(r) + /w tg(t)dt.

And the expected payment for a bidder with value z < r is zero: m"(z) = 0.
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The ez-ante expected payment for a bidder with valuation drawn from F' is then

1 1
' — /O m”(z) f(z)dz = r[1 — F(r)] G(r) +/ t[L = F(t)] g(t)dt.

Hence, the optimal reserve price satisfies

dm”

o = L= FMIGE) —rGr)f(r) +r[l = F(r)]g(r) —r[1 = F(r)]g(r) = 0.

Therefore, the optimal reserve price r* is

P = 1 —F(’f‘*)
o)

Interestingly, the optimal reserve price does not depend on the number of bidders n.

4.4 Revenue Equivalence Theorem

We make a comparison of the expected payment in a FPA and a SPA with private value x.

In an SPA, the bidder bids = and, upon winning, pays the second-highest bid Y;. Condi-
tional on winning, expected payment is E[Y; | Y7 < z]; the unconditional expected payment,
weighting by the win probability G(z), is m(z) = G(z) - E[Y1 | Y1 < z].

In an FPA, the bidder bids 8(z) = E[Y; | Y1 < z] and pays her own bid upon winning,
which occurs iff Y1 < x (probability G(z)).

The expected payment in both mechanisms for a bidder with valuation x is:

m(z) = G(z) - E[Yi|Y: <] = / " yg(y)dy.

Ex ante, the expected payment for each player is

m=Ex [m(x)] = [ (@) (x)de = / 1 ( / m yg(y)dy) f(@)da.

Hence, the expected revenue (oftentimes called the expected selling price) is the same in
a FPA and a SPA, which is just n x m.

This result is more general than just comparing the FPA and SPA. It actually applies
to any two auction mechanisms that satisfy certain conditions, as stated in the following

theorems.
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Theorem 4.6: Revenue Equivalence Theorem (RET)

Assume there are n risk-neutral bidders with independent private values drawn from
a strictly increasing cumulative distribution function F' on an interval [0,Z]. Any

auction mechanism that satisfies the following two conditions:

1. Allocative Efficiency: The object is always allocated to the bidder with the

highest valuation.

2. Zero Payment at the Bottom: Any bidder with the lowest possible valua-

tion (z = 0) has an expected payment of zero.

will yield the exact same expected payment m(z) for every bidder type z, and con-

sequently, generate the exact same expected revenue for the seller.

Corollary 4.7

Standard auction formats such as the FPA and the SPA all satisfy these conditions

and are therefore revenue equivalent.

Remark (The “Pie-Splitting” Economic Intuition).

o Baking the Pie (Total Social Surplus): The allocation rule decides who ulti-
mately receives the object, which dictates the total value created by the mechanism
(the size of the pie). Because standard auctions always allocate the object to the
bidder with the highest valuation, they are all efficient and thus “bake” the exact

same size of pie.

o The Bidder’s Slice (Information Rent): Because valuations are private, the
seller must leave some surplus to the bidders to induce truth-telling. By the Enve-
lope Theorem, this information rent is dictated entirely by the allocation probability
(V(z) = J; G(y)dy). Since the allocation rules are identical across these standard
auctions, the winning probabilities are identical, meaning the bidders carve out the

exact same slice of the pie.

o The Seller’s Slice (Expected Revenue): The fundamental accounting identity of

any mechanism is:
Expected Revenue = Total Social Surplus — Information Rent

If two auctions bake the exact same total pie, and the bidders are guaranteed to take
the exact same size slice in both formats, then the remaining portion—the revenue
left on the table for the seller—must logically be absolutely identical.

Having established the revenue equivalence of standard auctions, a natural question arises
for a profit-maximizing seller: Are standard auctions the best we can do? To answer this,

we must step out of the rigid, predefined rules of specific auction formats (like FPA or SPA)
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and adopt the “God’s-eye view” of a mechanism designer. Instead of asking “what happens
in an auction,” we ask: “over the space of all possible mechanisms, which one maximizes the
seller’s expected revenue?” This requires a more fundamental, generalized mathematical law
that governs any allocation rule, not just the efficient ones. The general framework—which
we develop in the next chapter via the Revelation Principle and virtual values—reveals that
the optimal mechanism is itself a slightly modified auction with a carefully chosen reserve
price, and that VCG (covered in the second half of the next chapter) is the corresponding

object on the efficiency-maximizing side rather than the revenue-maximizing one.

Theorem 4.8: General RET (Payoff Equivalence)

Assume there are n risk-neutral bidders with independent private values drawn from
a strictly increasing cumulative distribution function F' on an interval [0, Z]. Consider
any two incentive-compatible mechanisms. If both mechanisms satisfy the following

two conditions:

1. Identical Allocation Rule: The interim probability of receiving the object
for a bidder with valuation z, denoted by ¢(x), is exactly the same across both

mechanisms.

2. Identical Payment at the Bottom: The expected payment of a bidder
with the lowest possible valuation (z = 0) is the same across both mechanisms

(typically zero).

Then, both mechanisms yield the exact same expected payment m(z) for every bidder
type z, and consequently, they generate the exact same expected revenue for the

seller.

Remark (Why is this theorem more fundamental than the Standard RET?).

The Standard RET rigorously requires Allocative Efficiency—meaning the object
must always go to the bidder with the highest valuation. The General RET, however,
removes this straitjacket. It mathematically proves that for any arbitrary, monotonic al-
location rule g(z) (even inefficient ones), the payment function is completely and uniquely

pinned down by the Envelope Theorem:

m(z) = m(0) + z(z) — / ")t

This “Payoff Equivalence” is the ultimate theoretical weapon for the seller. It implies
that the seller’s revenue maximization problem is no longer a daunting search through
complex, multidimensional payment rules, but can be entirely reduced to designing the

optimal one-dimensional allocation rule q(x).

Armed with the General RET, the seller arrives at a somewhat counterintuitive economic

truth: To strictly mazimize revenue, the seller must be willing to destroy social efficiency. If
the seller simply uses a standard efficient auction, they leave money on the table in the form

of excessive information rents conceded to high-value bidders. To extract more surplus, for

93
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example, the seller can strategically introduce a reserve price (r). With a reserve price,
if the highest bidder’s valuation is positive but falls below 7, the seller retains the object.
This explicitly violates the “Allocative Efficiency” condition of the Standard RET (because
mutually beneficial trade is artificially blocked). However, the General RET still applies
perfectly! We merely apply the generalized math to a newly shaped allocation rule ¢"(z),
where the probability of winning is squashed to zero for all types below r. This strategic
manipulation of the allocation rule to squeeze information rents leads directly to the seminal

framework of Optimal Mechanism Design.

4.5 Risk Attitude and the Breakdown of Revenue Equiv-

alence

All the analysis before was built on the assumption that bidders are risk-neutral. What
happens when we relax this assumption? Suppose now that the bidders are strictly risk
averse, with a utility function u(-) such that v’ > 0, v” < 0, and u(0) = 0.

First, for the SPA, risk aversion has no effect on the equilibrium of an SPA. Truth-telling
(B(x) = x) remains a weakly dominant strategy.

However, the equilibrium in an FPA changes dramatically. Suppose the other n — 1
bidders follow a strictly increasing and differentiable symmetric strategy ~(z) with v(0) = 0.
A bidder with true value x who submits bid b has expected utility

U(b,z) = u(z — b) - Pr <b > maxy(xj)>

J#i

=u(z —b) Pr <fyl(b) > I?;%ZXXJ)
= u(z —b)-G(y'(b)),

where G(+) is the distribution function of the highest opposing valuation.
To find the optimal bid, we take the FOC with respect to b:

g(v (b))
v (v=1(b))

In a symmetric equilibrium, the optimal bid must be b = vy(z), which implies v ~1(b) = .
Substituting this into the FOC gives:

WD) _ iy by G (b)) +ulw —b) -

b =0

—u'(z = () - G(z) + u(z — y(2)) -

Rearranging this equation yields the differential equation for the bidding strategy under risk

aversion: ooy u(—y(2) . g(x)
V() = u'(x—~(x) G(z)

To see how this compares to the risk-neutral case, recall that the risk-neutral bidding

strategy [(x) satisfies:

B0 = (@ - a) - 52

54
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Note that because u(-) is a strictly concave function with w(0) = 0, its graph lies strictly
below its tangent lines. Geometrically, for any point ¢ > 0, the slope of the secant line
connecting the origin to (¢, u(t)) is strictly steeper than the slope of the tangent line at that
exact point. Therefore, we directly have the slope inequality:

t t
ult) > u'(t) u(t) >t
t u'(t)
o
/\}f\,'
u(t) doe&,’
| )
@ > u/(t >
uft) |- === opoemmme ;
' t
O t

Proposition 4.9: Overbidding under Risk Aversion

For any strictly positive valuation z > 0, a risk-averse bidder bids strictly higher

than a risk-neutral bidder:

V(@) > ().

Proof for Proposition.

Note that a bidder with the lowest possible valuation (z = 0) bids zero regardless of
their risk attitude, so we have the boundary condition v(0) = 5(0) = 0.

Suppose, for the sake of contradiction, that there exists some x > 0 where y(z) <
B(z). Let t = x — v(z) > 0. By the concavity property discussed above, % > t,
meaning:

u(z —(x))
w'(x — ()

Substituting this strict inequality into our differential equation for ~/(z):

>z —r(x) 22— p(z).

oy B =a@) g@) o g@)

This implies that at any point where v(x) is equal to or below 3(z), the slope of
is strictly steeper than the slope of 5. Since both functions start at the same origin

(v(0) = B8(0) = 0), v must immediately rise above §. Furthermore, v can never cross
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from above, because at any intersection, v must be steeper. Thus, we conclude y(z) >
B(z) for all z > 0.

Remark (The “Insurance Premium” Intuition).

Why does a risk-averse bidder bid higher? In a First-Price Auction, a bidder faces a
trade-off: bidding lower increases the profit if they win, but increases the probability
of losing and getting exactly zero. A risk-averse individual deeply dislikes the downside
risk of losing the item. To protect themselves against this zero-payoff outcome, they
are willing to sacrifice some potential profit by bidding more aggressively. In essence,
the difference v(x) — 5(z) is an insurance premium the bidder pays to increase their

probability of winning.

Because risk aversion causes bidders to bid more aggressively in the FPA, while leaving
the dominant strategy in the SPA unchanged, the expected payments in the FPA are strictly
higher. Therefore, under risk aversion, the First-Price Auction generates strictly higher

expected revenue for the seller than the Second-Price Auction.

Remark (Chapter Summary).

Single-object private-value auction theory rests on three pillars. Strategic equivalence
within the standard family. The second-price (Vickrey) auction has a weakly dominant
truthful strategy, and the first-price auction has a unique symmetric equilibrium S(z) =
E[Y7 | Y1 < z] in which bidders shade their bids by exactly their conditional information
rent. Revenue equivalence (Theorem @) All standard auctions that allocate the object
to the highest-value bidder and give zero rent to the lowest type generate the same
expected revenue—the auction format is irrelevant for revenue under risk neutrality,
independent private values, and symmetric bidders. The three assumptions matter:
risk aversion breaks revenue equivalence in favor of the FPA, asymmetric distributions
break it ambiguously, and correlated values can be exploited by full-surplus extraction
mechanisms. Optimal reserves. Setting r* = o ~1(0), the root of the virtual value, strictly
improves revenue at the cost of efficiency—the seller deliberately sometimes refuses to

sell to extract higher payments from high-value bidders.
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Chapter 5

Mechanism Design

5.1 Direct Mechanism and Revelation Principle

In exploring the optimal way to sell an object to n buyers, we establish a rigorous math-
ematical framework. Suppose the seller’s reservation value for the object is g, and the
buyers’ true valuations X; are drawn independently from a distribution Fj;.

Any complex selling procedure in reality can be abstracted as a general mechanism. This

mechanism consists of three mathematical components, denoted as (B, 7, u):

o Message Space (B): The set of messages (or “bids”) that buyers can submit. For n
buyers, the global message space is B =By X By X --+ X B,.

o Allocation Rule (7(b)): Given a profile of submitted messages b, 7;(b) determines the
probability that buyer i receives the object.

o Payment Rule (u(b)): Given a profile of submitted messages b, u;(b) determines the
amount that buyer ¢ must pay to the seller.

Under this mechanism, suppose the buyers play a game and reach an equilibrium. Each
buyer employs an equilibrium strategy f;(x;), which maps their true valuation z; to an
optimal message b; that maximizes their expected utility.

Analyzing general mechanisms can be mathematically daunting due to the potentially
infinite complexity of the message space. To drastically simplify this problem, we introduce
the concept of a direct mechanism.

In a direct mechanism ([0, 1]™, Q, M), the seller simply asks the buyers to report their true
valuations directly. Thus, the message space is restricted to the valuation space itself (i.e.,
B; = [0,1]). The mechanism’s allocation and payment rules are implemented by applying

the equilibrium strategies 8(x) from the original mechanism “behind the scenes”:
o Direct Allocation Rule: Q;(x) = m;(8(x))
o Direct Payment Rule: M;(z) = p;(5(z))

The Revelation Principle states a profound result: If there exists an equilibrium outcome
in some complex general mechanism, we can always construct a corresponding direct mech-

anism where truth-telling (reporting true valuations honestly) constitutes an equilibrium

o7
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for all buyers. Furthermore, this truth-telling equilibrium yields the exact same allocation
probabilities and expected payments as the original mechanism.

This principle is the cornerstone of mechanism design. It greatly simplifies the search
for an “optimal auction”: instead of exhaustively searching through all possible auction
formats and bidding rules, the mechanism designer only needs to optimize over the set of
direct mechanisms subject to the constraint that buyers are willing to report truthfully (the
incentive compatibility constraint).

True Values
(z)
True Values
(z)

Theorem 5.1: Revelation Principle

Equilibrium General
Strategy [

Submit Message

(b= pB(x))

Mechanism

(m(b), (b))
£

{Allocation & Payment}

Results

1
1
: Equivalent
Direct M
[Allocation & Payment}

Truth-telling [ Report Values

(z)

Mechanism

(Q(z), M(x))

If B is an equilibrium of a general mechanism (B, 7, 1), then truth-telling (reporting
x; honestly) is an equilibrium of the corresponding direct mechanism ([0, 1]™, @, M).

Proof for Theorem

Intuitively, if a buyer found it optimal to play the strategy 5(z;) in the original complex
mechanism, they will find it optimal to simply report their true type x; in the direct
mechanism, because the direct mechanism automatically plays their optimal strategy
B(z;) on their behalf. Any deviation from truth-telling would result in the mechanism

executing a sub-optimal strategy for that buyer.

Corollary 5.2: Expected Payment Identity

In any incentive-compatible mechanism with a reserve price r, the expected payment
m(z) of a bidder with valuation « > r is uniquely determined by the allocation rule
G(-) and the expected payment of the marginal type m(r). Specifically, it is given
by:

T
m(z) =m(r)+ [ vg(w)d.
T
where g(y) = G'(y) is the density function associated with the allocation rule.

Proof for Corollary.

Let U(z|z) = xG(z) — m(z) denote the expected utility of a bidder with true valuation
x who reports z. By the Revelation Principle, we focus on the truth-telling equilibrium
where the value function is:

V(z) =U(z|z) = mgx(xG(z) —m(z)).

By the Envelope Theorem, the derivative of the value function with respect to x is simply

o8
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V'(z) = G(x). Integrating this from the reserve price r to z yields:

V(z)=V(r)+ /x G(y)dy.

Using the definition V(z) = 2G(z) — m(x), we can isolate the expected payment:
xT
m(z) = zG(x) — V(r) — / G(y)dy.
T

Applying integration by parts to the term [* yg(y)dy = 2G(z) —rG(r) — [T G(y)dy, we
can rewrite the payment equation as:

Www:TGU%+/2w@My—VU)

Recall that the equilibrium utility for the marginal bidder is V(r) = rG(r) — m(r).
Substituting this definition into the equation above immediately yields the desired result:

mm:mm+/ﬁmmy

5.2 Optimal Mechanism Design (Myerson, 1981)

5.2.1 Motivating Example: Monopoly Pricing

What is the best way to sell an object to n buyers? Let us start with the simplest case:
n=1.

Suppose the single buyer’s valuation X is drawn from a distribution with cumulative
distribution function F'(x) and probability density function f(z). The seller wants to post
a take-it-or-leave-it price p.

Importantly, let o be the seller’s own valuation (or reservation value) of the object.
This represents the utility the seller retains if the transaction fails and they keep the item.

The seller’s expected profit E[r(p)] from posting price p consists of two mutually exclusive

scenarios:

o Transaction succeeds (Probability 1 — F(p)): The buyer’s valuation X > p. The
seller collects the payment p.

o Transaction fails (Probability F'(p)): The buyer’s valuation X < p. The seller keeps

the object and retains a value of z.

Thus, the expected profit is given by:
E[r(p)] = p-Pr(X = p) + o - Pr(X <p) = p(1 = F(p)) + zoF(p)

To find the revenue-maximizing optimal price p*, we take the first derivative of the
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expected profit with respect to p and set it to zero:

dE[r(p)]

@ = L= F@) =) +20f(p) =0

By dividing by f(p) and rearranging the terms, we arrive at a profound economic con-

dition:

. L1—F(p*)
-t =1
fp*)
The expression p — 1}1&()’) ) is a fundamental concept in mechanism design known as the

virtual value. The term f (p )p is defined as the hazard rate of the valuation distribution.
This equation dictates that a revenue-maximizing seller should set the optimal posted price
p* exactly at the point where the buyer’s virtual value equals the seller’s true valuation xg.

In many standard textbook problems, we assume the object has zero use value to the

seller, i.e., xg = 0. In such cases, the FOC simplifies to p* — % = 0.

5.2.2 Framing Seller’s Problem

By the Revelation Principle, instead of searching through an infinite space of possible game
rules and message spaces, the seller only needs to find the optimal direct mechanism (Q, M)
subject to incentive compatibility (truth-telling) constraints. There is no loss of generality
in restricting our attention to direct mechanisms where the message space is simply the type
space, B; = [0, 1].

The mechanism designer (the seller) optimizes over two functions: the allocation rule Q

and the payment rule M:
Q:[0,1]" = A, M:[0,1]" = R",

where A is the probability simplex over the n buyers (i.e., @;(z) is the probability that

buyer i receives the object given the profile of reported valuations x).

Definition 5.3: Interim Expected Probability of Winning &
Interim Expected Payment

For any bidder i, suppose they report their valuation as z; while all other n — 1
bidders report truthfully. The interim expected probability of winning ¢;(z;) and the

interim expected payment m;(z;) are defined as:
qi(2i) =/ Qi(zi, z—i) f-i(z—s)dz_;
[071]n—1
m;(2;) =/ M;(zi, ;) f—i(z—i)dz_;
[0,1]n~1
where f_i(z_;) =[], fj(z;) is the joint density of all other bidders’ true valuations.

The expected payoff for bidder ¢ with true valuation x; who reports z; is therefore:

Wi(Ii, Zl) = ql(zl) c Ty — mz(zz)
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To ensure that truth-telling is a Bayesian Nash Equiliblrium,E the mechanism must satisfy

the incentive compatibility constraint:

Incentive Compatibility Constraint (IC)

A mechanism (Q, M) is incentive compatible if the following holds:

mi(@s, z) > w2, x;), Vi, Va; €[0,1], Vz €][0,1].

If the IC constraint is satisfied, every bidder will tell the truth. In this case, we can

express the equilibrium payoff of bidder ¢ as a function of their true type z;:

wi(x;) = mi(ws, 1) = mz?x {qi(2i) - xy — my(2)}

Claim: Properties of the IC Mechanism
From the definition of the equilibrium payoff function u;(z;),
ui(z:) = mi(zi, v) = max{qi(z) - @i —mi(z)},
we immediately obtain three fundamental results:
1. u;(z;) is a convex function of z;.
2. ul(z;) = ¢;(x;) almost everywhere.

3. g;(x;) is non-decreasing in x;.

Proof for Claim.

e Convexity: The value function w;(x;) is defined as the upper envelope (the point-
wise maximum) of a family of functions in x;. Since g;(z;)x; — m;(z;) is an affine

(linear) function of x;, their upper envelope is globally convex.

¢ Envelope Theorem: By the Envelope Theorem, the total derivative of the maxi-
mized value function with respect to the parameter z; equals the partial derivative of
the objective function evaluated at the optimal choice (z; = x;). Thus, u}(z;) = g;(z;).

o Monotonicity: Because ¢;(z;) = u;(z;) and thus ¢}(z;) = u}(z;), and u; is convex

(u(x;) > 0), gi(x;) is naturally non-decreasing in x;.

%Linear vs. Affine: Strictly speaking, a linear function must pass through the origin (f(z) = ax),
whereas an affine function is a linear function plus a constant translation (f(z) = ax 4+ b). Sometimes
economists sometimes use the terms interchangeably.

INash Equilibrium (NE) vs. Bayesian Nash Equilibrium (BNE): In a traditional NE, players
have complete information about the game, including the exact payoffs of all other players. In a mechanism
design setting, information is incomplete: a bidder knows their own valuation but only knows the distribution
of others’ valuations. A BNE is the extension of NE to games of incomplete information, where each player’s
strategy maximizes their expected payoff, taking expectations over the possible types of other players based
on a common prior distribution.
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Proposition 5.4: Allocation Rule Uniquely Determines Pay-

ment Rule

In any incentive-compatible (IC) and individually rational (IR) mechanism designed
by a profit-maximizing seller, the equilibrium expected payoff u;(z;) and the expected
payment m;(x;) for any bidder ¢ are completely and uniquely determined by the
allocation rule Q. Specifically, the lowest type extracts zero surplus (u;(0) = 0),

yielding the exact payoff function:
il = / gt
0

Proof for Proposition.

Since u}(z;) = ¢i(z;), we can express the payoff function as an integral of the interim
winning probability:

ui(xi) = UI(O) + /Orl qi(t)dt

This implies that once the allocation rule @ (and thus the interim probability ¢;)
is fixed, the equilibrium payoff function wu; is entirely pinned down up to a constant
u;(0). Loosely speaking, the IC constraint determines the shape of the payoff function.
Consequently, the shape of the expected payment m;(z;) = ¢;(z;)z; — u;(x;) is also
uniquely determined by Q.

Furthermore, to maximize revenue, the seller should extract as much surplus as pos-

sible without violating the individual rationality constraint:
Individual Rationality Constraint (IR)
A mechanism (Q, M) is individually rational if the following holds:

Since u;(z;) is non-decreasing, the IR constraint is satisfied everywhere if and only if
u;(0) > 0. Note that by definition, u;(0) = ¢;(0) - 0 — m;(0) = —m;(0), so:

Because the seller is a profit-maximizer, m;(0) < 0 immediately implies they will set
m;(0) = 0, which means u;(0) = 0. Thus:

ezs
wil@i) = / g ().
0
That is, the IR constraint further pins down the constant term in the payoff function,

leaving zero degrees of freedom for the payoff function (and thus the payment rule) once
the allocation rule @ is fixed.
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The seller’s ultimate problem is to maximize total expected revenue:

n 1
pd | mitwo s,

Substitute the expected payment identity m;(x;) = ¢;(z;)z; — fozi ¢;(t)dt into the integral
for bidder i:

/ () fi(w)das = / g o) — / 1 ([ a0a) nzas

We swap the order of integration for the second term (visual proof below):

/01 /Om qi(t)dt fi(zi)dx; = /01 /tl fi(zy)da; g; (t)dt = /01(1 — Fy(2:))qi(z:)dz;

t:LI

Order 1 (Original): fol (57 ... dt) da;
Fix x;, integrate t vertically from 0 to ;.
Order 2 (Swapped): fol (ftl e dmi> dt

Fix t, integrate x; horizontally from ¢ to 1.
€T

Substituting this back into the revenue equation gives us the expected revenue purely as
a function of the allocation rule:
1 — Fy(x)

/01 mi(z;) fi(z;)dz; = /01 {:m - M] () fi(a)da;

We define the bracketed term as the virtual value:

Definition 5.5: Virtual Value

The wvirtual value of a bidder with true type x;, denoted by ¢;(z;), is defined as

(o) = g — L Fi(®i)
¢ilee) ‘ fi(xi) '

Why? To understand the logical leap to “money”, we must look at the mechanics of
the Incentive Compatibility (IC) constraint: u;(z;) = [ q;(t)dt.

Suppose the seller decides to increase the allocation probability ¢;(x) for a specific type
x. Because the expected payoff u; is the integral of ¢; from 0 up to the true type, increasing
gi(z) does not just increase the payoff for type x—it automatically increases the payoff for
every single type strictly greater than x!

If the seller makes it attractive for type x to win the object, mimicking type x suddenly
becomes very tempting for everyone with a higher valuation. To prevent all higher types
from lying and claiming to be type x to get a cheaper price, the seller is forced to “bribe”

them by leaving more surplus (money) on the table.

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 5. MECHANISM DESIGN 64

How many higher types are there? The probability mass of bidders with a valuation > x
is exactly 1—F;(x). Therefore, 1 — F;(x) represents the total volume of “bribes” (information
rent) the seller must pay out to the upper tail of the distribution. Dividing this by the local
density f;(z) simply normalizes this total cost into a marginal cost evaluated at type x.

Thus, 1}}2;(?) is exactly the expected dollar amount of surplus the mechanism must
concede locally at type z;: allocating to x; forces the seller to surrender rent to the 1— F;(x;)

mass of people above them!

Remark (Understanding the Information Rent).

The virtual value ¢;(x;) is strictly less than the true valuation z;. The subtracted term,
17FL'(£DL')
fi(wi)
the IC constraint: If the seller allocates the object to a bidder with valuation x;, they

(the inverse hazard rate), represents the information rent. This is because of

cannot simply charge them z;. To prevent all types strictly higher than z; from lying
and mimicking type z; to get a cheaper price, the seller must leave some surplus (rent)
on the table for those higher types.

By the Envelope Theorem, a bidder of type x; earns a payoff of w;(x;) = Owi q:(t)dt.
When we take the expectation of this payoff across all possible types, the mathematical
result is Elu;] = E |g;(x;) PFi(xi)} . Thus, =244 g exactly the expected dollar amount

fi(zi) fi(zq)
of surplus (information rent) the mechanism must concede locally at type z; to ensure

all higher types truthfully reveal themselves.
Therefore, ¢;(x;) is the actual marginal revenue the seller extracts when allocating

the object to a bidder with value x;.

Recall that by definition, the interim allocation probability is the expected value of the
ex-post allocation rule over all other bidders’ types:

qi(zi) :/ Qi(xi,x i) f-i(x_i)dw_;
[0’1]7’1—1

By expanding ¢;(x;) back into the joint integral over all n bidders, the seller’s optimiza-
tion problem simplifies remarkably to maximizing the expected virtual surplus:

mgx /[0,1]% l; ¢z($z)Qz($)] f(z)dz

subject to the physical constraints that Q;(z) € [0,1], >~ Q;(x) < 1, and the IC monotonicity

constraint that ¢;(-) is non-decreasing.

Assumption 5.6: Regularity Condition on ¢;

The virtual value ¢;(z;) is strictly increasing in x;.
Remark (Why Regularity Guarantees Monotonicity).

To understand why this condition is critical, recall that the seller’s objective is to max-

imize the expected virtual surplus. For any given profile of reported types x, the seller
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wants to choose an allocation rule ¢(x) to maximize:
n
max > qi(@)di(x:)
i=1

subject to the feasibility constraint >_ ¢;(z) < 1.

Ignoring the IC constraint for a moment, the unconstrained optimal way to maximize
this sum is simply to allocate the object to the bidder with the highest strictly positive
virtual value. That is, ¢;(z) = 1 if ¢;(z;) > max;»,; ¢;(z;) and ¢;(z;) > 0.

Recall from the Envelope Theorem that for a mechanism to be Incentive Compatible
(IC), the interim allocation probability ¢;(x;) must be non-decreasing in x;.

If the Regularity Condition holds (i.e., ¢; is strictly increasing), then a higher true
type z; directly translates to a strictly higher virtual value ¢;(x;). A higher virtual value
makes it strictly more likely that bidder ¢ outbids all competitors and clears the seller’s
reserve price. Therefore, the allocation probability g;(x;) naturally goes up as z; goes
up.

In short, the regularity condition ensures that the greedy, unconstrained pointwise
maximization algorithm automatically satisfies the global IC monotonicity constraint! (If
regularity fails and ¢; decreases in some regions, higher types might be assigned lower

probabilities, violating IC.)

This regularity condition ensures that pointwise maximization naturally satisfies the

monotonicity constraint of g;.

Proposition 5.7: Optimal Allocation Rule and Reserve Prices

Under the regularity assumption, we can solve the integral via pointwise mazimiza-
tion. For any realized profile of valuations x = (z1,...,x,), the seller should simply
examine the virtual values and assign the object to the bidder with the highest virtual
value, provided it is non-negative.

Mathematically, the optimal allocation rule is:

1 if ¢i(x;) = max; ¢;(z;) and ¢i(x;) > 0

0 otherwise

Q; (z) =

From this, the seller can define an optimal reserve price for each bidder as follows:
Definition 5.8: Individual Reserve Price

The optimal reserve price r} for bidder ¢ is exactly the root of their virtual value
function: |- Fy(rt)
— E.(p?
$i(r) =0 = rf - ——22 =0

' fi(r})

Notably, to maximize revenue, the seller does not necessarily allocate the object to
the person with the highest true value, but to the person with the highest virtual value.
Furthermore, if no bidder’s virtual value exceeds zero (i.e., everyone’s valuation is below their

respective r}), the seller optimally retains the object to avoid paying excessive information
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rents. From this perspective, the optimal mechanism is to allocate the object to the buyer

with the highest valuation strictly above their respective reserve price.

5.2.3 The Monopoly Pricing Isomorphism: What is Virtual Value?

While the derivation of the optimal mechanism using the Envelope Theorem and integration
by parts is mathematically rigorous, the economic intuition behind the wvirtual valuation can
be beautifully illuminated by a simple parallel: Standard Monopoly Pricing.

Imagine a monopolist selling a single object to a market of buyers whose valuations are
distributed according to F'(-) with density f(-).

Claim: Virtual Valuation is Marginal Revenue

If we view the probability of sale as the “quantity” demanded, the virtual valuation

1 (p) is exactly the monopolist’s marginal revenue evaluated at price p.

Proof for Claim.

Let p be the price set by the monopolist. A buyer will purchase the object if their
valuation is greater than or equal to p. Thus, the quantity demanded ¢ at price p is
exactly the survival function:

q(p) =1-F(p)

To find the marginal revenue, we first need the inverse demand curve P(g). By

inverting the demand function, we get:
P(g)=F"'(1-q)
The monopolist’s total revenue R(q) as a function of quantity is price times quantity:
R(q)=q-Plg)=q - F~'(1-q)

Now, we differentiate R(q) with respect to ¢ to find the M R:

MR(q) = dﬁ;”
» 1
=F(1-q) +¢q m'(—l)
I q
=)= FE T g)

Finally, we substitute the original price variable p = F~!(1 — ¢) and quantity ¢ =

1 — F(p) back into the M R equation to express marginal revenue as a function of price:

_1-F(p)
f(p)

This expression is exactly the definition of the virtual valuation

MR(p) =p

This profound mathematical equivalence means we can analyze optimal auction mecha-

nisms using the familiar geometric tools of intermediate microeconomics. The optimal mech-

66

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 5. MECHANISM DESIGN 67
anism simply allocates the good to the buyer with the highest M R, provided MR > MC

(where MC' could be the seller’s own value c).

P

C

Remark (Information Rent is the Inframarginal Loss).

Why does the inverse hazard rate 1}.2()17 ) appear in both mechanism design and standard

monopoly pricing?

In intermediate microeconomics, to sell one additional unit (i.e., to induce a buyer
with a slightly lower valuation to buy), the monopolist must lower the price. However,
because price discrimination is impossible, the monopolist must lower the price not just
for this marginal buyer, but for all inframarginal buyers who would have been willing
to pay a higher price. This loss in revenue on the inframarginal units drives a wedge
between the price p and the marginal revenue M R.

In mechanism design, this exact same dynamic is what we call the Information
Rent. To convince a high-type buyer to reveal their true valuation rather than mimicking
a lower type, the mechanism designer must leave them some surplus. The “loss of
revenue on inframarginal buyers” in the monopoly model is mathematically identical to
the “information rent paid to higher types” to satisfy the Incentive Compatibility (IC)

constraint!

The story so far has developed the apparatus for designing mechanisms that maximize
the seller’s expected revenue: the Revelation Principle reduces the search to direct mech-
anisms, IC + IR pin down each bidder’s interim utility up to a constant, and pointwise
maximization of virtual values delivers the optimal allocation rule with reserve r* = ¢=1(0).
The construction is asymmetric—the seller exploits the bidders’ private information for her
own gain, paying out information rent only as much as IC strictly requires.

A complementary question takes the social planner’s perspective: how should the object
be allocated to maximize efficiency (total surplus), regardless of how the surplus is split

between seller and buyers? The same Revelation Principle still applies, but the design
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objective changes. The remainder of this chapter introduces the Vickrey-Clarke-Groves
(VCG) mechanism, which solves the efficient design problem and reveals a striking parallel
to the optimal auction: while the optimal mechanism uses virtual values to extract revenue,
VCG uses actual values to maximize surplus, and each bidder is charged the externality
her presence imposes on the others. The second-price auction of the previous chapter is

recovered as the special case of VCG with a single object.

5.3 The Vickrey-Clarke-Groves (VCG) Mechanism

Motivating Example: Public Good Provision

Suppose there are N people in a society. Each person has a private value x; € [a,w] for a
new public project (e.g., building a bridge), where « is the minimum possible value (might
be negative) and w is the maximum. The cost of building the bridge is c.

From a social planner’s perspective, the efficient decision is simple:
o Build the bridge if Zil z; > c.
o Do not build it if Zivzl x; < cC.

However, the planner does not know the true x;. If the planner just asks people for their
values, they have an incentive to exaggerate (if they want the bridge but don’t pay) or
understate (if they want to freeride). We need a mechanism to elicit the truth.

5.3.1 The General VCG Framework
Consider a general direct mechanism (Q, M).
Definition 5.9: Efficient Allocation Rule
An allocation rule Q* is efficient if it maximizes the total reported social surplus:
N
Q" (z) € arg maxz Qj(x) - x5,
a =
subject to feasibility constraints.
o If the object is a private good, feasibility requires Zjvzl Qj(x) <1

o If it is a pure public good, then everyone consumes it equally:

Qi(z)=---=Qn(z) €{0,1}.

68
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Definition 5.10: Social Surplus and VCG Payment Rule

Suppose Q* is an efficient allocation rule. We define two surplus functions based on

the reported types z:

o Total Maximized Surplus:

e Surplus of Players Other than i:

W_i(z) = Z Q;(x) - z;.

J#i

The VCG Mechanism pairs the efficient allocation @Q* with the following payment
rule M;*:
M (x) = W(a;,x—;) — W_;(x)

(2

where «; is the lowest possible type.

Remark.

e Intuition: Pricing the Externality
The VCG payment is exactly the social externality that player ¢ imposes on the

rest of the society.

— W(a;, z_;) is the maximum surplus the other players could have achieved if player

i simply did not exist (or reported the lowest type a;).

— W_;(z) is the surplus the other players actually end up getting because player i is
present and changed the allocation to Q*(z).

The difference between what others could have had and what they actually have is
the harm (externality) ¢ causes. VCG forces player ¢ to internalize this exact harm

by making them pay it out of pocket.

e Connection to SPA:
The Second-Price Auction (SPA) is just a special case of VCG. If you win an SPA,
your presence took the item away from the second-highest bidder. The value they
lost is exactly the second-highest bid. Therefore, your externality on society is the
second-highest bid, which is exactly what VCG/SPA makes you pay.

Example (VCG Reduces to SPA: Single Object, Three Bidders).
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Suppose there are three bidders for a single object with true valuations z = (5,7,4).
Let’s calculate the VCG payment for the winning bidder (Bidder 2, with value 7):

— If Bidder 2 is absent (a2 = 0), the object goes to Bidder 1 (value 5). The

maximum surplus of the others is W (g, z_2) = 5.

— When Bidder 2 is present, the efficient rule allocates the object to Bidder 2.
The surplus realized by the other players (Bidder 1 and 3) under this allocation
is exactly zero: W_s(z) = 0.

— Bidder 2’s payment is Mj(z) = W(ag,x_2) — W_a(z) =5—-0=5.

Bidder 2 pays exactly 5, which is the externality they imposed on Bidder 1 by
taking the object away.

« What role does the first term W(«;,z_;) play?
In the general VCG framework, the first term can be any arbitrary function h;(x_;)
without violating IC. Because the first term depends ONLY on the reports of others
(x_;) and a constant (), it acts as a constant shift in player i’s optimization problem.
When player i takes the derivative to maximize their payoff, this term vanishes!

However, specifically choosing h;(x_;) = W{(a;,2_;), the maximum social surplus
achievable without player i, is known as the Clarke Pivot Rule. This specific choice

analytically guarantees two crucial properties:

— No Deficit (M; > 0): No one is paid just to participate.
Proof: M (x) = Wi, x—;) =>4, Q; (x)z;. The first term is the theoretical max-

imum surplus the others could achieve on their own. The second term is what they
actually achieve when 4 is present. Since the theoretical unconstrained maximum

must be greater than or equal to any realized value under constraints, M > 0.

— Individual Rationality (U; > 0): No one gets a negative net utility from partic-
ipating.
Proof: Player i’s net utility is U;(x) = QF(x)z; — M;(x). Substituting the VCG

payment rule, we can rewrite this as:
Ui(z) = W(x) — W(as, z_;)

Here, W (x) is the maximum social pie with player i, and W («;, z_;) is the maximum
pie without player i. Because the social planner could always choose to ignore
player 7 and replicate the “without ¢” outcome, adding a player can never shrink
the maximum possible social pie. Thus, W(zx) > W(«a;,z_;), which guarantees

In short, you only pay if your presence “pivots” the final allocation, but your

payment will never exceed the value you personally gain!
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5.3.2 Truth-telling in VCG

Proposition 5.11: Truth-telling is a Weakly Dominant Strategy

In the VCG mechanism, reporting the true valuation z; is a weakly dominant strategy
for every player i.

Proof for Proposition.

Let x; be player i’s true valuation. Suppose player ¢ reports z;, while the other players
report some arbitrary profile z_;.

Notice that we do NOT assume x_; are truthful. They can be any arbitrary lies.
We will show z; = x; is optimal regardless of what x_; is. This is the definition of a
dominant strategy, which is strictly stronger than a Bayesian Nash Equilibrium.

Player i’s true payoff given these reports is:

*

Wi(zi|$i7$—i) = Qi (thfi)xi - Mi*(ziamfi)

= Qi (zi,x—i)x; + W_i(zi,x—;) — W(a, x—;)

Qf (zir_i)ai + Y Qi (zi,x_i)w; | — W, 2_)
J7#i

The term in the brackets is exactly the total social surplus evaluated using player i’s
true type x; and the others’ reported types x_;, under the allocation rule Q*(z;,x_;).

By definition, the efficient allocation rule Q* is the mathematical operator that max-
imizes the sum of the inputs it is given. Therefore, to make the bracketed term as large
as mathematically possible, player ¢ should hand Q* their true type z;.

Formally, for any lie z;:
Q; (zi,v—i)xi + ; Qj(zi,v—i)wj| < max Qi(zi,x—i)w; + ; Qj(wi,x_i)z;

The right-hand side is achieved perfectly by reporting z; = x;. The final term W («;, z_;)
is completely independent of z;, so it cannot be manipulated. Thus, truth-telling maxi-

mizes i’s payoff for any z_;.

Corollary 5.12

(Q*, M™) is incentive compatible.

Example (Multi-Unit VCG: Two Identical Items, Three Bidders).

Two identical units of an object are auctioned to three bidders, each of whom wants at
most one unit. Their (truthful) valuations are

’01:8, ’122:5, ’03:3.
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The efficient allocation Q* assigns one unit to each of the two highest-valued bidders (1
and 2); bidder 3 gets nothing. Total surplus is W(z) =84+ 5 = 13.

To compute payments, calculate the maximum surplus achievable without each bid-
der:

W(Oél,l‘_l) =vy +v3 =238, W(Oég,.??_g) =wv; +vy =11, W(Oég,x_g)) =v1 +vy =13.

Under the Clarke pivot rule, M = W (a;,z_;) — W_;(z) where W_;(x) is the surplus
the other players actually obtain under Q*:

W_l(x) = vy =, W_Q(J)) =v; =8, W_g(]}) =v, + vy = 13.

Hence
M;{=8-5=3, M;=11-8=3, M;=13-13=0.

Both winners pay 3, the third-highest valuation. This recovers the classic uniform-
price (Vickrey) outcome: in a k-unit auction, the k& winners each pay the (k + 1)-th
highest valuation.

Truth-telling check (bidder 1): reporting 01 = 4 < v2 would lose the unit; net utility
0 < 8 —3 = 5. Reporting 97 = 10 > vy keeps the allocation unchanged; payment is still
W(ay,z—1) —W_1(z) = 3 (depends only on others’ reports), so net utility unchanged at
5. No deviation strictly improves bidder 1’s payoff, illustrating that VCG truth-telling

extends from the single-object SPA case to multi-unit and combinatorial settings.

5.3.3 VCG Maximizes Revenue Among Efficient Mechanisms

Let the interim expected payoff (indirect utility) of player ¢ in the VCG mechanism be:
Uj (i) = / (QF (@i, x—s)w; — M (i, v —3)] foi(w—i)dw—; = g7 (@)zi — mi ().

Recall that IC implies U} (z;) is convex and strictly increasing.

Suppose (Q*, M) is another efficient mechanism that is IC. Let U; be its indirect utility
function. Because the allocation rule Q* is identical, the derivative U/(x;) = ¢} (x;) must
also be identical. Therefore, U;(z;) must have the ezact same shape as U} (z;), differing at
most by a constant.

Note that in the definition of the Clarke Pivot Rule payment, we carefully included
the constant term W_;(«;, z_;) to guarantee that the lowest type gets exactly zero surplus:
Uf(ay) =0.

Claim: The Individual Rationality (IR) Boundary

For any IC and efficient mechanism to satisfy the IR constraint for all possible types,

its utility curve must lie weakly above the standard VCG utility curve.

We have established that any IC and efficient mechanism yields a utility curve with the
exact same shape as the VCG utility curve. By design (the Clarke Pivot Rule), the standard
VCG utility curve passes through the origin (U} («;) = 0).
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Any alternative mechanism’s utility curve U; that is shifted downwards (lying strictly
below U}) would yield negative utility for the lowest types, directly violating the IR con-
straint. Conversely, any utility curve shifted upwards (lying strictly above U}) perfectly
satisfies IR, but implicitly requires the mechanism designer to pay an upfront lump-sum
subsidy to the participants.

U;(x;) (IR, but requires subsidy)

Ui(x;) (Expected Utility) Uz (z;) (Standard VCG)

Ui(z;) (Violates IR)

Constant Shj

Negative Utility
z; (Type
(Walks W/ i (Type)

Remark (Why do we ask for IR?).

Could there be a mechanism that is not IR for some regions, but is still reasonable? Yes!
It entirely depends on the socio-economic context. Note that in standard mechanism
design, we typically assume “interim” decision-making, where a bidder evaluates IR after

knowing their own true type xz;, but before knowing others’.
e Voluntary Participation (Default setting: Auctions, Private Markets): Here,
IR is strictly required for all possible types. If U;(x;) < 0, a bidder of type x; will

simply refuse to participate. Because the designer must ensure the mechanism works

regardless of the realized types, the mechanism must universally guarantee U;(z;) > 0.

o Mandatory Participation (Taxes, Public Goods): If a government is building
a public good or regulating a congestion problem, it has coercive taxing power. You
cannot “opt out” of a society just because the mechanism yields a negative payoff for

your specific type. In such compulsory environments, IR is not a strict constraint.

Proposition 5.13: VCG Maximizes Revenue Among Efficient
Mechanisms

Among all efficient, IC, and IR mechanisms, the standard VCG mechanism maxi-

mizes the seller’s total revenue Y ., m;.

Proof for Proposition.

From the previous claim, any alternative efficient, IC, and IR mechanism must provide
a utility curve that lies weakly above the standard VCG curve. Providing strictly higher
utility to the buyers mathematically necessitates extracting strictly less payment from
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them. Thus, any deviation from the standard VCG payment rule (such as adding a

lump-sum subsidy) strictly decreases the seller’s expected revenue.

5.3.4 Budget Balance and the AGV Mechanism

We formally define two expected payment concepts:

Definition 5.14: Interim and Ex-ante Expected Payments

Consider a direct mechanism (@), M) in an environment with n agents, where M;(x)
is the ex-post payment exacted from agent ¢ when the reported type profile is x =
(@, x_;). Assume that each agent’s type x; is drawn independently from a type
space X; according to a density function f;. Let f_;(z—;) =[], fj(z;) denote the
joint density of the other agents’ types.

Define two expected payment concepts corresponding to different information stages:

Interim Expected Payment: The expected payment of agent ¢ evaluated at
the interim stage—conditional on knowing their own realized type x;, but prior
to observing the types of other agents. It is defined as:

mi(z;) = By, [Mi(zi,2-4)] = a Mi(zi, ) f-i(z—i)dz_;

Ex-ante Expected Payment: The expected payment of agent ¢ evaluated at
the ex-ante stage—before any agent’s type is realized. It is the unconditional

expectation of the payment rule over the entire type profile:

me =By lmi(@)] = [ miei) fuloi)do: = Bo[Mi@)

While VCG is elegantly efficient and IC, it is notoriously bad at balancing the budget.

It often runs at a deficit (e.g., the mechanism has to inject outside money to pay for positive

externalities).

Example (VCG Deficit in the Bridge Problem).

Consider the 3-person bridge problem with cost ¢ = 10 and values z = (5, 6,2). The sum
of values is 13 > 10, so the bridge is built. Let’s calculate the VCG payments:

Player 1 (x; = 5): Without P1, others value it at 8 < 10. Not built. P1’s payment is
Mi=0-(6+2—10) =2.

Player 2 (zo = 6): Without P2, others value it at 7 < 10. Not built. P2’s payment is
My =0—-(5+2-10)=3.

Player 3 (z3 = 2): Without P3, others value it at 11 > 10. Built anyway. P3’s
payment is M5 = (5+6 —10) — (5+6 — 10) = 0.

The total payment collected from all players is 2+ 34+ 0 = 5. However, the physical cost

to build the bridge is 10. The central planner (or the mechanism) must absorb a massive

deficit of 5 to execute this socially optimal decision!
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Definition 5.15: Budget Balanced

A mechanism is Budget Balanced (BB) if, for all realized profiles x:
> Mi(x) =0.
i=1

This is a very strong ex-post condition: the agents simply transfer money among them-
selves under the mechanism.

Naturally, a subsequent question is: Does there exist a mechanism that is efficient
(@), IC, IR, and BB?

Theorem 5.16: Arrow-d’Aspremont-Gerard-Varet (AGYV)

There exists an efficient, IC, IR, and BB mechanism if and only if the standard VCG

mechanism runs at an ex-ante surplus. That is:
n
E m; > 0.
i=1

Proof for Theorem
¢ —
It is straightforward that if VCG runs at an ex-ante deficit (> m} < 0), no other
mechanism can balance the budget. As discussed, any other IC and IR mechanism
must provide a utility curve equal to or above the VCG’s curve. Giving everyone
more utility means the mechanism must extract even less payment. Thus, the deficit

would only widen.

° <
We prove the other direction constructively. This is the celebrated AGV mechanism.

Define a new ex-post payment rule M;(x) as:

Zero-sum transfers Constant adjustment

Summing the payments across all n players:

n n n
SO () =4S mi) - Y nilzm;(xj)
i=1 i=1 i=1 i
n 1 n 1 n
A | i =S
i=1 i i=1 j=1

Notice that > 1 | > i M (x;) is simply summing every player’s interim payment ex-
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actly n — 1 times. Divided by n — 1, it precisely cancels out the first term > m}(z;).
The first curly brace is strictly 0. The same combinatorial logic applies to the con-
stants in the second curly brace. Thus, > M;(z) = 0. The budget balances ex-post.
To see if this new payment rule alters bidding incentives, we must find the new interim
expected payment m;(z;). We take the expectation of M;(z) over all other players’
types x_;:

mi(z;) = By, [M;()]

Let’s pass the expectation operator through the terms linearly:

1. E,_,[m!(z;)] = mI(z;) (since it is already an interim function depending only

on [EZ)

1 * 1 * 1 *
2. Ep, |51 Zj;ﬁi m; (wj)} = n-1 Zj;éi E,, [mj ()l = 73 Zj;éi m;.
3. The terms in the second bracket are already absolute constants, so their expec-

tation is simply themselves.

Substituting these back in:

) = mi () — Sy S s Ly

J#i i#i j=1

n

Note that m;(x;) only deviates from the standard VCG interim payment m;(z;) by an
absolute constant (% > m;‘) Because the slope of the payment function is unchanged,
(Q*, M) is perfectly IC.

Furthermore, since the theorem condition explicitly requires the ex-ante surplus to
J
This means the overall payment is reduced (or at worst, unchanged) for every player:

be non-negative (Z?Zl m’ > 0), the constant term we are subtracting is positive.
m;(x;) < mi(z;). Consequently, players are receiving weakly more utility than in the

VCG mechanism, trivially preserving IR.

5.3.5 Bilateral Trade Impossibility (Myerson-Satterthwaite)

The AGV construction balances the budget by reshuffling money among n > 2 buyers,
drawing on the fact that the VCG mechanism in such settings typically runs an ex-ante
surplus that the designer can simply redistribute. The picture changes dramatically when
the two parties to a trade are a buyer and a seller, both of whom hold private information.
The seminal result below shows that no mechanism can simultaneously be efficient, IC,
IR, and budget-balanced—a sharp impossibility theorem with deep implications for market

design.
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Bilateral Trade Setup

A seller has a privately known cost C' € [0, 1] of producing a single indivisible good;
a buyer has a privately known value V' € [0, 1] of consuming it. C' and V are in-
dependently distributed with full support, common-knowledge priors. A mechanism
specifies (i) whether trade occurs, (ii) the amount P the buyer pays, and (iii) the
amount R the seller receives. Budget balance requires P = R (no outside funding).
A mechanism is efficient if trade occurs whenever V > C.

Theorem 5.17: Bilateral Trade Impossibility (Myerson-
Satterthwaite, 1983)

In the bilateral trade environment, no mechanism is simultaneously efficient, IC, IR,
and budget-balanced.

Proof for Theorem

We use the VCG mechanism as a benchmark, paralleling the role it played in the AGV
proof.

Step 1: VCG runs a deficit. The VCG mechanism here is the double Vickrey:
the buyer reports V, the seller reports C; trade occurs iff V' > C| in which case the
buyer pays C' and the seller receives V. Truth-telling is weakly dominant for both sides
(standard VCG argument: the buyer’s report only affects whether trade happens, and
the truthful threshold V > C' is exactly her surplus-maximizing condition; symmetric
for the seller). The mechanism is IR: a buyer with V' = 0 never trades and gets 0; any
V' > 0 generates non-negative surplus since the buyer pays C' < V. Symmetrically for
the seller at C' = 1. But on every trading realization V > C|, the seller receives more
than the buyer pays:

R-P=V-C >0,

so the mechanism runs a strict deficit equal to the realized gains from trade. The ex-ante
deficit is the expected gains from trade E [(V — C)T], which is strictly positive under the

full-support assumption.

Step 2: FEvery other efficient IC' IR mechanism also runs a deficit. Consider any
alternative efficient and IC mechanism. By revenue equivalence (applied to the buyer’s
side as in Section 7.2), the buyer’s expected payment under any such mechanism differs
from the VCG benchmark by a buyer-side constant K: E[Py;(V)] = E[Pyca(V)] + K.
Symmetrically, the seller’s expected receipts differ from VCG by a seller-side constant
L: E[Ralt(C)] = E[vag(C)] + L.

IR for the buyer at V = 0 requires expected payoff > 0. Since the VCG buyer at
V = 0 never trades and pays nothing (her IR slack is exactly zero), any IR-preserving
alternative must have K < 0. Symmetrically, the seller’s IR at C' = 1 requires L > 0.

The expected deficit of the alternative mechanism is

E[R.x — Pat] = E[Rvce — Pvca] + (L—K) > 0,
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since the VCG deficit is strictly positive and L — K > 0. So every efficient, IC, IR
mechanism inherits VCG’s strict deficit, with the deficit possibly even larger. Budget
balance (E[Rat — Paiy] = 0) is therefore unattainable.

Remark (Why Bilateral Trade Differs from Multi-Buyer Auctions).

The contrast with AGV is illuminating. In a multi-buyer environment, the VCG mech-
anism’s payments come from the buyers to the seller, accumulating an ex-ante surplus
that the designer redistributes. In bilateral trade, both sides have IR constraints binding
at opposite ends of the type space (buyer at V' = 0, seller at C' = 1), and the mechanism
must compensate both: each side’s information rent comes out of the social pie, and the
two rents jointly exceed the pie itself when types are close to indifferent. Concretely,
the VCG payment scheme awards the buyer surplus V — C' (she pays only the seller’s
reported cost, not her own value) and simultaneously awards the seller surplus V — C
(he receives the buyer’s reported value, not his own cost), so the same pie is paid out
twice. No reshuffling can fix this because there are no third parties with budget to draw

from.

Remark (Implications for Market Design).

Myerson-Satterthwaite is one of the most consequential negative results in economic
theory. It rationalizes a number of empirical observations:

o Why bargaining breaks down. When both sides hold private information, even patient
and well-intentioned negotiators sometimes fail to consummate mutually beneficial
trade. The theorem says this is not a coordination failure—it is a fundamental incen-

tive incompatibility.

e Why intermediaries exist. Brokers, market-makers, and exchange platforms are not
just middlemen who skim a fee; they are mechanisms for absorbing the unavoidable
deficit in efficient bilateral trade. The buyer pays more than the seller receives, and
the spread funds the inefficiency.

o Why second-best mechanisms emerge. Real markets do not aim for full efficiency.
Posted-price markets, double auctions, and ascending bilateral negotiations all sac-
rifice some efficient trades (the ones at small surplus) to break even. The Myerson-

Satterthwaite frontier characterizes how much efficiency must be sacrificed.

The same impossibility logic generalizes to any setting where two privately-informed
parties must voluntarily transact under budget balance: spectrum reallocation between
incumbents and new entrants, water rights between farmers, and labor contracts where

both sides have private information about productivity and outside options.

Remark (Chapter Summary).
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Mechanism design generalizes auction theory to the question, “what is the best proto-
col the designer can implement, given the players’ incentives?” The revelation principle
(Theorem @) reduces the search to direct mechanisms in which agents truthfully re-
port their types. Within direct mechanisms, the envelope theorem pins down expected
payments as a function of allocation, so the design problem becomes one of choosing
an allocation rule alone. Two paradigmatic mechanisms anchor the field. VCG (Defi-
nition ) implements the efficient allocation in dominant strategies but fails budget
balance in general. AGYV restores budget balance via expected externality payments
but only achieves Bayesian incentive compatibility, not dominant strategies. The trade-
off is sharp and unavoidable: the Myerson-Satterthwaite theorem establishes that no
mechanism can simultaneously be efficient, individually rational, and budget-balanced
when both sides hold private information—an impossibility that explains why bargaining
breaks down, why intermediaries exist, and why real-world markets settle for second-best

mechanisms like double auctions and posted prices.
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Chapter 6

Matching Theory

6.1 The Housing Market: Allocation with Endowments

We now move from settings where monetary transfers are available (auctions, mechanisms
with payments) to allocation problems without money. No taxes, no subsidies, no side
payments—agents simply trade indivisible objects among themselves. This is the classic
housing market model introduced by Shapley and Scarf (1974).

6.1.1 Housing Market and the Core
Definition 6.1: Housing Market

A housing market is a triple (P, H, >) where:
o P={P,P,,...,P,} is a finite set of agents (“people”);
o H ={hy,ha,...,h,} is a finite set of houses (“offices”), with |H| = |P|;

e Each agent P; is initially endowed with house h; and has a strict preference or-

dering >; over H.
An allocation is a bijection @ : P — H. That is, @ assigns exactly one house to each

agent.

The key question is: can we find an allocation that is stable in the sense that no group

of agents can profitably rearrange houses among themselves?
Definition 6.2: Core

An allocation Q* is in the core if there is no coalition S and no allocation @’ of
{hi : P, € S} to S such that Q'(P;) 7; Q@*(F;) for all P, € S and Q'(P;) =, Q*(P;)
for some P; € S.

Intuitively, Q* is in the core if there is no subset S C P (a blocking coalition) such that
the members of S can reallocate their initial endowments {h; : P; € S} among themselves
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in a way that makes every member of S weakly better off, and at least one member strictly
better off.

Remark (Why “Core” and Not Just Pareto Efficiency?).

Pareto efficiency only rules out improvements where everyone can be made better off
(the grand coalition S = P). The core is a much stronger requirement: it rules out
deviations by any subset of agents, including small coalitions. In particular, individual
rationality (no agent envies their own initial endowment) is a special case of the core
condition with |S| = 1.

6.1.2 Top Trading Cycle (TTC)

The Top Trading Cycle algorithm, attributed to David Gale by Shapley and Scarf (1974),

provides an elegant procedure to find a core allocation.
Top Trading Cycle Algorithm
Given a housing market (P, H,>) with initial endowment P; — h;:

1. Point: Each remaining agent points to the agent who currently owns their

most preferred house (among remaining houses).

2. Trade: Since the number of agents is finite and each agent points to exactly
one other agent, at least one cycle must exist. Identify all cycles. Each agent in
a cycle receives the house they pointed to (i.e., the house owned by the agent

they pointed to).
3. Remove: Remove all agents and houses involved in cycles from the market.

4. Repeat: Return to Step 1 with the reduced market. Terminate when all agents

have been assigned a house.

Example (The Office Problem).

Consider 9 people P = {Py,..., Py} and 9 offices H = {1,...,9}, arranged around a

corridor as follows:

Person P; initially occupies office i. The agents’ strict preference orderings (listed from

most preferred to least preferred) are:
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Rank | P, P, P, P, Ps Ps Pr Py Py
1 7 4 6 7T 7T 7 9 6 2
2 6 9 2 1 1 1 3 2 5
3 9 6 8 5 8 2 6 4 4
4 4 2 1 8 4 4 2 3 8
5 8 5 7 9 3 5 5 7 3
6 5 3 4 3 5 3 4 5 1
7 1 7 5 2 6 8 8 1 9
8 2 8 9 6 9 9 7 8 6
9 3 1 3 4 2 6 1 9 7

We apply TTC to the office problem defined above. The logic of each round is as follows:

e Every remaining agent points to the current owner of their most-preferred available

office, forming a directed graph in which each node has out-degree exactly one.

o Following the arrows traces directed chains. Because each node has exactly one
outgoing edge, every chain must eventually revisit a node—so every chain either closes

into a cycle or feeds into a cycle found by another chain.

e Cycle members trade immediately (each receives the office of the agent they pointed
to). Tail agents (those whose chains lead into the cycle without closing) are held

over for the next round.

Round 1. All nine agents with offices {1,...,9}.

Py

cycle l
P n @—®

Chains and cycle detection.

e Start from P,: P — P;— Py— P, — P, — P; — the chain revisits P;. Cycle found:
P;— Py— Py, — Py — Pr.

e Py (arriving at P7), as well as P5 (pointing directly to P7), Ps (pointing to P7), Ps
and Py (pointing to Pg) are all tails. They do not close any new cycle.

Cycle trade:
P; < office 9, Py < office 2, P, < office 4, P, < office 7.
Remove {Ps, Py, P;, Py} and offices {2,4,7,9}. Tails { Py, Ps, Ps, Ps, Ps} proceed.

Round 2. Remaining agents: {P;, Ps, Ps, Ps, Pg}; available offices: {1,3,5,6,8}.
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cycle

Py

Chains and cycle detection.
e Start from Ps: Ps— P — Ps— P — revisits P;. Cycle found: P; < P;.

e P; and Ps both point to Ps (into the cycle), and Ps points to P; (into the cycle). All

three are tails.

Cycle trade: Py < office 6, Pg « office 1.
Remove {P;, Ps} and offices {1,6}. Tails {Ps, Ps, Ps} proceed.

Round 3. Remaining: {Ps, P5, Ps}; available offices: {3,5,8}.

b5

cycle

e P3— Py— P3 — revisits P3. Cycle found: P;< Ps.

Chains and cycle detection.

e P;— Py feeds into the cycle; Ps5 is a tail.

Cycle trade: Ps < office 8, Py < office 3.
Remove {Ps, P3} and offices {3,8}.

Round 4. Only P; remains with office 5. With a single agent, the “chain” is a trivial
self-loop: P5; — P5. The self-loop is itself a cycle, so P5 keeps office 5.

The final TTC allocation is:

Agent‘Pl P, P3s Py P B P B Py
Ofﬁce\648751932

Remark (Cycle Structure in TTC).

In each round, the pointing graph is a functional graph: every node has out-degree
exactly one. A fundamental property of functional graphs is that each weakly connected
component contains ezactly one directed cycle, with all remaining nodes forming tails

that feed into it. Consequently:
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« Existence: At least one cycle is guaranteed to exist in every round, since the finite

graph must eventually revisit a node along any directed path.

e Multiplicity: The number of cycles per round equals the number of weakly connected
components—it may be one or many, depending on the preference profile. Uniqueness

of cycles per round does not hold in general.

¢ Uniqueness within a chain: Following the arrows from any fixed starting node
traces a single directed path, which must eventually close into ezactly one cycle. This
per-chain uniqueness is what makes TTC well-defined: each agent belongs to at most

one cycle and receives a unique assignment in the round that cycle is identified.

6.1.3 Properties of TTC

TTC Implements the Core

Theorem 6.3: TTC Allocation is in the Core

The allocation produced by the TTC algorithm is in the core of the housing market.
Moreover, when preferences are strict, the core contains a unique allocation, and
TTC finds it.

Proof for Theorem

The intuition is as follows. Agents removed in Round 1 each obtain their overall top
choice—no coalition including any of them can make them strictly better off, since they
already have their first-best house. Once Round 1 agents are settled, Round 2 agents
obtain their best feasible house given Round 1 assignments, and so on. Any blocking
coalition would need to offer some agent a house better than what TTC gave them, but
that house has already been claimed by someone removed in an earlier round who would

never agree to give it up.

We proceed by induction on the round of removal. For each round r, let C,. denote the
set of agents removed in round r (i.e., the union of all cycles identified and executed
in that round), and let H, = {u(i) : i € C,} denote the corresponding set of houses

allocated in round r.

Base case (Round 1). Every agent removed in Round 1 belongs to a cycle in which
each member points to the owner of their globally top-ranked house. Each such agent
therefore receives their first-best house. No coalition S can block this allocation: to
improve upon the outcome for any Round-1 agent i € S, the coalition would need to

reassign ¢’s own top choice to i—but 7 already has it.

Inductive step. Suppose that for all rounds r’ < r, the agents removed in rounds
1,...,7" — 1 receive their best house within the set of houses held by agents in those
same rounds, and no coalition can improve upon their assignment using only houses
from J,.. ., Hy». Consider agents removed in round r. Each such agent receives their
most prefgrred house among all houses still available—i.e., not yet claimed by any agent

removed in rounds 1,...,r — 1.
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Suppose for contradiction that some blocking coalition S exists. Let ¢ € S be an agent
who is made strictly better off under the proposed reassignment, and let A’ be the house
S proposes to give i, where h’ >=; (7). Since u(¢) is already ¢’s best available house in
round r, the house A’ must have been removed in some earlier round ' < r—it belongs
to some agent j € C,» who exited in round r’ with u(j) = h’. For S to reassign b’ to i, it
must include j. But by the inductive hypothesis, u(j) = b’ is j’s best house within H,.;
giving up h' makes j strictly worse off, so j would not participate in S. Contradiction.

Hence the TTC allocation is in the core. For uniqueness under strict preferences:
any core allocation must give Round-1 agents their top choice (otherwise the coalition
(4 itself is a blocking coalition), and by induction any core allocation must coincide with
TTC round by round. Thus the core is a singleton, and TTC finds it.

Corollary 6.4: TTC is Individually Rational

The allocation produced by TTC is individually rational: every agent weakly prefers
their assigned house to their own initial endowment. That is, (i) 75; h; for all ¢ € P.
Proof for Corollary.

This follows immediately from the core property. Suppose for contradiction that some
agent 4 strictly prefers their endowment to their TTC allocation: h; =; u(z). Then the
singleton coalition S = {i}, using the trivial allocation @Q’(i) = h; (agent i keeps their
own house), satisfies Q'(#) =; u(¢). This means S blocks u, contradicting the fact that
w1 is in the core. Hence no such ¢ can exist.

TTC is Order Independent

Theorem 6.5: TTC is Order Independent (Strict Preferences)

Suppose all agents have strict preferences over objects. When there are multiple cy-
cles in a given round, the TTC outcome does not depend on the order in which cycles
are identified and removed. That is, under strict preferences, the final allocation is
unique regardless of which cycle is processed first.

Proof for Theorem

The proof reduces to one key structural observation about functional graphs.

Claim

Under strict preferences, in any round of TTC, all cycles in the pointing graph
are vertex-disjoint.

Proof for Claim.
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Under strict preferences, each agent has a unique top-ranked available object, so the
pointing graph is a functional graph: every node has out-degree exactly one. Suppose
for contradiction that two distinct cycles C; and Cy share a node v. Then v would
need two distinct outgoing edges—one continuing around C; and one around Co—
contradicting out-degree one. Hence all cycles are vertex-disjoint.

Since any two coexisting cycles C; and Cs are vertex-disjoint, the agents and houses in
Cy are entirely distinct from those in Co. Removing C; first therefore does not affect the

membership or the pointing structure of Cy, and vice versa. More precisely:

e The agents in Cy are still present after C; is removed, and their preferences over the

remaining houses are unchanged.

e The agents in Cs still point to the same targets they did before (none of their targets
were in Cq), so Co remains a valid cycle in the reduced graph.

By symmetry, removing C, first leaves C; intact. In either order, both cycles are even-
tually removed and their members receive exactly the same houses. Since the argument
applies to every pair of coexisting cycles in every round, the final allocation is indepen-

dent of the order in which cycles are processed.

Remark (Order Dependence Under Weak Preferences).

The strictness assumption embedded in our definition of a housing market is not merely
a technical convenience—it is essential for TTC to be well-defined. To see what goes
wrong if we relax it, suppose we allow agents to be indifferent between objects (i.e., »;
is replaced by a weak order 7Z;). Then an agent with multiple top-ranked objects has
out-degree greater than one in the pointing graph, vertex-disjointness of cycles can fail,

and different cycle-processing orders may yield different allocations.

Counterexample. Consider three agents with three houses:
agent 1 owns A, agent 2 owns B, agent 3 owns C,

with weak preferences 1: B~C = A, 2:A>B>=C, 3:A>C > B.

Pointing graph. Agent 1 is indifferent between B and C and simultaneously points to
both agents 2 and 3. Agents 2 and 3 each point to agent 1. The resulting graph has
out-degree 2 at node 1, and contains two cycles sharing that node:

owns A

owns B owns C

The two cycles C; = (1—+2—1) and C; = (13— 1) are not vertex-disjoint. Processing
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them in different orders gives different outcomes:

Process C; first Process C- first

I
|
|
|
gets B : gets C
|
|
|
|
gets A ! gets A
|
|
|
|
|
@ | @
keeps C : keeps B
|
1+ B, 2+ A, 3+C 1+C, 2+ B, 3+ A

The two orders produce distinct allocations, confirming that TTC is not well-defined

under weak preferences without an additional tie-breaking rule.

The standard remedy is to impose an exogenous tie-breaking rule (e.g., a lottery
over objects) before running TTC, converting weak preferences into strict ones. This
restores out-degree one, vertex-disjoint cycles, and a well-defined outcome. However,
the final allocation then depends on the tie-breaking rule chosen, so TTC under weak
preferences is best understood as a family of mechanisms indexed by tie-breaking rules,

rather than a single deterministic procedure.

TTC is Strategy-Proof

Theorem 6.6: TTC is Individual Strategy-Proof

Under the TTC mechanism, truthful reporting of preferences is a dominant strategy
for every agent. That is, regardless of what other agents report, no agent can obtain

a strictly better outcome by misreporting their preferences.

Proof for Theorem

Fix any agent ¢ and any reports P_; by all other agents. Let u denote the TTC outcome
under truthful reporting, with p(i) = o*, and let r be the round in which 7 exits under
truthful TTC. We show that no misreport P; yields ¢ a strictly better object.

Key observation. An agent’s report determines only whom they point to; it does not
affect whom others point to. Since all j # i report truthfully, the pointing behavior of
every j # i depends only on j’s own preferences and the current available set—both of

which are unaffected by i’s report.
We present two proofs, each illuminating a different aspect of the mechanism.

Proof 1 (by contradiction on the object obtained). Suppose ¢ misreports and

obtains o =; o*. We derive a contradiction in two cases.

e Case 1: o was taken in round r’ < r under truth-telling. For i to obtain
o', ¢ must be part of the cycle containing o’ in round 7’ under the misreport. This

requires some agent j # ¢ to point to ¢ in round 7/, closing the cycle through i. But
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j’s pointing depends only on j’s preferences and the available set at round /. As long
as 1 is still present at round r’, the agents and objects removed in rounds 1,...,r —1
are exactly those from cycles not involving i—the same as under truth-telling (since
those cycles form independently of i’s report). Hence the available set at round 7/ is
identical under both runs, and so is j’s pointing. Since no j points to ¢ in round 7’
under truth-telling (no cycle involving ¢ forms before round r), no j does so under

misreport either. The cycle closes without i. Contradiction.

e Case 2: ¢ is available in round r under truth-telling. Then o’ € A,, the

available set when 4’s truthful cycle forms. But under truth-telling ¢ points to the

owner of their top choice in A,., which would be o if o’ >; o*—contradicting u(i) = o*.

Proof 2 (by analyzing the exit round). Suppose i misreports and exits in round

r’ # r. We show neither case improves i’s outcome.

e Case 1: v’ > r (i exits later). In TTC, each agent exits in the round their cycle
forms, receiving their most preferred object among those still available at that round.
By construction, A,, C A,: the longer i stays, the more objects get claimed by earlier
cycles. Hence i’s best available object weakly worsens as the round increases, and

exiting later cannot improve i’s outcome.

e Case 2: v < r (i exits earlier). For i to exit in round 7’ < r, ¢ must join a cycle
in that round. This requires some j # ¢ to point toward i (to close the cycle through
i). Under truth-telling, j points to ¢ in round r/ if and only if h; is j’s top available
object at round 7’. Since the available set at round r’ is the same under both runs
(cycles before round ' do not involve ¢ and form identically), j already points to i
in round r’ under truth-telling. But then j never exits before round 7/, so j is still
present in round r under truth-telling. This means h; € A,, the available set when
i exits truthfully. Since pu(i) = o* is i’s top choice from A, and h; € A,, we have

0* 7Z; hj. Joining j’s cycle early to obtain h; cannot improve upon o*.

In all cases, no misreport yields ¢ a strictly better object than o*. Since i and P_;

were arbitrary, truth-telling is a dominant strategy for every agent.

The two proofs above capture complementary intuitions about why manipulation fails
in TTC.

e Proof 1 asks: can i obtain a specific better object o' ? It shows the answer is no by ruling
out each possible location of o’: either o’ was already taken (and i cannot intercept its
cycle, since no one points back to i), or o’ was available all along (and i would have

gotten it honestly).

e Proof 2 asks: can i benefit by changing which round it exits? It shows the answer is no
in both directions. Exiting later only shrinks the available set. Exiting earlier forces i to
join a chain that was already pointing toward ¢ under truth-telling—meaning the object
at the end of that chain was already in i’s truthful available set A,, and therefore no
better than o*.

At the deepest level, both proofs rest on the same asymmetry: i controls only whom it
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points to, not who points back. The objects reachable by ¢ are ultimately determined by
who is willing to trade with —and that depends on others’ preferences, which no misreport
can change.

A natural follow-up question is whether TTC is also group strategy-proof: can a coalition
of agents coordinate their misreports to make every member of the coalition strictly better
off? The answer is NO—TTC is group strategy-proof. No coalition can jointly misreport
preferences and make all coalition members strictly better off. This is a stronger result that
follows from the fact that TTC implements the unique strict core allocation, combined with

the structure of the trading cycle procedure.

Theorem 6.7: TTC is Strictly Group Strategy-Proof

TTC is group strategy-proof: there is no coalition S C P and no coordinated mis-
report Pg such that every member of S obtains a strictly better object than under
truthful reporting.

Proof for Theorem

The proof has two parts that mirror—and extend—the individual strategy-proofness argu-
ment. Individual SP shows that no single agent can infiltrate a better cycle, because they
cannot control who points back to them. Group SP faces a richer challenge: even if coali-
tion members coordinate their pointing, they still cannot control the pointing of agents
outside S, and—crucially—the core uniqueness of TTC prevents them from profitably

rearranging objects among themselves either.

Suppose for contradiction that S misreports P and obtains allocation p/ with 1/ (7) >;
w(2) for all ¢ € S, where p is the truthful TTC outcome. Partition S’s gains by the origin

of the improved objects: outside S, and inside S (redistribution).

Claim

No S-member can gain an object initially owned by an agent outside S.

Proof for Claim.
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Suppose @ € S gains object o' = p/(i) =; p(¢), where o' is initially owned by some
j ¢ S. Fix the reports of all other agents at (Pé\{i}7 P_g) and apply the individual
strategy-proofness argument to i alone. Regardless of what others report, ¢ cannot
benefit from misreporting; in particular, the same two-case argument applies verba-
tim:

o If o' was removed in an earlier round under this fixed profile, j ¢ S reports truth-
fully, so j’s pointing behavior depends only on j’s own preferences and the avail-
able set—mneither of which i’s report can affect. No agent in the cycle containing
o' points back to 4, so 7 cannot join that cycle regardless of i’s misreport. Contra-

diction.

o If ¢ is still available in 4’s exit round, then o’ >; u(i) implies ¢ would have pointed
to j (owner of 0') under truthful reporting and obtained o’ honestly— contradicting

(i) # o'.

Hence every ¢ € S can only gain objects initially endowed to other S-members.
That is, {¢/(¢) i€ S} C{h; :i € S}.
Claim

S cannot profitably redistribute its own endowments.

Proof for Claim.

By the previous claim, the objects received by S-members under p’ are drawn entirely
from {h; : i € S}. Define an allocation v for S by v(i) = /(i) for all i € S. Then v
is a redistribution of {h; : i € S} among S such that v(i) =; u(é) for all ¢ € S. This
means S constitutes a blocking coalition for p under true preferences, contradicting
the fact that p is in the strict core.

Both parts yield contradictions, so no coalition .S can jointly misreport to make all
its members strictly better off.

Theorem 6.8: TTC is Weakly Group Strategy-Proof

The TTC mechanism is weakly group strategy-proof: there is no coalition S C P
and joint misreport Pg such that the resulting outcome p’ satisfies

W (i) i u(i) foralli €S, with p/(5%) =i u(i*) for some i* € S.

Proof for Theorem

Suppose for contradiction that such S and P exist. Since preferences are strict, every
i € S either keeps exactly the same object (p/(i) = u(i)) or gets a strictly better one.
Partition S accordingly:

ST={ie S @) =i n@)} #£0, S ={ieS: (i) =pn(i)}
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Run TTC under the misreport profile (P4, P_g). Among all S*t-members, let r* be
the earliest round in which any ST-member exits, and let i** € ST be such a member.
Let C be the TTC cycle that i** belongs to in round r*.

In cycle C, agents trade their initial endowments cyclically: writing C = (a1 — a2 —
for each

-+ = ap — ay), each a; gets h (indices mod k). In particular, u'(a;) = h

.

ar+1 ar+1

Case 1: CC S.

All members of C belong to S, so by the weak improvement assumption,
1 (ar) = hayyy Za, () forall a; € C,

with hg,. o
under their true preferences: each a; contributes endowment h,, and receives h

=i p(3**) for i** € C. The coalition C can execute exactly this trade
ar41 a
redistribution of {h, : a; € C}. Every member weakly benefits, and ** strictly benefits.
This means C is a blocking coalition for g under true preferences, contradicting the fact

that p is in the strict core.

Case 2: C¢Z S.
C contains i** € ST and at least one agent jo ¢ S. We consider two sub-cases based

on whether the non-S members of C are harmed by the trade.

Sub-case 2a: 1/ (j) = hy(j) Z; u(j) for every j € C\ S.
Then every agent in C weakly benefits from the cycle trade (under true preferences),
and 7** strictly benefits. Again, C is a blocking coalition for u, contradicting the strict

core.

Sub-case 2b: Some jy € C\ S is strictly harmed: p'(jo) <, 1(jo).

Let p(jo) = hi (the object jo receives under truthful TTC, which is I’s endowment).
Since jo reports truthfully in the misreport run and always picks their top available
object, the fact that jo gets p'(jo) <j, i at round r* means h; is not available at the
start of round r* in the misreport run. So h; was taken in some round ' < r* by some
agent m # jo.

We now derive a contradiction by tracing who took h;:

e m ¢ ST: by choice of 7*, no ST-member exits before round r*. So m ¢ ST.

e m ¢ S% if m € S° then p/(m) = p(m). In round r’, m exits and gets h;, so
@' (m) = hy. But then p(m) = h; = p(jo), implying m = jo (since p is a bijection).
This contradicts m € S® C S and jo ¢ S.

o Therefore m ¢ S, and m reports truthfully. In the truthful run, m’s exit cycle forms
at round 7, (the round m exits under truth-telling). Under truthful TTC, m gets
wu(m) # hy (since p=1(hy) = jo # m and p is a bijection). So m is not in the cycle
containing ! in the truthful run: under truthful TTC, m does not point to [ at the

round where h; changes hands.

So in the misreport run, the truthful agent m ¢ S ends up in a different cycle

than in the truthful run, specifically one that includes [ and yields h; to m. Since m
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always reports truthfully, m’s pointing changes only if the available set at m’s exit round
changes. This change in the available set must itself be caused by some S-member’s
misreport altering an earlier cycle. Tracing this chain: let C' be the TTC cycle in round
r’ that contains m (and [) in the misreport run. By the same case analysis applied to C’:

e If ¢’ C S: a sub-coalition of S is trading endowments in C’. Since m ¢ S is in C’, this

is impossible.

o IfC" € S: C’' contains some S-member. If all agents in C’ weakly benefit (sub-case 2a
for C’), then C’ is a blocking coalition—contradiction. If some agent in C'\ S is strictly

harmed, the same tracing argument applies recursively to a strictly earlier round.

Since the rounds are finite and strictly decreasing at each recursive step, this process
must terminate. The terminal case is either sub-case 2a (blocking coalition, contradiction
with core) or Case 1 (coalition entirely within S, contradiction with core). Either way,

we reach a contradiction.

Since all cases yield contradictions, no coalition S can achieve a weak Pareto im-

provement via coordinated misreporting. TTC is weakly group strategy-proof.

Remark (Why Weak GSP Is Harder Than Strong GSP).

The additional difficulty in the weak GSP proof relative to strong GSP comes entirely
from SY-members. In strong GSP, every coalition member is assumed strictly better off,
so individual strategy-proofness can be applied to each member to show they can only
receive objects from within S (Claim 1 of the strong GSP proof). This argument fails
for S%-members: they are indifferent between their truthful and misreport outcomes, so

ISP provides no constraint on where their object originates.

S%-members may misreport not to benefit themselves, but to act as “facilitators™—
adjusting the cycle structure in early rounds to create a path that allows St-members to
enter better cycles. Sub-case 2b captures exactly this scenario and requires the recursive
tracing argument above: each step of the chain that S°-members create must eventually
close into a cycle, and that cycle is forced to be a blocking coalition for p under true

preferences—which is impossible since y is the unique strict core.

6.2 The Assignment Problem: Allocation without En-

dowments

The housing market model rests critically on the assumption that each agent holds an initial
endowment: this is what gives IR its bite, and what makes the core a meaningful solution
concept. Once we drop this assumption—handing all objects to a central planner and asking
how to distribute them from scratch—both IR and the core lose their reference point. We
enter the assignment problem, where no agent has a prior claim to any object and the

relevant normative goals reduce to Pareto efficiency and strategy-proofness.
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6.2.1 Serial Dictatorship (SD)

The serial dictatorship (SD) mechanism addresses this setting directly. Agents are given a
predetermined priority ordering and pick their favorite available object in turn. Compared
to TTC, SD trades the structural richness of cycle-based trading for sheer simplicity: there

are no endowments to track, no cycles to identify, and no core to verify—just a queue and

a sequence of greedy choices.

Serial Dictatorship

Fix an ordering o = (0(1),0(2),...,0(n)) of the agents. The mechanism proceeds

as follows:
1. Agent o(1) (the “dictator”) picks their most preferred house from H.
2. Agent o(2) picks their most preferred house from the remaining houses.

3. Continue until all agents are assigned.

Example (Serial Dictatorship on the Office Problem).

We run SD on the office problem with the natural ordering o = (P, Ps, ..., Py). At each

step, the active agent scans their preference list top-to-bottom and picks the highest-

ranked office that is still available. Taken offices are shown in gray.

Step | Available offices Agent picks Gets
1 {1,2,3,4,5,6,7,8,9} Py: top choice is 7 v/ 7
2 {1,2,3,4,5,6,8,9} P5: top choice is 4 v/ 4
3 {1,2,3,5,6,8,9} Ps: top choice is 6 v/ 6
4 {1,2,3,5,8,9} Py: 7 taken; next available: 1 v/ 1
5 {2,3,5,8,9} Ps5: 7,1 taken; next available: 8 v/ 8
6 {2,3,5,9} Ps: 7,1 taken; next available: 2 v/ 2
7 {3,5,9} Ps: top choice is 9 v/ 9
8 {3,5} Ps: 6,2,4 taken; next available: 3 v/ 3
9 {5} Py: 2 taken; next available: 5 v/ 5

The SD allocation under ordering o = (P, ..., Py) is:

Agent |P\ Py Py Py P Py Pr Ps P
Office |7 4 6 1 8 2 9 3 5

Compare this with the TTC allocation on the same problem:

Agent‘Pl P2 P3 P4 P5 Pﬁ P7 Pg Pg
Offce | 6 4 8 7 5 1 9 3 2

Several agents differ: P; gets office 7 under SD (their top choice) versus 6 under TTC;
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Py gets 1 under SD versus 7 under TTC. This illustrates a key tradeoff: the agent who
goes first under SD always receives their top choice, but later agents may fare worse
than under TTC, where the cycle structure can give non-first agents access to offices
they could not reach by waiting their turn.

6.2.2 Properties of SD

Theorem 6.9: Serial Dictatorship is Pareto Efficient

The allocation produced by SD is Pareto efficient: there is no other allocation that
makes every agent weakly better off and some agent strictly better off.

Proof for Theorem

The argument is essentially one of optimality at the margin. Consider the first agent
i who would need to be reassigned to achieve the supposed Pareto improvement. Agent
i already holds their top choice among everything not taken by higher-priority agents

there is simply nothing better left for them. Any Pareto improvement for i is therefore

impossible, and the supposed dominating allocation cannot exist.

Suppose for contradiction that some allocation i’ Pareto dominates the SD allocation
u. Let i = o(k) be the first agent in the priority ordering such that p'(i) # u(¢). Since
1’ Pareto dominates p, we have p/(i) =; u(i).

But (%) is i’s most preferred object among all objects available when it was i’s turn—
that is, among all objects not already taken by o(1),...,0(k—1). Since ¢ is the first agent
to differ between p and p', every agent o(1),...,0(k — 1) receives the same object under
both p and p’. Therefore the set of objects available to ¢ at step k is identical under
both allocations, and w(%) is i’s top choice from that set. The existence of u/(3) =; (i)
with p/(7) in the same available set is a contradiction.

Notice that this argument does not require every agent to get their globally top-ranked
object. It only requires that each agent gets their top choice given the residual supply,

which is precisely what the greedy sequential structure of SD guarantees.

Theorem 6.10: Serial Dictatorship is Strategy-Proof

Under SD, truthful reporting of preferences is a dominant strategy for every agent.
No agent can obtain a strictly better object by misreporting their preferences, re-

gardless of what other agents report.

Proof for Theorem

In SD, your report only affects what you pick—it has no effect whatsoever on what is
available to you, since the available set is determined entirely by agents ahead of you in
the queue. You always face the same menu Ay, and truth-telling simply ensures you pick

your genuine favorite from it. Lying can only cause you to pick something you like less.
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Fix any agent ¢ = o(k) and any reports by all other agents. Suppose i misreports,
yielding object o' under the misreport, compared to o* = u(i) under truthful reporting.
We show o' #; o*.

The key observation is that, the set of objects available to 7 at step k is determined
entirely by the choices of o(1),...,0(k — 1), each of whom picks their own top available
object according to their own report. Since ¢ = o (k) has no influence over any earlier
agent’s report or choice, the available set Ay at step k is identical whether 7 reports

truthfully or not.

Under truthful reporting, 7 picks o* = pu(7), their most preferred object in Ay, (the
available set at step k). Under misreport, ¢ picks according to a false preference list, and
receives some o' € Aj. Since o* is ¢’s true top choice from Ay and o' € A, we have
o* =; o'. In particular, o’ ¥; o*. Since the reports of other agents and the choice of

1 = o(k) were arbitrary, truth-telling is a dominant strategy.

6.2.3 Equivalence of Random SD and TTC with Random Endow-
ments

The separation between the housing market (with endowments, TTC) and the assignment
problem (without endowments, SD) may seem sharp. Yet there is a striking bridge between
the two frameworks: once we introduce randomness into either model in the natural way,
the two mechanisms become outcome-equivalent. This result, due to Abdulkadiroglu and
Soénmez (1998), reveals that the endowment structure and the priority structure are, at a

deeper level, two sides of the same coin.

The key observation is that both frameworks have one remaining degree of freedom that

the model leaves unspecified:

o In the assignment problem, objects have no owner, so the mechanism designer must choose
a priority ordering over agents. If this choice seems arbitrary, a natural response is to

randomize: draw a uniformly random ordering.

o In the housing market, agents must have initial endowments, but if no agent has a natural
prior claim to any particular object, a natural response is again to randomize: draw a

uniformly random endowment assignment, then run TTC.

Randomizing the one free parameter in each model yields two randomized mechanisms. The

theorem below says they are the same mechanism.
Definition 6.11: Randomized Mechanisms

e« Random Serial Dictatorship (RSD): Draw a uniformly random ordering o

of agents (each of the n! orderings equally likely), then run SD under o.

o Core from Random Endowments (CFRE): Draw a uniformly random as-
signment of objects to agents as initial endowments (each of the n! bijections
equally likely), then run TTC to find the core allocation.
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Theorem 6.12: RSD = CFRE

RSD and CFRE induce the same probability distribution over allocations: for every

deterministic allocation p,
Profpg” = ] = Prfue ™ =y,

where ¢ is a uniformly random priority ordering and e is a uniformly random en-

dowment assignment.
Proof for Theorem

Lemma 6.13: Within-Cycle Commutativity

Fix any endowment e and let y = plT¢ with TTC producing cycles

Cy,Cy,. .., Cy, in successive rounds. Let X(u,e) denote the set of all priority
orderings that:

1. place all agents in C} before all agents in Ciy; (for each k), and
2. within each C}, use any permutation of its members.

Then SD under every o € X(u, e) produces p.

Proof for Lemma
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We establish one fact about the TTC cycle structure.
Fact 6.14: Within-Cycle Self-Preference

For any cycle Cj and any two distinct members a,b € Ci: pu(a) >4 (b).

Take any o € X(u,e) and any agent a € Cy. When a’s turn comes in SD, the
available objects are a subset of those available in TTC round k, for the following
reason: the objects removed before round k in TTC are exactly U, ., {u(z) : x € C},
and by definition of X(u,e), all agents in C4,...,C_1 pick before a. By the Fact
above and induction, each such agent picks their own p-assignment, so the objects
removed before a’s turn in SD are exactly |J, ., {u(z) : © € Ci} plus the p-assignments
of those Ci-members who pick before a.

We verify that p(a) is a’s top available object when a picks:

o Objects from earlier cycles are unavailable. All u(i) for i € Cy, | < k have
been claimed. In TTC, p(a) is a’s top choice among all objects available in round
k—this already accounts for the absence of earlier objects. So no unavailable object

is preferred over u(a).

e u(a) has not been taken by earlier C; members. By the Fact, every other

b € Cy, prefers u(b) over u(a), so no earlier Ci-member claims p(a).

¢ Objects from later cycles are weakly worse. All objects p(z) for x € C,

I > k were available in TTC round k, and a chose p(a) over all of them.

Therefore a claims p(a) in SD. Since a was arbitrary, SD under ¢ produces p.

It remains to show that the randomization in CFRE and RSD induce the same
distribution. We do this by mapping both the valid orderings ¢ and the valid endowments
e to a canonical block partition uniquely defined by p and the agents’ preferences.

Fix an allocation u. Define an ordered partition B = (B, Ba, ..., By,) of the agents
recursively as follows: Let B; be the minimal nonempty set of agents whose top choices
among all objects are exactly u(Bi). Let Bs be the minimal nonempty set of agents
whose top choices among the remaining objects N \ p(B1) are exactly pu(Bsz), and so on.

Notice that B is uniquely determined independent of o or e.

Counting Orderings for RSD:

An ordering o yields g under SD if and only if it respects this dependency structure.
Specifically, agents in By must appear after all agents in By,..., Bg_1 to ensure their
preferred objects in those blocks are already taken. Because By, is defined as the minimal
closed set under top available choices, the agents within By can be processed in any
internal order without disrupting the assignment p. Thus, the total number of orderings

yielding p is exactly the number of ways to permute agents within each block:

Ho:us® = p}) =[] B!
k=1
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Counting Endowments for CFRE:
An endowment e yields p under TTC if and only if for every block k, e endows the objects
w(By) strictly to the agents in By, (i.e., e(Byk) = u(Bk)). To see why, consider the TTC
pointer function p(i) = e~ 1(u(i)). If e(Bg) = u(Bs), then p forms a bijection from By
to itself. Consequently, p perfectly decomposes into a set of disjoint cycles covering all
of By. Since their top available choices are in u(By), every agent i € By, participates in
a cycle and receives exactly ().

The number of such valid endowments is simply the number of possible bijections
from By, to p(By) for each block k. Therefore:

{e:ul™ = p}| =[] 1B
k=1

Since there are exactly n! total orderings and n! total endowments, and the sizes of

the pre-images yielding p are strictly equal, we conclude:

m !
Pr, [P = ] = I [Bel! _ Pr [ TC =

n! M]

This holds for any deterministic allocation u, completing the proof.

Remark (Proof Intuition).

The bijection has a clean interpretation. In SD, the priority ordering determines who
gets served first. In TTC, the endowment determines who holds what. The bijection
o — e(o) encodes the SD priority order into the endowment structure by a cyclic shift:
agent oy is endowed with the object that of_; ends up with under SD. This creates
a pointing chain in TTC that exactly mirrors the SD queue—agent o points to oj41
because o1 holds what o), ultimately wants. The TTC cycles that form then execute

the same trades as the SD steps, in the same order.

At a higher level, both mechanisms are doing the same thing: translating an under-
lying permutation (of agents, or of objects) into an allocation by a greedy sequential
procedure. Randomizing the permutation uniformly in either case produces the same
lottery, because the two “greedy procedures” are isomorphic via the cyclic shift bijec-

tion.

The equivalence has several consequences worth noting.

¢ Mechanism design flexibility. A planner who knows only agents’ preferences—but has
no natural endowment structure or priority structure—can implement the same outcome-

distribution using whichever model is more convenient for the context.

e Properties transfer. Since RSD inherits strategy-proofness and Pareto efficiency from
SD, and CFRE inherits the core property and IR from TTC, the equivalence implies that

both randomized mechanisms simultaneously satisfy all four properties in expectation.

¢ The endowment is not deep. The result suggests that the distinction between “having

endowments” and “not having endowments” is less fundamental than it appears—at least
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once both are randomized. What matters is the underlying combinatorial structure of

sequential greedy assignment, not the narrative framing of endowments versus priorities.

6.3 Two-Sided Matching

We now transition from one-sided allocation problems (housing markets) to two-sided match-
ing problems, where agents on both sides of the market have preferences over agents on the
other side. The canonical example is the college admissions problem introduced by Gale
and Shapley (1962).

6.3.1 Two-Sided Matching and Pairwise Stability
Definition 6.15: Two-Sided Matching Market

A two-sided matching market (or marriage model) consists of:

o Two disjoint, finite sets of agents: & = {s1,...,8,} (students) and C =
{c1,...,cm} (colleges).

e Each student s € S has a strict preference ordering >, over C.
e Each college ¢ € C has a strict preference ordering . over S.

o Each college has a quota ¢, > 1 specifying the number of seats available. In the

basic model, g. = 1 for all ¢, and m = n.

Definition 6.16: Matching

A matching p is a bijection p: C — S (when |C| = |S| and all quotas are 1). That
is, u(c) denotes the student assigned to college ¢, and u~1(s) denotes the college

assigned to student s.

In the housing market (Shapley—Scarf), only one side—the agents—had preferences;
houses were passive objects. Here, both sides have preferences, which fundamentally changes
the problem. The notion of “core” from the housing market generalizes to the concept of
stability, but the structure of stable allocations is much richer.

The central solution concept in two-sided matching is pairwise stability. Unlike the core

(which considers arbitrary coalitions), pairwise stability focuses on deviations by pairs (¢, s).
Definition 6.17: Blocking Pair and Pairwise Stability
A pair (¢, s) € C x S is a blocking pair for matching p if:
1. College ¢ prefers student s to its current match: s >. u(c);
2. Student s prefers college ¢ to their current match: ¢ =4 p=1(s).

A matching p is pairwise stable if there exists no blocking pair.
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Remark.

Pairwise stability captures a minimal notion of “no justified envy”: there is no student-

college pair who would both prefer to be matched with each other over their current

assignments. If such a pair existed, the college would have an incentive to admit the

student, and the student would have an incentive to accept—destabilizing the matching.

6.3.2 Deferred Acceptance (DA)

Gale and Shapley (1962) introduced the Deferred Acceptance (DA) algorithm, which always
produces a pairwise stable matching.

Student-Proposing Deferred Acceptance (DA)

1. Propose: Each unmatched student proposes to the highest-ranked college on

their list to which they have not yet proposed.

2. Hold/Reject: Each college that receives proposals tentatively holds the most

preferred applicant (according to its own ranking) among the new proposals

and its currently held student (if any), and rejects all others.

3. Repeat: Rejected students propose to their next choice. Continue until no

rejections occur (every student is either tentatively held or has been rejected

by all colleges).

4. Finalize: All tentative matches become permanent.

Example (Student-Proposing DA on the Matching Problem).

Consider 10 students S = {s1,...,s10} and 10 colleges C' = {cy, ..

quota ¢ = 1.

.,¢10}, each with

College preferences over students (Final matches highlighted):

Rank | Ca cs3 C4 cs Ce cr cs Co C10
1 S1 S1 S10 S6 S7 Sa S1 S6 S8 S6
2 S92 Se S2 S1 S92 S8 S4 S84 S10 S5
3 S3 S9 S4 S5 S8 S2 S3 So S6 81
4 S4 ED Se S2 S4 S6 S8 S10 S9 S4
5 S5 85 Ss S7 S0 S0 S5 Ss 85 S10
6 S6 S8 S3 S3 S5 S3 So S3 S7 S8
7 s7 83 S5 S8 S9 St 89 81 sS4 So
8 S8 S4 S7 Sq S6 S1 S6 S9 S3 So
9 S9 St S9 S0 S3 S5 St 87 81 83
10 s10  S10 81 S9 S1 S9  S10 S5 S2 s7

Student preferences over colleges (Final matches highlighted):
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Rank | s1 S2 S3 S4 S5 S6 s7 S8 S9  S10
1 Cs Cag Cs Cg Cc3 C3 Cs C1 C1 C2
2 C10 (&) c6 [ cr C4 Ce C4 Cs C10
3 c6 Cio Ci1 cs cy cs c4 C2 c2 Co
4 Cyq Ce cr cs C10 Cc1 C2 Ce C10 Cq
5 (4 C3 C4 C1 C1 C9 Co C3 C3 C1
6 c2 cy cs cr cs cr cr cr c8 c7
7 [ Cc1 C9 Cc3 C4 C10 Cs Cs Ce Cs
8 Co cs  Ccio  C9 C2 cg Cio Cio C7 Cé
9 c1 c2 C2 c10 Cé C2 c1 c8 C4 c3

10 c3 cs c3 C4 cs Ce C3 C9 Cg Cs

We execute the student-proposing DA algorithm. We track the process using a
chalkboard-style simulation: the colleges are listed across the top, and proposing stu-
dents are written below them. In each round, if a college receives multiple proposals (or

a new proposal challenges a held student), the college’s less preferred student is simply

crossed out (struck-through).

Round 1.

All 10 students propose to their first-choice colleges.

Colleges ¢1, c3, and c5 receive

multiple proposals and must reject the less preferred students.

1 C2 s C Cr €8 Cog C10
58 $10 53 54 S7

Rejected: sg (next cs), ss (next c7), s1 (next cip).

Round 2.

The three rejected students propose to their next choices. sg challenges s3 at c¢5. College
s prefers sg (#7) over sg (#9).

C1 C2 Cs Cg C7r Cg Cog Ci0
S8 S10 S9 S4 S5 St S1

Rejected: s3 (next cg).

Round 3.

s3 proposes to cg. College c¢g evaluates the held s; and the new s3. s4 is ¢g’s top pick

and is retained.

C1 (&) Cs C¢ Cr Cg C9 Ci10
S8 810 S9 S4 S5 S7 S1
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Rejected: s3 (next cq).

Round 4.
s3 proposes to ¢1. College ¢1 prefers s3 (#3) over the currently held sg (#8).

C1 C2 C3 € C5 Cg Cr Cg Cg9 Ci0

53 S10 S¢ S2 SS9 S4 S5 S7 51
Rejected: ss (next cq).

Round 5.
sg proposes to ¢g. College ¢4 prefers the held sy (#4) over sg (#7).

C1 C2 C3 C4 Cs Ce Cr Cs C9 Ci0

83 S10 Se¢ S22 S9 S4 S5 S7 S1
Rejected: sg (next ca).

Round 6.
sg proposes to cy. College ¢y prefers sg (#6) over the held s1o (#10).

1 C2 C3 € ¢35 Cg Cr Cg Cg9 Ci0

83 S8 S¢ S22 S9 S4 S5 57 S1
540
Rejected: s19 (next cip).

Round 7.
s10 proposes to cjg. College ¢ prefers the held s (#3) over s19 (#5).

C1 C2 C3 C4 Cs Ce Cr Cs C9 Ci0

S3 S8 S6 S92 S9 S4 S5 St S1
S10
Rejected: s19 (next cg).

Round 8.

$10 proposes to cg. College cg is empty and accepts immediately.

C1 C2 C3 Cq Cs Ce Cr Cs C9 €10

53 S8 S¢ S22 S9 S4 S5 St S0 S1
No further rejections. The algorithm terminates.

The student-optimal stable matching ug is directly read from the final chalkboard

state:
College ‘cl Ca C3 €4 C3 Cg C7 Cg Cg Cig

Student‘33 Sg Sg So Sg S84 S5 S7 S0 S1
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6.3.3 Properties of DA

Theorem 6.18: DA is Pairwise Stable

The matching produced by the student-proposing DA algorithm is pairwise stable.

Proof for Theorem

The argument proceeds as follows. Suppose, for contradiction, that (c, s) is a blocking
pair under the DA outcome p. Then:

1. Student s prefers c to u~!(s), meaning ¢ =, u~!(s). Since DA has students propose
in order of preference, s must have proposed to ¢ at some earlier round before being
eventually matched with p=1(s).

2. But s was rejected by ¢ at that round, which means ¢ was holding (tentatively
matched with) a student it prefers to s. Since colleges only ever improve their
tentative match over the course of the algorithm, ¢’s final match u(c) is at least as
preferred as the student it held when it rejected s. Hence p(c) > s.

This contradicts the requirement that ¢ prefers s to u(c). Therefore no blocking pair can

exist.

Theorem 6.19: Strategy-Proofness for the Proposing Side

In the student-proposing DA, truthful reporting of preferences is a dominant strategy
for every student. That is, no student can obtain a strictly better outcome by

misreporting their preferences, regardless of what other students or colleges report.

Proof for Theorem

We present the proof for the general many-to-one matching market where each college ¢
has a quota ¢g. > 1.

We proceed by contradiction. Suppose there exists a true preference profile P, but
some student s* submits a fake preference list Pl.. Let u be the truthful DA outcome,
and let u/ be the DA outcome under the misreported profile P’ = (Pl., P_+).

Suppose the misreport is strictly profitable for s*, meaning p'(s*) »=g+ pu(s*).

Step 1: Identify the “Improving” Coalition.
Let S’ be the set of all students who are strictly better off under x’ than under p according

to their true preferences:
S'={s eS| (s) =s u(s)}

By our assumption, s* € S’'. Let C’ = p/(S’) be the set of colleges these students are
matched to in p'.

Step 2: The Rejection Implication.

For every student s € S’, because ' (s) =5 u(s), s must have proposed to p'(s) and been
rejected during the truthful DA. Consequently, every college ¢ € C’ must have rejected
at least one student from S’ in the truthful DA.

Under the rules of DA with quotas, a college only rejects an acceptable student if
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its quota is completely full. This implies that in the truthful outcome u, every college
¢ € (' exactly filled its capacity (Ju(c)] = g.), and it strictly prefers every single
student currently in u(c) to the S’ student it rejected.

Step 3: All Displaced Students must belong to S’.

Take any college ¢ € C’. Since ¢ € C’, there is some student s € S’ such that s € p/(c).
Let k € p(c) be any student assigned to ¢ in the truthful DA. We claim k& must also
belong to S".

Suppose for contradiction that k ¢ S’. This means k does not strictly prefer p’ over
. Since ¢ must be filled with different students or drop some students to accommodate
s in g/, if k is displaced from ¢, k strictly prefers u(k) = ¢ over p/(k). Since k ¢ S’ but
s* € 8, k # s*. Thus, k reported truthfully.

Now consider the matching p’ under the reported profile P’. College ¢ admits s € S’
in /. But from Step 2, ¢ strictly prefers k over s (k =, s). At the same time, k strictly
prefers ¢ over p/ (k). Because k’s reported preference is their true preference, (¢, k) forms
a blocking pair for ' under P’! This contradicts the fact that u’ is the stable DA
outcome under P’.

Hence, our claim holds: every student k € pu(c) sitting in college ¢ during the truthful
DA must belong to 5.

Step 4: The Counting Contradiction.
Let us count the seats in C’. The total capacity of all colleges in C" is ) v ge-

By Step 2, every college in C’ is completely full under . By Step 3, every single stu-
dent occupying these seats in x belongs to S’. Therefore, S contains at least > . gc
students.

Now look at p’. By the definition of C’, every student in S’ is assigned to a college
in C’. Since the maximum number of students C’ can hold is } . g, S’ can contain
at most ) _. g. students.

Thus, |S'| =3 ccr ge- The students assigned to C” in the truthful matching p are
ezactly the students in S’, occupying all available seats.

In p/, this exact same group of students S’ is completely reallocated among the exact
same seats in C’. But by the definition of S/, every single student in S’ strictly
prefers their new seat in i/ to their old seat in u.

This implies p’ strictly Pareto dominates p for this subset of students, without
affecting anyone else. However, it is a fundamental property of the student-proposing
DA that its outcome (u) is the student-optimal stable matching (which is Pareto
efficient for the students). A strict Pareto improvement via a pure internal reallocation
is mathematically impossible.

This contradiction proves that no such profitable misreport P.. can exist.

Remark.

The intuition is clean: under DA, a student who misreports can only cause themselves to
be rejected by colleges they would have been admitted to, or cause themselves to propose
to less preferred colleges earlier. Misreporting can never lead to admission at a college
that would have rejected the student under truthful reporting.
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Theorem 6.20: Impossibility of Two-Sided Strategy-Proofness

No stable matching mechanism is strategy-proof for both sides simultaneously. In
particular, under the student-proposing DA, colleges may have incentives to misre-

port their preferences.

Remark (How Can the Accepting Side Manipulate?).

The accepting side (colleges in student-proposing DA) can potentially manipulate by
truncating their preference lists or reordering them. For instance, a college might strate-
gically rank a less-preferred student higher to trigger a chain of rejections that ultimately
results in a more favorable match. This impossibility result (Roth, 1982) highlights a
fundamental tension: any stable matching mechanism must sacrifice strategy-
proofness on at least one side.

6.3.4 Many-to-One Matching (Quotas)

So far, our two-sided matching model assumed g. = 1 for all colleges, mathematically mir-
roring a strict one-to-one “marriage” market. In reality, the classic Gale-Shapley model was
built for the college admissions problem, where institutions admit entire incoming classes.
Generalizing from one-to-one to many-to-one matching introduces capacity constraints, but
the core theoretical machinery translates beautifully.

Definition 6.21: Many-to-One Matching Market

Each college ¢ € C now has a maximum capacity or quota ¢. > 1. A matching
is a mapping such that:

o For each student s, p(s) € C U {0} (a student attends at most one college or

remains unmatched).

o For each college ¢, u(c) C S with |u(c)| < ¢. (a college admits a set of students
up to its quota).

o u(s)=c <= s e pu(c).

In a many-to-one matching market, a college ¢ with quota g. ultimately admits a set
of students. While the model specifies the college’s strict ranking over individual students
(denoted by =), we must define how it ranks different incoming classes (subsets of students).
To keep the model tractable and rule out complex complementarities (e.g., “I only want
student A if T also get student B”), we impose a standard behavioral assumption on how

colleges evaluate groups.
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Assumption 6.22: Responsive Preferences

Let ! denote college c’s preference relation over sets of students. We assume >
is responsive to the college’s preferences over individual students .. Specifically,

for any set of students S strictly below capacity (|S| < g.), and any two students
s,8 ¢ 5.

1. Substitution: Replacing a student with a strictly more preferred individual

always makes the college strictly better off:

SU{s}=:SU{s} & s>.¢

2. Addition: Adding an acceptable student (one who is preferred to leaving a
seat empty, s = () always makes the college strictly better off:

SU{s} =58 = s>=.0

Remark (Why do we need this assumption?).

Without responsiveness, evaluating stability becomes a combinatorial nightmare. A
college might reject a globally top-ranked student simply because they do not “fit” well
with the rest of the admitted cohort.

By assuming responsive preferences, we guarantee that a college’s evaluation of a
group is strictly and additively tied to the independent quality of its individual members.
Crucially, this mathematically justifies why we only need to check for pairwise blocking
pairs. If a college ever wants to deviate and alter its admitted class, responsiveness
ensures that this desire will manifest as a simple pairwise blocking condition with a single
better student, relieving us from checking complex multi-student coordinated deviations.

Definition 6.23: Pairwise Stability with Quotas

A matching p is pairwise stable if it is individually rational and contains no blocking
pair. A pair (¢, s) blocks p if:

1. Student s prefers ¢ to their current match: ¢ >, p(s);

2. Either c¢ has an empty seat (Ju(c)| < q.),
Or c is full (Ju(c)| = g.) but prefers s to at least one of its currently admitted
students (s >. s’ for some s’ € pu(c)).

Student-Proposing DA (with Quotas)

The DA algorithm adapts to quotas with a single, straightforward modification:

1. Propose: Each unassigned student proposes to their most preferred acceptable
college that has not yet rejected them.
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2. Hold/Reject: Each college ¢ considers its new applicants alongside the stu-
dents it tentatively held from the previous round. It ranks this combined pool,
tentatively holds up to ¢. of its most preferred students, and rejects
the rest.

3. Repeat until no student is rejected.

Example (DA with Quotas).

Consider 6 students {s1,...,s¢} and 2 colleges {c1,ca}. College ¢; has a quota ¢ = 2,
and college ¢, has a quota g = 3. Notice that total demand (6 students) exceeds total

supply (5 seats), meaning at least one student will be left unmatched.

College preferences (Quotas in parentheses, Final matches highlighted):

Rank | c1(¢=2) c2(¢g=3)
1 S1 Se
2 S2 S5
3 S3 Sa
4 S4 S3
5 S5 S2
6 S6 $1

Student preferences (Final matches highlighted):

Rank ‘ S1 So S3 S4 S5 Sg

1 c2 ¢1 ¢ ¢ Cc2 1

2 c1 C2 C2 C2 C1 C2

We run the student-proposing DA algorithm. Remember that colleges rank their

combined pool of applicants and simply draw a “cutoff line” at their quota.

Round 1.

Students propose to their top choices: s1,s5 — co, while ss, 83, 84, 8¢ — €1.

ca(g=2) c2(g=3)

52 S1
S3 S5
s
56

Ezxplanation: ¢y receives 4 applicants for 2 seats. Looking at c;’s preference list, so >
83 > 84 > Sg- It holds the top two (s2, s3) and rejects the rest. co only has 2 applicants
for 3 seats, so it holds both.

Rejected: s4 (next c2), s¢ (next cz).

Round 2.
The rejected students s4 and sg propose to ca. c2’s new pool is {s1, s5} (held) U {s4, s¢}

(new) = {s1, 84, S5, S6 }-
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S2 S6
S3 S5
S4

Ezxplanation: co ranks its pool: sg > s5 = s4 > s1. It keeps the top 3. Notice that sy,
who was safely held in Round 1, is now bumped out by stronger applicants!

Rejected: s1 (next cy).

Round 3.

s1 proposes to ¢1. ¢1’s pool is now {sg, s3} (held) U {s1} (new).

S1 Se
So S5
55 S4

Explanation: ¢y ranks its pool: s; > s > s3. It keeps the top 2. Another devastating
bump occurs: sz is kicked out to make room for s;.

Rejected: s3 (next cs).

Round 4.
S3 proposes to cz. c2’s pool is {s4, 85, s6} (held) U {s3} (new).

S1 S6
52 S5
S4

Explanation: co ranks its pool: sg = s5 = s4 > s3. The cutoff is 3, so s3 is rejected
immediately.

Rejected: s3 (no choices remaining).

Round 5.
Student s3 has exhausted their preference list. No unassigned student has an acceptable

college left to propose to. The algorithm terminates.

The final student-optimal stable matching pg with quotas is:
ps(er) = {s1, 80}, ps(ca) = {s4,85,56}, pus(ss) =10

6.3.5 Truncated Preferences (Unacceptable Matches)

In our previous examples, we implicitly assumed that every college was acceptable to every

student, and every student was acceptable to every college. In reality, matching markets
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are characterized by outside options. A student might prefer to stay home or enter the
labor market rather than attend a poorly ranked college. Similarly, a college might prefer to
leave a seat empty rather than admit a student who does not meet its minimum academic
standards.

We model this by introducing truncated preferences. An agent ranks a subset of the

opposite side and deems the rest unacceptable.

Definition 6.24: Unacceptable Matches, Matching with Trun-
cations and Individual Rationality

We use the symbol §) to denote the outside option of remaining unmatched.
o A college c is acceptable to student s if ¢ =, (.
o A student s is acceptable to college c if s = ().

Any agent ranked below ) in a preference list is strictly worse than being unmatched.

Definition 6.25: Matching with Truncations

Let C = {c1,...,¢m} (with quotas ¢;) and S = {s1,...,s,}. Each student s has
a strict preference >4 over C, and each college ¢ has a strict preference >. over S.
Agents may rank only a subset of the other side as acceptable, leaving the ranking
below () as unacceptable. A matching is a function p : & — C U {0} (with the
constraint that [{s : u(s) = c}| < g, for each c¢). Here u(s) = @ means student s is
unmatched.

Definition 6.26: Individual Rationality

A matching u is Individually Rational (IR) if no agent is matched with an un-
acceptable partner: pu(s) s 0 and p(c) Z. 0 for all s € S, c € C.

Definition 6.27: Stability with Truncations

A matching p is stable if:

(i) Individual rationality: Every matched student prefers their match to being
unmatched: if u(s) € C, then u(s) >, 0. Similarly, every college finds each of
its matched students acceptable.

(ii) No blocking pair: There is no pair (s,c) with p(s) # ¢ such that ¢ = u(s)
and either ¢ has an unfilled seat or s . s’ for some s’ € p(c).
The DA algorithm handles truncated preferences effortlessly by embedding the IR, con-

straint directly into its rules:

1. Students never propose to unacceptable colleges (they drop out of the market once

they reach ) on their lists).
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2. Colleges immediately reject any proposing student who is unacceptable to them, even

if they have empty seats.

This slight modification is not just algorithmic; it provides a constructive proof for a

fundamental existence theorem in matching theory.

Theorem 6.28: Existence of Stable Matchings with Truncations

For any two-sided matching market with strict, truncated preferences, there always

exists at least one matching that is both pairwise stable and individually rational.

Proof for Theorem

The proof is constructive. We show that the Deferred Acceptance (DA) algorithm, modi-
fied with the two IR rules above, always terminates and outputs a matching that satisfies

both properties.

Part 1: Individual Rationality (IR).

By the modified rules of the DA algorithm, no student ever proposes to an unaccept-
able college. Furthermore, no college ever tentatively holds (or permanently admits) an
unacceptable student. Therefore, in the final matching p, every student either receives
an acceptable college or remains unmatched (u(s) s 0), and every college only admits

acceptable students. Thus, u is individually rational.

Part 2: Pairwise Stability.
Suppose, for contradiction, that there exists a blocking pair (¢, s) in the final matching

. By definition of a blocking pair under quotas and truncations:
1. Student s strictly prefers ¢ over their final match: ¢ > u(s) =5 0.

2. College c strictly prefers s over () (meaning s is acceptable to ¢), AND either ¢

has an empty seat (|u(c)] < g.) or ¢ strictly prefers s over some admitted student
s" € p(c).

Since ¢ >4 p(s), student s must have proposed to college ¢ at some round prior to
proposing to u(s) (or before dropping out, if u(s) = 0).

Since s is not matched with ¢ in the end, college ¢ must have rejected s at some
round. Under the DA rules, a college only rejects an acceptable student if it has already
filled its entire quota g. with students it strictly prefers to the rejected student.

Moreover, as the DA algorithm progresses, a college’s pool of tentatively held students
can only improve (a college only drops a held student if a strictly better one proposes).
Therefore, in the final matching p, college ¢ must be exactly at full capacity (Ju(c)| = ¢.),
and it must strictly prefer every student in pu(c) to s.

This directly contradicts the second condition of the blocking pair (that ¢ has an

empty seat or prefers s to some admitted student s').

Hence, no blocking pair can exist. The modified DA algorithm always terminates

yielding an individually rational and pairwise stable matching, proving existence.

Example (DA with Truncated Preferences).
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Consider our 10-student, 10-college market again, but now with severe truncations. The

symbol ) marks the end of the acceptable options. (For columns that do not explicitly

show (), we assume the list naturally ends there or the unlisted options are unacceptable).

College preferences (Final matches highlighted):

Rank | ¢ C2 c3 cq cs Cé cr cs Cg C10
1 s1 81 S0 Sé ST Sa 81 S6 S8 S6
2 S2  Se So S1 S92 S8 S4 S4 S10 S5
3 S3  So S4 S5 S8 S2 s3 S2 Se S1
4 S4  S2 Se S S84 S6 S8 S10 Sg S4
5 S5 0 S8 S7 0 s EH S8 S5 S10
6 S6 S3 S3 S3 S2 S3 S7 58
7 1] S5 S8 s7 So $1 54 S9
8 S7 S4 S1 S6 Q) S3 S2
9 S9 S10 S5 S7 S1 S3
10 S1 Sg S9  S10 S2 S7
11 0 0

Student preferences (Final matches highlighted):

Rank | s1 S2 S3 S4 S5 S6 S7  Ss Sg  S10
1 cs ca cs Ce c3 c3 C8 c1 C1 C2
2 c10 Co Cé c2 cr C4 Ce Ca Cs C10
3 c6 Cio Ci Cs Co Cs €4 C2 c2 Co
4 0 Co cr cg Cio € €2 € Clo C4
5 c3 Ca c1 c1 Cg Co c3 0 c1
6 cr cs cr Cs c7 0 cr cr
7 cs c3 c3 Cq C10 Cs Cs
8 c1 Co Co co cs C10 Ce
9 Cs Cio C10 Cé C2 Ccs c3
10 C2 C2 cs Co (&)

We execute the student-proposing DA. Notice how truncations cause severe “imme-

diate rejections” even when colleges are empty.

Round 1.

Students propose to their top choices.

€1 €2 €3 ¢4 C5 Cg Cr Cg Cg Ci0
5§ 840 S¢ S22 S 84 st
sq 55 55

Explanation: Look closely at the rejections. College c¢5 rejects both s; and s3 imme-

diately, because neither student is on c;’s acceptable list (s7, s2, Ss, 84, 0).

Similarly,

112
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c1, C2, cg reject their applicants purely because they fail to meet the individual rational-
ity threshold.

Rejected: s1, 83, S5, 57, S, S9, $10-

Round 2.

The mass of rejected students propose to their second choices.

€k €2 €3 € G C Cr €8 C9 (10

S¢ S22 89 S4 Ss S1
55 55 540
st

Ezxplanation: cig receives s1 and syq; it prefers s;. ¢g holds s4 and rejects both s3 and
s7. ¢4 rejects sg. cs continues to be empty because sg is unacceptable.
Rejected: s3, s7, s, S9, S10-

Round 3.

C1 C2 C3 C4 Cs Ce Cr Cg Co C10

83 89 S S2 84 S5 S10  S1
55 s

Ezplanation: ¢y accepts s3. cg accepts s1g. co receives sg and sg; Sg is acceptable, but
sg is unacceptable! Thus cs holds sg and rejects ss.
Rejected: s7, sg.

Rounds 4 & 5.

s7 — co (unacceptable, rejected). sg — cg (rejected, s4 = ss).
Next: s7 — ¢g (rejected, s19 > s7). ss — c3 (rejected, sg > sg).
Rejected: s7, sg.

Round 6 (The Dropouts Begin).
Student s; has exhausted their list (reaching () after c¢g). s7 drops out of the market
and remains permanently unmatched.

Meanwhile, sg proposes to cr.

C1 C2 C3 C4 Cs Ce Cr Cg Co C10

53 S9 S6 52 S4 S8 S10 S1

Ezxplanation: c; prefers the new sg over the held ss.
Rejected: s5 (next cg).

Rounds 7, 8, & 9.

s5 — cg (rejected, s19 > S5).

s5 — c10 (held, s5 = s1). $1 is bumped!
s1 — cg (rejected, sq = $1).
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Round 10.
Student s; has exhausted their truncated list (reaching () after ¢g). s; drops out of

the market. No further proposals can be made. The algorithm terminates.

The student-optimal stable matching us under truncated preferences is:

College ‘ €L Cy C3 C4 C5 Cg C7 Cg Cg Cio

Student‘Sg, s9 s sa 0 s4 sg O si9  ss

Notice that students s; and s7, as well as colleges c5 and cg, remain completely un-
matched. This is the profound impact of the Individual Rationality constraint: stability
now requires that some participants go home empty-handed rather than accept sub-par

matches.

The introduction of truncated preferences is not just a way to model outside options
(Individual Rationality); it also reveals a powerful method of strategic manipulation in
matching markets.

If the mechanism asks participants to submit a rank-order list, can an agent benefit by
pretending that certain acceptable partners are actually unacceptable? In other words, can
an agent game the system by submitting an artificially shortened list? This question was
famously answered by Alvin Roth.

Theorem 6.29: Strategic Truncation (Roth, 1982)

e The Proposing Side: In the college-proposing DA, no college can ever strictly
improve its match by truncating its true preference list. (Symmetrically, no stu-

dent can benefit from truncation in the student-proposing DA).

e The Receiving Side: In the student-proposing DA, a college CAN strictly

improve its match by artificially truncating its preference list!

Remark (The Intuition Behind Strategic Truncation).

That the proposing side cannot benefit from truncation is a direct corollary of the Gale-
Shapley Strategy-Proofness theorem: since truthful reporting is a dominant strategy for
the proposers, no manipulation (including truncation) can help them.

But why does truncation work for the receiving side? Consider a college under the
student-proposing DA. Suppose its true preference is s1 >, S2 > Ss3.

If the college reports truthfully, it might receive an application from s, early in the
algorithm and tentatively hold them. Holding ss acts as a “safety net” for the college, but
it also permanently removes sy from the broader applicant pool, effectively stabilizing
the rest of the market.

If the college instead truncates its list to only include its top choice (P! : s1 = 0),
it will ruthlessly reject so. This rejection forces so to apply to their next-choice college,
potentially triggering a massive chain of rejections across the market. If this chain
reaction eventually bumps s; from whichever college was holding them, s; will fall down
their own preference list and apply to ¢. By burning its safety net, the college forcefully
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destabilizes the market to shake loose its top choice!
Of course, truncation is a high-risk, high-reward strategy: if the rejection chain does

not circle back to bump s;, the college will end up completely empty-handed ().

6.3.6 The Set of Stable Matchings

We now investigate the structure of the set of all stable matchings. The key results are: (i)
the student-proposing DA produces the best stable matching for students, (ii) the interests
of the two sides are diametrically opposed, and (iii) the set of stable matchings forms a

lattice.

Example (A 4x4 Matching Problem).

Consider 4 students and 4 colleges with the following preferences:

Rank | ¢1 ¢ ¢33 ¢4 Rank | s1 s9 s3 s4
1 S1 S9 S3 Sa 1 Cq C3 Co C1
2 S92 S1 Sq S3 2 C3 Cy C1 C2
3 S3 Sa S1 S9 3 C2 C1 C4 C3
4 S4 S3 S S 4 cp Ccy Cc3 ¢4

Notice the “anti-diagonal” structure: colleges prefer students in order si, so, S3, S4,

while students prefer colleges in the reverse order ¢y, c3, c2,c1.

Student-Proposing DA. Each student proposes to their top choice: s1 — ¢4, s — c3,
s3 — c2, s4 — c1. Every college receives exactly one proposal. No rejections—the

algorithm terminates immediately.

Hs : (01784), (02,53)7 (03,52), (04781)-

Every student gets their first choice. Every college gets their last choice.
College-Proposing DA. Each college proposes to their top choice: ¢; — s1, ca — s2,

c3 — 83, ¢4 — S4. Every student receives exactly one proposal. No rejections.

Hc - (61781); <02782)7 (03783)7 (04784)'

Every college gets their first choice. Every student gets their last choice.

A third stable matching. Consider:

W (01733); (C2a51>7 (03784)3 <C4752)-

One can verify that i has no blocking pair and is therefore stable, yet & # ugs and
i # po. In fact, this small market has 10 stable matchings in total—the two DA

solutions plus 8 others.
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Student-Optimality of DA
Theorem 6.30: Student-Optimality of DA

The stable matching pg produced by the student-proposing DA is weakly preferred
by every student to any other stable matching. That is, for every student s and

every stable matching p:
151 (5) e 1 (s).

By symmetry, the college-proposing DA produces the college-optimal stable matching
He-

Proof for Theorem

We first introduce a key definition.
Definition 6.31: Possible College

A college c is possible for student s if there exists some stable matching p such
that p(s) = c.

Claim

In the student-proposing DA, no student s is ever rejected by a college ¢ that is

possible for s.

Proof for Claim.

By induction on the number of steps in the algorithm.

Base case. At step 1, every student proposes to their top choice. No rejections
have occurred yet, so the claim holds vacuously.

Inductive step. Suppose that up to step ¢ — 1, no student has been rejected by a
college that is possible for them. Suppose at step ¢, student s is rejected by college

¢, because c prefers another student s’ (whom it holds) to s:
s’ = s.

We need to show that ¢ is not possible for s.

Since s’ is currently proposing to ¢ at step t, student s’ must have already been
rejected by every college they prefer to ¢. By the induction hypothesis, all those
colleges that rejected s’ were not possible for s’. Therefore, ¢ is the best possible
college for §': in any stable matching u, we have ¢ ZZg u(s’).

Now suppose, for contradiction, that c is possible for s. Then there exists a stable
matching p with p(s) = ¢. In this matching pu, student s’ is matched to u(s’) # ¢
(since s has ¢). But we just argued ¢ 7y p(s’). Since u(s’) # ¢ (because s occupies ¢
in ) and preferences are strict, this implies ¢ >4 u(s’). Moreover, ¢ strictly prefers s’
to s = p(c). This means (¢, s’) blocks y—contradicting the stability of u. Therefore

¢ is not possible for s.
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The theorem follows immediately. Since no student is ever rejected by a possible
college during the algorithm, each student’s final match under pg is the best college that
is achievable in any stable matching.

Opposition of Interests

The following proposition reveals that the two sides of the market have diametrically opposed

interests over stable matchings.

Proposition 6.32: Opposition of Interests

If 4 and p’ are both stable matchings and every student weakly prefers p to p’, then
every college weakly prefers p’ to p.
Proof for Proposition.

Suppose all students weakly prefer p to p/. Suppose for contradiction that some college
¢ strictly prefers p to i/, i.e., u(c) >=. p'(c). Let s = u(c). Then:

« College c prefers s to p/(c): s =, u'(c).
« Student s weakly prefers p to p/, meaning ¢ = u=1(s) =, p/~1(s).

If s strictly prefers ¢ to u/~1(s), then (c,s) blocks p/, contradicting stability. If s is
indifferent, then since preferences are strict, u='(s) = p/~!(s) = ¢, which implies u(c) =
1 (¢) = s, contradicting our assumption that ¢ strictly prefers p to p'.

Corollary 6.33: Pessimality

The student-optimal stable matching pg is simultaneously the college-pessimal
stable matching: every college gets its worst partner among all stable matchings.
Symmetrically, peo is the student-pessimal stable matching.

The Lattice of Stable Matchings

Definition 6.34: Lattice of Stable Matchings

Let M denote the set of all stable matchings. Define a partial order >g on M from
the students’ perspective: u >g p’ if every student weakly prefers u to p’. The set
(M, >g) forms a distributive lattice. This means:

o For any two stable matchings p and ', there exist stable matchings p Vv p’ (the
join: student-best of the two) and p A p’ (the meet: student-worst of the two).

o The lattice has a unique maximum element pg (student-optimal) and a unique
minimum element puc (college-optimal, equivalently student-pessimal).

By the Opposition of Interests, the college ordering is exactly the reverse: what is
the join for students is the meet for colleges, and vice versa.
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Remark.

In the 4x4 example above, pg sits at the top of the lattice (every student’s favorite)
and pc at the bottom. All 8 remaining stable matchings lie strictly between these two
extremes. The following diagram illustrates the structure: the vertical axis represents
student welfare (higher is better for students) and the horizontal axis represents college
welfare (further right is better for colleges). By the Opposition of Interests, pg occupies
the upper-left corner and pc the lower-right corner. All other stable matchings are

confined to the rectangular region spanned by these two extremes.

Students prefer —

Colleges prefer —

Moving toward g makes every student weakly better off and every college weakly worse
off. Moving toward puc does the opposite. Any stable matching must lie weakly within
the bounds set by these two extremes.

The Rural Hospital Theorem

When we allow preferences to include truncations—i.e., agents may find some partners
unacceptable, so that not every agent is necessarily matched—the following striking result
holds.

Theorem 6.35: Rural Hospital Theorem (Lone Wolf Theorem)

If a student (or college) is unmatched in some stable matching, then that student

(or college) is unmatched in all stable matchings.

Proof for Theorem

We prove the result for the case of one-to-one matching (g. = 1 for all ¢).

Let S, € S be the set of students unmatched in pg (the student-optimal stable
matching), and let C,, C C be the set of colleges unmatched in pg. Similarly, let S,
and C] be the sets of students and colleges unmatched in pe (the college-optimal stable
matching).

Step 1: S, C S!,. Since pg is the student-optimal stable matching, every student gets
their best possible partner across all stable matchings. If a student s is unmatched even
in pg, then s cannot be matched in any stable matching. In particular, s is unmatched

in pe. Hence S, C 5),.
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Step 2: C!, C C,,. By symmetric reasoning, uc is the college-optimal stable matching,
so every college gets its best possible partner. If a college ¢ is unmatched in pc, then ¢
is unmatched in every stable matching, including pg. Hence C), C C,,.

Step 3: Counting argument. In any one-to-one matching, the number of matched

students equals the number of matched colleges. Therefore:
S| = |Sul =Cl=|Cul  and  [S|=|S,|=[C|] —|Cyl.

From Step 1, |S,| < |54, so the number of matched students in pg is at least the number
in pe. From Step 2, |C | < |Cy|, so the number of matched colleges in p¢ is at least the

number in pg. But matched students = matched colleges in each matching, so:

S| = 18u] = [SI-15.] = [cl-1C.] > [CI—]Cu] .
SN—— SN—— SN—— SN——
matched in pg matched in puc matched in puc matched in pug

The leftmost and rightmost terms are equal (both count matched pairs in pg), so all
inequalities are equalities. This forces |S,| = |S,| and |Cy| = |C]|. Combined with
Sy € 8! and C!, C C,,, we conclude:

S.=S, and C,=C,.

Since every stable matching u satisfies S, C S# C S/, (the first inclusion by student-
optimality of ug, the second by college-optimality of u¢), and S, = S, we have S¥ = S,
for all stable matchings u.

Remark.

The name “Rural Hospital” comes from the practical observation in medical residency
matching: hospitals in rural areas that fail to fill all their positions under one stable
matching will fail to fill them under every stable matching. Switching from the hospital-
proposing to the resident-proposing DA (or any other stable mechanism) cannot help a
rural hospital that is fundamentally undesirable to residents. The set of matched agents
is invariant across stable matchings—only the partners can change, not whether one is
matched at all.

6.4 The Boston Mechanism (Immediate Acceptance)

To truly appreciate the elegance and power of the Deferred Acceptance (DA) algorithm,
it is instructive to study a mechanism that attempts to solve the same problem but fails
spectacularly in its theoretical properties. The most famous example is the Boston Mecha-
nism, historically used by the Boston Public School system (and many other school districts
worldwide) before economists pointed out its severe flaws.

The Boston Mechanism is also known as the Immediate Acceptance mechanism. The
critical difference from DA lies in the word “immediate”: once a college accepts a student,
that decision is permanent. Seats are locked in, and future applicants cannot displace

already-admitted students, regardless of how highly the college ranks the new applicants.
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Definition 6.36: The Boston Mechanism

1. Round 1: Each student proposes to their first-choice college. Each college
looks at its proposals, accepts its most preferred students up to its quota, and

rejects the rest. These acceptances are final. The college’s quota is reduced

accordingly.

2. Round k (k > 2): Each student rejected in Round k& — 1 proposes to their
k-th choice college. Each college looks at its remaining unfilled seats (if any).
It accepts its most preferred students among the new applicants up to its

remaining quota, and rejects the rest. These acceptances are final.

3. Repeat until all students are matched or all available seats are filled.

Example (Boston Mechanism on the 10x10 Matching Problem).

Let us apply the Boston Mechanism to the exact same 10-student, 10-college problem.

All colleges have quota ¢ = 1.

College preferences (Boston Mechanism final matches highlighted):

Rank | Ca c3 cq cs Ce cr cs Cco  Cio
1 S1 S1 S10 S6 S7 S4 S1 S6 Ss S6
2 S2 S6 S2 S1 S2 S8 S4 S4 S10 S5
3 S3 S9 S4 S5 S8 S2 S3 So S6 81
4 S4 ED) Se So S4 S6 S8 S10 SS9 S4
5 S5 85 s§ ST S0 S0 S5 Ss S5 S10
6 S6 S8 S3 S3 S5 S3 So S3 S7 S8
7 S7 S3 S5 S8 S9 S7 S9 S1 S4 S9
8 Ss S4 S7 S4 S6 S1 S6 S9 S3 So
9 S9 s7  S9 S0 83 S5 St St S1 83
10 s10  S10  S1 S9 s1 S9 S0 S5 S2 s7

Student preferences (Boston Mechanism final matches highlighted):

Rank S1 So S3 S4 S5 Se s7 S8 S9 810
1 cs cq cs Ceé c3 cs3 cs ci1 C1 C2
2 cio Cg Ce co cr Ca Cé Ca Cs C10
3 ce c10 c1 cs Cg Cs ca c2 C2 Cg
4 cq c6 €7 €8 Cl0 C1 c2 c6 Clo C4
5 cr c3 C4 c1 c1 Cg C9 c3 C3 C1
6 ca cr cs c7 Cs cr7 c7 C7 Cs Cc7
7 cg c1 [ c3 c4  Ci0 Cs Cs Cé Cs
8 Co Cs  C10 C9 C2 cg Cio C10 cr Ce
9 c1 c2 c2  Cl0  Cs C2 c1 cs Cq cs3
10 c3 cs c3 [ cs Ce c3 cg Co cs

120
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We use the same chalkboard-style simulation. However, green text now represents a
permanent acceptance (admitted), rather than a tentative hold. Once a column is

filled with a green student, that college is closed forever.

Round 1.
All 10 students propose to their first-choice colleges.

&] C2 C3 €4 C5 Cg C7 Cg Cg9 Ci0

S§ Si10 Se¢ S2 S3 S4 S7
59 55 s

Ezxplanation: Colleges ca, ¢4, cg, cs Teceive exactly one applicant and admit them immedi-
ately. Colleges ¢y, cs, ¢5 face competition. They admit their preferred applicant (ss, sg, 3
respectively) and reject the rest.

Status: Colleges c1, co, 3, C4, C5, Cg, Cg are now permanently closed.

Rejected: sg (next cs), s5 (next c7), s1 (next cip).

Round 2.

The three rejected students propose to their second-choice colleges.

C1 C2 C3 C4 Cs Ce Cr Cs Co C10
FULL S5 S1

Ezplanation: Students s; and s5 apply to ci1g and ¢7, which are still empty. They are
admitted permanently. Student sg applies to c5. However, c; was already filled by s3 in
Round 1! Even though cj prefers sg (#7) over s3 (#9), it is too late. The seat is gone.
Sg is automatically rejected.

Status: Colleges c7,c1p are now permanently closed. Only c¢g remains open.

Rejected: sg (next cg).

Rounds 3 through 9 (The Free-Fall of sg).
Student sg has suffered a “cascading failure.” Because he missed his first choice, he is

now applying to colleges that were filled in Round 1.
e Round 3: sg — ¢3. FULL (filled by s1¢). Rejected.
e Round 4: sg — c¢19. FULL (filled by s;1). Rejected.

e Round 5: sg — ¢3. FULL (filled by sg). Rejected.

¢ Round 6: sg — ¢s. FULL (filled by s7). Rejected.

¢ Round 8: sg — ¢;. FULL (filled by s5

( .
( .

e« Round 7: sg — ¢g. FULL (filled by s4). Rejected.
( . Rejected.
( .

)
e Round 9: sy — ¢4. FULL (filled by s2). Rejected.

Round 10.
Student sg finally reaches his 10th and absolute worst choice, cg. Luckily, cg is still
empty.

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 6. MATCHING THEORY 122

C1 Ca2 C3 C C5 Cg Cr Cg C9 C10

Sg9

The algorithm terminates.

The Boston Mechanism matching pp is:

College ‘cl Co €3 €4 C5 Cg C7 Cg Cg Clo

Student‘58 S10 S¢ S2 S3 S4 S5 St Sg S

6.4.1 Properties of the Boston Mechanism

The simulation above provides everything we need to expose the theoretical failures of the
Boston Mechanism. We examine the two most important properties: Pairwise Stability and
Strategy-Proofness.

Theorem 6.37: The Boston Mechanism is NOT Stable

The allocation produced by the Boston Mechanism may contain blocking pairs, mean-

ing it fails to guarantee a pairwise stable matching.

Proof for Theorem

We can prove this by simply identifying a blocking pair in the outcome g of our example.
Under pp, student sg is matched with ¢g (his 10th choice), and college ¢5 is matched
with sg (its 9th choice). Now look at their true preferences:

e Student sg ranks c5 as his 2nd choice, meaning c5 >4, p5(S9) = cg.
o College c5 ranks sg as its 7th choice, meaning sg =.. pup(cs) = s3.

Both sg and c¢5 would strictly prefer to be matched with each other rather than their
current assignments. Thus, (¢s, s9) forms a blocking pair.

The instability arises precisely because of the “immediate acceptance” rule: c5 was
forced to permanently commit to s3 in Round 1, preventing it from accepting the much
stronger applicant sg who arrived in Round 2.

Theorem 6.38: The Boston Mechanism is NOT Strategy-Proof

Under the Boston Mechanism, truthful reporting is not a dominant strategy. Stu-

dents can often obtain a strictly better outcome by misreporting their preferences.

Proof for Theorem

Because missing out on your first choice is heavily penalized (the “free-fall” effect seen
with sg ), the Boston Mechanism forces students to play a high-stakes psychological game.
Instead of ranking their true favorite first, students are incentivized to rank a “safe”
school first to secure a seat in Round 1.

We demonstrate this with student sg from our example. Under truthful reporting,
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Sg listed ¢q as his 1st choice and c¢5 as his 2nd choice. Because he lost the tie-breaker at

c1 in Round 1, he free-fell all the way to cg, his worst possible outcome.

Suppose sg anticipates this and decides to deviate. He submits a fake preference
list P;, where he promotes his 2nd choice (c5) to his 1st choice, abandoning the highly

S

competitive c;. The rest of the students report truthfully.

Modified Student Preferences (with sg9’s misreport highlighted in blue):

Rank | s s2 S3 S4 S5 S¢ St Ss Sg  S10

1 Cs C4 Cs Ce C3 Cc3 Ccs C1 Cs C2
2 clp €9 Cg C2 C7 C4 Cg C4 C1 Ci0
3 g Cio €1 €5 C9 C; C4 C2 C2 Co
4 Cq Ce cr Cc8 C10 Cc1 C2 Ce C10 Cq

Let us trace Round 1 of the Boston Mechanism under this new profile. All students
apply to their reported 1st choices.

C1 C2 C3 Cq Cs Ce Cr (8 Co9 Ci0

S§ Si0 Se S2 Sg S4 S7
55 54
M

Explanation of c5’s decision: College c¢; now receives Round 1 proposals from s,
s3, and the strategically misreporting sg. Looking at cs’s true preference list: sg (#7)
s 83 (#9) ¢, s1 (#10). Because ¢y evaluates all three applicants simultaneously in

Round 1, it permanently admits its favorite among them: sg.

By lying and placing cs first, student sg completely avoided the free-fall and secured
his true 2nd choice (¢5). This outcome is strictly better for him than the 10th choice
(c9) he received when telling the truth. Since a profitable deviation exists, the Boston

mechanism is not strategy-proof.

Remark (The Tragedy of the Boston Mechanism).

The Boston Mechanism systematically rewards sophisticated, strategic families while
punishing honest, naive ones. A naive student who truthfully applies to a competitive
“reach” school wastes their critical Round 1 proposal. By the time they are rejected
and move to their “match” schools in Round 2, those schools have already been filled by
strategic students who ranked them first. This profound inequity is why many school
districts have replaced it with the Strategy-Proof Deferred Acceptance algorithm.

Remark (Chapter Summary).

Matching theory studies allocation problems in which prices cannot do all the work—

either because money is unavailable (school choice, kidney exchange, public housing)
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or because preferences are intrinsically two-sided (medical residents and hospitals, men
and women). Two foundational algorithms organize the field. Top trading cycles (TTC)
solves the one-sided housing-market problem: starting from arbitrary endowments, it
produces the unique core allocation, is individually rational, Pareto efficient, and group
strategy-proof. Deferred acceptance (Gale-Shapley DA) solves the two-sided market: it
produces a stable matching, is strategy-proof for the proposing side, and the proposing
side gets its optimal stable matching. Three trade-offs run through the chapter. Stability
vs. optimality: stability picks out a lattice of matchings; the proposing side gets the
top, the receiving side gets the bottom. Strategy-proofness vs. efficiency: in priority-
based settings, DA is strategy-proof but not Pareto efficient; TTC is Pareto efficient
but ignores priorities. Truthfulness vs. welfare: the Boston mechanism rewards strategic
sophistication and harms honest participants, motivating the move to DA in real-world
school choice systems (NYC 2003, Boston 2005).
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Chapter 7

Common Knowledge

7.1 Motivating Example: The Corrupted Industry

Consider an industry with 10 firms C1,Cs,...,C1o. Each firm C; has a manager M;. The
industry is thoroughly corrupted: every manager M; is secretly selling their own company’s
private information to all other companies. In addition, each company is buying private

information from the managers of other companies.

Every M; sells to all C; (j # ); only M;’s arrows shown.

There is one corporate governance rule: if a company discovers that its own manager is

selling information to outsiders, it will fire the manager on the Friday of that week.

What does each firm know? Consider firm C;. Since C] is buying information from
the managers My, Ms, ..., Mig, it directly observes that those 9 managers are corrupt.
However, C'; cannot observe whether its own manager M; is corrupt—it does not
know whether M is selling to others. The same logic applies symmetrically to every firm.

In summary:
o Each firm knows that at least 9 managers are corrupt (the ones it buys from).
e No firm knows for certain whether its own manager is corrupt.

Now suppose that at the start of Week 1, a regulator makes a public announcement:
“At least one manager in this industry is corrupt.” This statement is heard by all 10 firms

simultaneously, and everyone knows that everyone heard it.

What happens? Nothing happens in Week 1. Nothing happens in Week 2. In fact,
nothing happens until Week 10, at which point all 10 managers are fired simultaneously.
At first glance, this is deeply puzzling. Every firm already knew that at least 9 managers

were corrupt—rfar more than the “at least one” in the announcement. How can such a
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seemingly vacuous statement trigger any action at all, let alone a cascade that takes 10

weeks to unfold?

7.1.1 Iterated Reasoning

The answer lies in the chain of iterated hypothetical reasoning that the public announcement

enables.

The n =1 Case. Suppose there is only 1 firm with 1 corrupt manager.

@ corrupt, but C'1 doesn’t know

Before the announcement, C7 does not know its own manager is corrupt. After the
announcement (“at least one is corrupt”), C; immediately deduces that M; must be the

corrupt one, and fires him on Friday of Week 1.

The n = 2 Case. Suppose there are 2 firms, both with corrupt managers. Each firm
observes that the other firm’s manager is corrupt (by buying information from him), but

does not know about its own.

Consider the reasoning from C4’s perspective after the announcement. Cy observes that

M, is corrupt, but entertains two hypotheses about its own manager:

e Hypothesis A: M; is not corrupt. Then only Ms is corrupt. Under this hypothesis,
after the public announcement, Cy would find itself in the n = 1 situation: Cs would
see no other corrupt manager, learn from the announcement that at least one exists, and
deduce that Ms is the one. So Cy would fire M5 in Week 1.

o Hypothesis B: M; is also corrupt.

C1 waits and watches. At the end of Week 1, Ms is not fired. This rules out Hypothesis A:
if M7 had been clean, Cy would have acted already. Therefore C; concludes that M; must
also be corrupt, and fires M; in Week 2.

By perfectly symmetric reasoning, C5 also watches whether C fires M; in Week 1.
When it does not happen, Cs likewise infers that My is corrupt. Both managers are fired

simultaneously in Week 2.

The General Case: Induction. By induction on the number of corrupt managers n.
Each firm sees n — 1 corrupt managers and entertains the hypothesis that its own manager
is clean (so that only n — 1 managers are corrupt). Under that hypothesis, by the inductive
assumption, the other n — 1 firms would have fired their managers by Week n — 1. When
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this does not happen by the end of Week n—1, every firm deduces that the total must be n,
meaning its own manager is also corrupt. All n managers are fired simultaneously in Week
n.

For our example with n = 10: nothing happens for 9 weeks, and then all 10 managers
are fired in Week 10.

7.1.2 Why Does a “Vacuous” Announcement Matter?

The content of the announcement (“at least one is corrupt”) was already known to every
firm—each firm could see at least 9 corrupt managers. What was not in place before the
announcement was the full tower of hypothetical reasoning about hypothetical reasoning.

To see why, trace the chain from Cy’s perspective. C reasons: “I see 9 corrupt managers.
But suppose M; is clean. Then Cy would see only 8 corrupt managers. And Cs might
suppose M, is also clean. Then C5 would see only 7..” Each level of nesting reduces the
number of known-corrupt managers by one. After 9 levels of hypothetical reasoning, we
reach a scenario where some firm sees zero other corrupt managers and does not know if
any exist at all. Without the announcement, the induction has no base case in this deepest
hypothetical—the chain of reasoning collapses before reaching its logical conclusion.

The public announcement plugs exactly this gap. By making “at least one is corrupt”
publicly and simultaneously known to all, it provides the base case in every hypothetical
scenario, no matter how deeply nested. This distinction—between knowledge that is shared
but finitely nested, and knowledge that is shared infinitely deep—is precisely the distinction

between mutual knowledge and common knowledge, which we now formalize.

7.2 Formal Definition

Definition 7.1: Mutual Knowledge and Common Knowledge

Let F be an event and let there be n agents.
e FE is mutual knowledge of order 1 if every agent knows FE.

e FE is mutual knowledge of order k if every agent knows that F is mutual

knowledge of order k — 1.
e FE is common knowledge if FE is mutual knowledge of order k for every k € N.

In other words, common knowledge means: everyone knows F, everyone knows that
everyone knows F, everyone knows that everyone knows that everyone knows E, and

so on ad infinitum.

In the corrupted industry example, the event F = “at least one manager is corrupt” was,
before the announcement, mutual knowledge of high order but not common knowledge.
Each firm’s chain of hypotheticals (“suppose mine is clean, then you see one fewer, then
suppose yours is clean to0o..”) bottoms out after finitely many levels at a scenario in which
one firm sees zero corrupt managers and cannot determine whether E holds. Common

knowledge requires that the chain never bottoms out—that at every depth of hypothetical
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reasoning, every agent in the hypothetical scenario still knows E.

The public announcement achieves exactly this. Because every firm heard the announce-
ment, and every firm knows every other firm heard it, and so on without bound, E becomes
common knowledge. The base case of the induction (“a firm that sees zero corrupt man-
agers and hears the announcement will fire its manager in Week 1”) is now available at

every depth, enabling the full chain of iterated reasoning to unfold.

7.3 Aumann’s Agreement Theorem

A celebrated consequence of common knowledge is that two Bayesian agents who share a
common prior cannot “agree to disagree” about the posterior of any event, provided the

posteriors themselves are common knowledge.

Theorem 7.2: Aumann (1976)

Let two Bayesian agents have a common prior on a finite state space {2 and partitions
P1, Ps representing what each agent observes. Let F C Q be an event. If at state w*
the values of both posteriors Pri(E | P1) and Pra(E | Pa) are common knowledge,
then they are equal.

Proof for Theorem

Let ¢ = Pri(F | P1(w*)) and g2 = Pry(E | Pa(w*)) be the posteriors. Common
knowledge of ¢; at w* means that on every state in the meet-cell containing w*, agent 1’s
posterior is exactly ¢;. Let M = P; A P2 be the meet (the join of the two partitions in
the lattice of partitions, refined by both); the cell of M containing w* is the set of states
agent 1’s Pp-cell could be, intersected with the corresponding Po-cells.

Within this meet-cell M (w*), agent 1’s cells partition M (w*) into sub-cells C1, Co, . ..
with Pr(E | C;) = 1 on each. By the law of total probability,

Pr(E | M(w) = 3 Pr(Cy | M(w")) - Pr(E | C)
k

=qi- Y Pr(Cp | M) = a1
k

Symmetrically, Pr(E | M (w*)) = ¢2. Hence ¢1 = ¢o.

Remark (The Force of the Common-Prior Assumption).

The key non-triviality is that the agents need not have access to the same information;
they only need to know the same prior and to commonly know each other’s posterior.
The argument iterates: each agent learns nothing about E beyond what is already
encoded in the meet of partitions, because anything else would cause the posterior to
update, breaking the common-knowledge assumption. Aumann’s theorem has been used
to argue against speculative trade between rational agents (the no-trade theorem of
Milgrom-Stokey 1982): if both traders share a common prior and rationality is common
knowledge, they cannot strictly benefit from trade, because the willingness to trade itself

becomes informative.
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7.4 The Coordinated Attack Problem

We now present a game-theoretic example that dramatically illustrates the difference be-
tween “almost common knowledge” and true common knowledge. This is based on Rubin-
stein’s (1989) FElectronic Mail Game.

7.4.1 Setup

Two divisions of an army (Player 1 and Player 2) must decide whether to attack (A) or
not attack (N). The enemy is either weak (state G, the “good” state) or strong (state
B, the “bad” state). The army wins if and only if both divisions attack and the enemy is
weak. The prior probabilities are Pr(G) =7 < 3 and Pr(B) =1 — .

The payoff matrices are:

State G (prob )  State B (prob 1 —m)

| A4 N | 4 N
Al 2,2 =30 A|l-2 -2 -20

?

N 0, -3 0,0 N| o0 -2 00

In state B, not attacking (V) is strictly dominant for both players. In state G, the
game is a coordination game: (A, A) is a Nash equilibrium with payoff (2, 2), but attacking
alone is severely punished (—3). Crucially, if the state G were common knowledge, both
(A, A) and (N, N) would be Nash equilibria—the game is a coordination game with two
pure-strategy equilibria. The interesting question is whether the players can coordinate on

the Pareto-superior equilibrium (A, A).

7.4.2 Information Structure

The communication protocol is as follows:

1. If the state is G, Nature sends a signal to Player 1 with certainty (no error at this
stage). If the state is B, no signal is sent.

2. Upon receiving a signal, Player 1’s system automatically forwards a message to Player
2. This transmission fails (the message is lost) with probability € > 0, independently.

3. If Player 2 receives the message, Player 2’s system automatically sends a confirmation

back to Player 1, again lost with probability e.

4. This back-and-forth continues indefinitely: each successfully received message triggers

an automatic reply, each of which is independently lost with probability e.

The message sending is not a strategic choice—it is automatic. The only strategic decision
is whether to attack or not.
Let t; denote the number of messages received by Player i. In state B, no messages

are sent, so t; = to = 0. In state GG, the message chain proceeds as:
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prob 1 —¢
certain each reply
Nature a.a auto-sent,
lost w.p. €

prob 1 —¢

The chain stops at the first lost message. The possible outcomes given state GG are:

Chain stops at  t; o

P, — P; lost 1 0
Py, — P; lost 1 1
P, — P lost 2 1
P, — P lost 2 2

Observe that t; and to always differ by at most 1: given t; =T > 1, the value of ¢5 is either
T—1orT.

Remark (“Almost” Common Knowledge).

When ¢ is small, the message chain is very likely to be long. With high probability,
both players receive many confirmations, so each player is “almost sure” the state is G,
“almost sure” the other knows it, “almost sure” the other knows the other knows it, and
so on. The state G is “almost” common knowledge. One might expect that (A, A) should
be sustainable as an equilibrium. As we will see, this intuition is spectacularly wrong.

7.4.3 The Unique Equilibrium

A strategy for Player i is a function o; : {0,1,2,...} — {A, N} mapping the number of
messages received to an action.

Proposition 7.3: Unique Equilibrium of the Coordinated At-
tack Game

There is a unique equilibrium: both players play N regardless of the number of
messages received. That is, ;(¢;) = N for all ¢; > 0 and i € {1,2}.

Proof for Proposition.
By induction on the number of messages received.

Base case: t; = 0. If Player 1 receives no messages, then state B is certain (since
Nature always signals Player 1 in state G). In state B, N is strictly dominant. So
g1 (0) = N.

Base case: t5 = 0. If Player 2 receives no messages, there are two possibilities:
(i) State is B and no signal was ever sent (prior probability 1 — 7);
(ii) State is G, Player 1 received the signal, but the forward to Player 2 was lost (prior

probability me).

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 7. COMMON KNOWLEDGE

By Bayes’ rule:

e

If Player 2 plays N, the payoff is 0. If Player 2 plays A, the payoff is at most (assuming
Player 1 plays A whenever state is G):

_ 2me—2(1—m)

Pr(G | t2 = 0) x 2+ Pr(B | t2 = 0) x (=2) = 5= <0,

since me < 1 —  (recall 7 < % and ¢ is small). So 02(0) = N.

Inductive step. Suppose that for all ¢1,t3 < T, both players play N: o1(t1) = N and
oa(ta) = N.

Consider Player 1 with ¢; = T (the argument for Player 2 is symmetric). Given
ty = T, Player 2’s message count is either to = T — 1 or to = T. The conditional
probability is:

€ 1

=Pr(to=T—-1|t1 =T) = = >
P r(te I ) e+(l—ge 2-c¢

N | =

This is because, given ¢t; = T: with probability € the next message (P; — P») is lost,
yielding to = T'—1; with probability (1 —e)e the message reaches Py (so to > T') but the
return is lost, yielding to = T.

By the induction hypothesis, oo(T' — 1) = N. Even in the best case where Player 2
plays A when ty = T, if Player 1 plays A:
3 +2(1-¢) —1-2¢

= < 0.
2—¢ 2—¢

Payoff to P, <p x (=3)+ (1 —p) x 2

The —3 arises because when to = T — 1, Player 2 plays N (by induction), so Player 1
attacks alone. The 2 is the best-case payoff if Player 2 also attacks. Since p > %, the
expected payoff from attacking is strictly negative. Therefore o1(7T") = N.

By symmetric reasoning applied to Player 2, 05(T) = N. This completes the induc-

tion.

7.4.4 Interpretation

The result is striking. The following two scenarios yield completely different equilibrium

outcomes:

Information structure Equilibrium outcome

G is common knowledge (A, A) is a NE

G is “almost” common knowledge (N, N) is the unique NE

No matter how small € > 0 is, and no matter how many thousands of confirmations each
player has received, the unique equilibrium is for both to play N. The problem is not that
the players lack confidence that G is true—after many messages, they are nearly certain.
The problem is that each player is never quite sure the other player is sure that the other

player is sure... that the state is G.
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Remark (Common p-Belief).

The key quantitative insight is the conditional probability p = ﬁ Even when ¢ is tiny,
p is close to %—far from 1. This means that no matter how many messages Player i has
received, Player i always assigns probability at least % to the event that the other player
received one fewer message. The information structure “self-replicates” at every level:
the uncertainty never shrinks as we go deeper in the epistemic hierarchy.

This connects to the concept of common p-belief (Monderer and Samet, 1989): an
event is common p-belief if everyone believes it with probability at least p, everyone be-
lieves with probability at least p that everyone believes it with probability at least p, and
so on. In the electronic mail game, the state G is common p-belief only for p < i = %,
which is far from the p = 1 required for common knowledge. Coordination requires com-
mon knowledge (or at least common p-belief with p sufficiently large); “almost common

knowledge” is not enough.

Remark (Chapter Summary).

Common knowledge is the precise epistemic condition under which agents’ inferences
about each other’s reasoning can iterate without bound: F is common knowledge if ev-
eryone knows E, everyone knows that everyone knows E, and so on ad infinitum. The
chapter developed three pillars. The fized-point characterization: an event is common
knowledge in a state w if and only if it is true at every state in the meet of the players’
partitions containing w. Aumann’s agreement theorem: agents with a common prior who
are commonly known to be Bayesian rational cannot “agree to disagree” about the pos-
terior of any event—if their posteriors are common knowledge, they must coincide. The
fragility of common knowledge: Rubinstein’s electronic mail game shows that arbitrarily
many rounds of mutual confirmation can fail to deliver common knowledge, and that
small departures from common knowledge can flip the equilibrium discontinuously. The
recurring theme: many central results in game theory (backward induction, Folk Theo-
rem, signaling refinements) implicitly assume common knowledge of rationality, and the

assumption matters more than its mathematical innocuousness suggests.
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Chapter 8

Dynamic Games

8.1 Repeated Games

8.1.1 Setup

Consider a stage game G = (S;,u;)"_,, where S; is the action set of player i and u; : S — R
is the payoff function, with S = []"_, S;. The infinitely repeated game G°(00) consists of
playing GG in every period t = 1,2, ..., with players discounting future payoffs by a common
discount factor 6 < 1. We assume perfect monitoring: after each period, all players

observe the realized action profile.

Remark (Terminology: “Stage Game” and “Action vs. Strategy”).

Two pieces of terminology deserve flagging up front, because they look like reuse of earlier

symbols but mean something subtly different here.

e Stage game = the one-shot, simultaneous-move normal-form game G that gets
played in every period of the repeat. It is the building block; the repeated game
G°(oc0) is what we actually study.

e Action vs. strategy. In a one-shot game these collapse: each player picks a single
s; € S; and the choice is the strategy. In the repeated game they part ways. S;
remains the action set—what is chosen each period—while a strategy o; is a much
richer object, a map from histories to actions (see the next definition). When earlier
chapters wrote “S; is the strategy set,” they were implicitly working in the one-shot

setting where the two coincide.
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Definition 8.1: Strategy in G°(c0)

A strategy for player i in the infinitely repeated game is a sequence o; = (o},072,...),

11740

where:
o o} € S; specifies the action in period 1;

e Fort > 1, 0! : 8! — S; maps the history of play hi=! = (s1,s%,...,s'71) to
an action in period ¢t. The domain S*~! = Ht;:ll S is the set of all possible such

histories.

t

This definition restricts attention to pure strategies, since o

maps each history to a
single action in S; rather than to a mixed action in A(S;). All results in this chapter extend
to mized (behavioral) strategies by replacing S; with A(S;); the pure-strategy formulation is
adopted for notational simplicity.

Given a strategy profile 0 = (01,...,0,), the induced action profile in period ¢ is st(o).

Player i’s average discounted payoff in G°(c0) is:

o0

U(o) =(1-9) Zétfl u;(s*(0)) .

t=1

The (1 — 0) normalization ensures that perpetual play of a constant action profile s yields

payoff u;(s), making payoffs in the repeated game directly comparable to stage-game payoffs.

8.1.2 Subgame Perfect Equilibrium
Definition 8.2: Continuation Strategy

Fix a strategy o; and a history h'~! € S~1. The continuation strategy o;|,: 1 is
the strategy in the infinitely repeated game G?(00) defined by: for every 7 > 1 and
every continuation history =t e gl

(O’i‘htfl)T(ierl) _ Uit+7_1(ht*1,}~f*1>’

where (h!=1, BT_l) denotes the concatenated history. The superscript 7 on the left
is needed because a strategy is a sequence (c},02,...) of period-by-period maps; we
have to identify which period’s component is being applied. The right-hand side

accordingly uses the original strategy’s period-(¢t + 7 — 1) component.

Remark (Intuition for the Contiuation Strategy).

Intuitively, fix the past h'~! as a prefix, relabel period t as “period 1”7 of a new copy
of G%(00), and read off what o; prescribes in that new copy. The profile o1 =
(o1|pt=1,...,0n|p—1) is the continuation profile after h!=1.

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 8. DYNAMIC GAMES

Definition 8.3: Subgame Perfect Equilibrium (SPE) of G°(c0)

*

*) is a subgame perfect equilibrium if:

A strategy profile o* = (07,03,...,0

(i) o* is a Nash equilibrium of G®(c0): for all i and all alternative strategies
0; € 3; (the set of all such history-to-action maps; we write ¥ = [[, £; for the

joint set),
(1=08)> 6" u(s'(0%) = (1= 0)Y_ 6" ui(s'(03,07,)) -

1 ;2 tfl)

(ii) For every period t and every history ht=1 = (s!,s% ... s , the continua-

tion strategy o*|,:—1 is also a Nash equilibrium of G?(00).

“By reindexing ¢/ = t — 1, this sum is identical to (1 —d) > ¢, 5t u;(st'+1). We start the
index at ¢ = 1 so that “period t” reads as “the t-th period of play”—this is the convention in
Osborne-Rubinstein and Mailath-Samuelson.

Condition (i) is ordinary Nash equilibrium: it constrains only on-path play (i.e., the
unique history realized when every player follows ¢*). Condition (ii) sharpens this by
requiring that ¢* induce a Nash equilibrium in every subgame, including the off-path ones
generated by unilateral deviations (i.e., subgames rooted at histories that arise after some
player has deviated from o* at least once). Because payoffs are time-separable and the
stage game repeats unchanged, every subgame is structurally identical to a fresh copy of
G?(00)—only the calendar index has shifted—so SPE asks for Nash behavior at every node
of the history tree

' — h! — h? —
~— ~— ~—

root after period 1 after period 2

not merely at the root.

Verifying condition (ii) looks forbidding: the tree has infinitely many nodes, and a
deviation could in principle span infinitely many periods. Both sources of complexity turn
out to be illusory. The one-deviation principle, proved next, reduces SPE verification to
a local check—mno player gains by deviating in one period and returning to ¢*—which can
often be done history-by-history with a handful of inequalities.

8.1.3 The One-Deviation Principle

Three terms recur throughout the proof and the rest of the chapter; we record them once.
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Definition 8.4: Continuation Value, One-Shot Deviation, Prof-
itability

Fix a strategy profile o, a player 4, and a history h*~!.

o The continuation value of ¢ for player i at h*~! is the normalized discounted

expected payoff from period ¢ onward,

V(osnooi | W'Y = (1=8)E| 367 u(s7) ‘ pt-1

T>t

o A strategy o/ is a one-shot deviation from o; at h'=1 if o/ differs from o; only

in period ¢ on the realized history—from period ¢ + 1 on, it agrees with o;.

A deviation o} is profitable (relative to o; against o_; at h'=1) if V(o},0_; |
ht_l) > V(O'Z',O',i | ht_l).

Theorem 8.5: One-Deviation Principle

To check that ¢* is an SPE, it is sufficient to check that, following any history, no
player ¢ can benefit by deviating once and then returning to o.

Proof for Theorem

Fix a strategy profile o* and assume no player has a profitable one-shot deviation after
any history. We show ¢* is an SPE.
Fix a player 4, a history h'~1, and a deviation o} with

V(O’;—,O’ji|ht—1) > V(O’;|ht—170'ti|ht—1).

We derive a contradiction.

Step 1 (Truncation). Since S is finite, stage payoffs are bounded: set @& = maxg |u;(s)].
Let A = V(0! 0% ,lpi-1) — V(07 ni-1,0" ;|ni-1) > 0. Define the truncated strategy o\’
to follow o} in the first N periods ¢,t+1,...,t+ N — 1 and to revert to o} from period
t + N on. Pictorially:

oy | follow o throughout |
g';; | =@ | deviates from t onward (potentially co many periods) |

> time
Kﬂ\',\: | =0} | = o, (deviates) - |

N periods of deviation

()

We claim o

O'i(N) and o} are identical for the first NV periods, so they induce the same action profile

s” for 7 =t,...,t + N — 1. They can differ only from period ¢t + N onward, and the

remains strictly profitable once IV is large enough. By construction,
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normalized payoff contribution from that tail—for any strategy pair—is at most

o0 oo

1=0) > T lu(sT)| < (1-0) Y 6 'a = Ve

T=t+N T=t+N

(N

i

ing N so that 20™ 4 < A—possible because § — 0—ensures

Hence the difference in continuation values between o) and o’ is at most 26V %. Choos-

70’ii|ht—1) Z V(J£7Jii|ht—1)—2(sNﬁ > V(O';k|ht—l)7

S0 crgN) is still strictly profitable relative to o

*
79

while deviating in only finitely many

periods.

Step 2 (Backward replacement). Let T = {r € {t,...,t + N — 1} : agN)’T %

o7 on the realized history}. Enumerate T = {m; < --- < Ti}, so Tk is the last period

7

actually be a deviation period).

where o deviates (K < N, since not every period in the truncation window must

§N) everywhere except at 7, where it plays
(N)

%

Consider the strategy &; that agrees with o
*TK

5 and &; are identical in
periods t,...,7x — 1, so they induce identical histories up to period 7x. At 7x, O',EN)

o (conditional on the relevant history). The strategies o

takes a one-shot deviation from &; (after 7x, both agree with ¢). By the no-profitable-
(N)

one-shot-deviation assumption, the continuation value at 75 from o, ’ is no greater than
from &;.
Because earlier periods contribute identically, the total continuation value from h*~!
satisfies
V(o™ 0% lhier) < V(@107 ).

7 —1

N)

Chaining this with Step 1’s strict inequality V(O’Z«( ,0% i lne-1) > V(oF|pe-1) preserves

strictness:

N)

V(65,0 lh-1) = V(o™ 0% lweer) > Vot

So G, is also strictly profitable relative to ¢;. But &; has only K — 1 deviation periods.

Step 3 (Induction). Iterate Step 2: after K replacements we arrive at o} itself, whose
continuation value equals that of ¢}, contradicting that each replacement preserves strict
profitability relative to ;.

Hence no such profitable multi-period deviation o} exists; o* is SPE.

Remark (Why a Local Check Suffices: The Single-Agent Reduction).

The repeated-game structure turns the verification of SPE into a single-player decision

* . is fixed, player i’s problem is no longer a strategic

—1

problem at each history. Once o
interaction: every other player’s behavior is pinned down, so i faces an environment
that responds to her actions in a deterministic (or merely stochastic) but non-strategic
way. From this single-agent vantage, asking “can ¢ improve on o;?” is the same ques-
tion dynamic programming asks of any sequential decision problem, and that question
localizes—improvement requires improvement at some period, which the one-shot check

rules out.
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The assumption doing the work is discounting. Because § < 1, tails of infinite
deviations are dominated by their first N periods, which is what lets the truncation
step collapse a multi-period deviation to a single-period one. Without discounting—or,
relatedly, on a finite horizon with sufficiently rich continuation structure—the principle

requires additional assumptions or fails outright.

Example (Cooperative Outcomes in the Prisoner’s Dilemma).

Consider the following stage game (Prisoner’s Dilemma):
e D
cl 2,2 -1,3
D |3 -1 0,0

In the stage game, D is strictly dominant for both players, so the unique Nash equi-
librium is (D, D) with payoff (0,0). The cooperative outcome (C,C) with payoff (2,2)
is Pareto superior but not a Nash equilibrium. We ask: can cooperation be sustained in
the infinitely repeated version G°(00)?

Consider the grim trigger strategy profile o* = (07, 035), where each player i plays:

C ifs" =(C,C) forall 7 < t,

D otherwise.

Under this strategy, both players cooperate as long as no deviation has ever occurred. If
any player deviates even once, both players switch to D forever (the “punishment”).

Claim: Grim Trigger Sustains Cooperation

For 6 > 1, the grim trigger profile o* is an SPE of G°(c0) with average discounted
payoff (2,2).

Proof for Claim.
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By the one-deviation principle, it suffices to check that no player has a profitable

one-shot deviation after any history. There are two types of subgames to consider.

(a) Cooperative subgame. The history is (C, C) every period. Under o*, player i

plays C forever and earns 2 each period:
UPP=(1-6)) 6'-2=2
t=1

Consider a one-shot deviation to D in the current period. Player ¢ earns 3 today
(since the opponent, following o*, still plays C), but this triggers the punishment
phase from tomorrow on. From tomorrow, the opponent plays D forever, so player

i’s best continuation is also D forever, earning 0 per period:

Ui = (1-9)

3+25t1-01 =3(1—94).
t=2

The deviation is unprofitable iff 2 > 3(1 — ) < § > %

(b) Punishment subgame. Some prior history contains a deviation. Under o*,
both players play D forever, so player i earns 0 per period, giving continuation payoff
0. A one-shot deviation to C' yields —1 today (against opponent’s D); from tomorrow,
the opponent still plays D forever (the trigger is already on), so i’s best continuation
is D, earning 0. Total: (1 —4d)(—1)+ -0 = —(1 —J) < 0. Deviation is strictly
unprofitable for every ¢ € (0,1).

Hence ¢* is an SPE whenever § > %, with on-path payoff (2,2).

Why can the opponent’s strategy be “fixed” at grim trigger when computing
the deviation payoff? This is simply the definition of (subgame) Nash equilibrium,
not a substantive claim about the opponent’s rationality. Checking whether o* is an SPE
means asking: given that o* ; is the opponent’s prescribed behavior, does any strategy do
better for player i than o ¢ The claim is not that the opponent will stick to grim trigger;
rather, that i’s best response to grim-trigger behavior is itself grim trigger. The credibility
of the punishment is a separate and crucial point: it must be a NE of the continuation
game for the opponent to want to carry it out. That is exactly what condition (i) of
SPE guarantees, and it is what part (b) of the proof above verifies—starting D forever is
a NE after a deviation, since (D, D) is already the stage-game NE.

When players are sufficiently patient (6 > %), the threat of permanent punishment

is credible and severe enough to deter short-run deviations.

8.1.4 Strategies as Automata

Strategies in G°®(oco) are infinite sequences of history-dependent maps. Writing them out
period-by-period is unwieldy and obscures the recursive structure that makes them tractable.
A more compact representation: encode the strategy as a finite-state automaton whose state

summarizes everything about the past that the strategy actually conditions on.
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Definition 8.6: Automaton Representation of a Strategy Profile

An automaton is a 4-tuple (@, qo, f, 7) where
e @ is a finite set of states;
e o € Q is the initial state;

e f:@Q — S is the output function, prescribing the action profile played in state
q;

e 7:Q xS — @ is the transition function, mapping (current state, realized
action profile) to the next-period state.

An automaton induces a strategy profile o: in period ¢, the state ¢* is computed

from the initial state by iterated application of 7, and the prescribed action profile

is f(q").

The state ¢* is a sufficient statistic for the past: two histories that map to the same
state will be played identically going forward. Many natural strategies are finite-state, even

though the full history space is infinite—this is the source of compactness.

Example (Grim Trigger as a 2-State Automaton).

In the Prisoner’s Dilemma of Section 11.1, the grim-trigger profile from the example is
captured by:

(C, C) any
everything else

Q = {qgc,9p}, 90 = qc, output f(gc) = (C,C) and f(¢p) = (D, D). The transition
function holds in g¢ as long as the realized profile is (C,C) and otherwise switches
permanently to qp. SPE verification reduces to a one-shot deviation check at each of

the two states.

Example (Tit-for-Tat as a 4-State Automaton).

Tit-for-tat conditions on the previous-period action of each player. The relevant state
is the action profile played last period, so Q = {(C,C),(C,D),(D,C),(D,D)} with
transitions 7(q, s) = s (the current realized profile becomes the next state) and outputs:

f(C,C)=(C,C), [f(C,D)=(D,C), [f(DC)=(CD), [f(D,D)=(D,D).

Player #’s rule is: “in state (s, s2), play what your opponent played last period.” The
state graph has every node connected to every other (each new realized profile becomes

the next state), making it less compact visually than grim trigger but no less finite-state.
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Remark (Why Automata Help).

¢

Three reasons. First, verification: SPE under ¢* is equivalent to “no profitable one-
shot deviation at every reachable state of the automaton,” which is a check over |Q)|
states rather than over the infinite history tree. This is exactly the structure used to
analyze grim trigger and tit-for-tat in problem sets. Second, intuition: many subtle
strategies—“one period of punishment then forgive,” “increase punishment severity each
violation”—are easy to describe by drawing the state diagram and unwieldy to describe
by writing out of(h*~!) in closed form. Third, forward reference: Section 11.4 (chain
store paradox) implicitly partitions the entrants 1, ..., K into a “reputation phase” state
and an “endgame phase” state, with the cutoff k* as the transition; the same automaton

formalism applies, with the wrinkle that beliefs play the role of state.

8.2 The Folk Theorem

We now turn to the central question of repeated games: which payoff profiles can be sus-
tained as SPE outcomes when players are sufficiently patient? The Folk Theorem provides

a remarkably broad answer.

8.2.1 Feasible and Individually Rational Payoffs

Fix a stage game G = (S;,u;)" ;. Write u(S) := {u(s) : s € S} C R™ for the image of the
payoff function: the set of all payoff vectors (ui(s),...,un(s)) that arise from some pure
action profile s € S. For a finite stage game, u(S) is just the finite collection of cells of the

payoff matrix, viewed as points in R™.

Definition 8.7: Feasible Set of Payoffs

The feasible set of payoffs is the convex hullE of the pure-action payoff profiles:

F = cou(S) CR".

%The convex hull of a set A C R™, written co(A), is the set of all finite convexr combinations of
points in A:

K K
co(A) = {Z)\kak t KEN, ap €A, A\ 20, Y Mg =1},
k=1 k=1
Equivalently, it is the smallest convex set containing A. Geometrically, if A is a finite set of points in
R2, co(A) is the polygon obtained by stretching a rubber band around the points. For a stage game
with finite S, u(S) is a finite set of payoff vectors, and F = cou(S) is the polygon (or polytope, in
higher dimensions) of all attainable average payoffs.

Any u € F can be achieved by appropriate randomization over (or time-averaging across)
pure action profiles. This is a purely mathematical consequence of the definition of convex
hull—any point in cou(S) is by definition a convex combination ), Ay u(sy) with Ay > 0
and ), Ay = 1, which is realized either by a public randomization device that draws s with
probability A each period, or by playing each s; in a Ag-fraction of periods and averaging
over time. It is not the Folk Theorem; the Folk Theorem (proved later) is the much stronger
claim that every u € F* can be supported as an SPE outcome, which involves incentive

compatibility, not just feasibility.
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To define the lower bound on what players can be forced to accept, we introduce the

minmaz payoff.
Definition 8.8: Minmax Payoff

Player i’s minmax payoff is:

v; = min max u;(s;, $—;).

S—i Sq

This is the lowest payoff that the other players can force player i to accept, given
that player ¢ best-responds. Equivalently, letting m_; denote the minmaxing action

profile by —i:

v; = minu;(BR;(s—;),5-;) = w;(BR;(m—;),m_;),

s

and for all s;, u;(s;,m—;) < v;.

Example (Computing Minmax Payoffs).

Consider the stage game:

\ L R
Ul32 51
D40 1,-1

To compute vi: player 2 chooses sy to minimize the maximum payoff player 1 can
guarantee. If 2 plays L, player 1’s best response gives max{3,4} = 4. If 2 plays R, player
1 gets max{5,1} = 5. So v; = min{4,5} = 4, with ma = L. Analogously, v = 0 with
m1 = D. In this particular game, the two minmaxing actions happen to form the pure
profile (D, L), which delivers exactly (vi,v2) = (4,0).

The geometry is shown below. The four pure-action payoff profiles are plotted in
(u1,u2) space; the shaded quadrilateral is their convex hull 7. The minmax thresholds
u; = v1 =4 and uy = v = 0 carve out the feasible and individually rational set F* (the

darker triangular region in the upper-right).

U2

Y1 = v1
(U, L) I
|
|

Uy
(D, D) = (v1,v2)

(D, R)

4
i
I
I
I
I
I
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Definition 8.9: Feasible and Individually Rational Set

The feasible and individually rational set is:
F*={ueF|u >v Yi}.

These are the payoff profiles that are both achievable and weakly preferred by every

player to their minmax payoff.

8.2.2 Necessity: NE Payoffs Lie in F*
Proposition 8.10: NE Payoffs Are Individually Rational

In any Nash equilibrium of G°(oc), the discounted average payoff profile lies in F*.

Proof for Proposition.
Two parts:

(i) NE payoffs lie in F. The average discounted payoff in any strategy profile is a
convex combination of stage-game payoff vectors u(s) for s € S. Hence the average

payoff lies in F' = cou(S).

(ii) NE payoffs satisfy u; > v;. Fix a NE ¢* and any history h!=1. Let o' ; € A(S_;)
denote the (possibly correlated) distribution over s* ; that o*; induces at ht=1. In
a NE, player ¢ best-responds against this distribution, so
E[ui(st,st;) | R > maxEg ot [ui(si, s';)] > v,
where the last inequality uses the definition of v; = min,,_, maxg, E,_, [u;(s;, $_;)]
(extending the minmax to mixed s_;). Averaging across periods, player i’s NE

payoff is > v;.
Combining, NE payoffs € F*.

Remark (Minmax Is Not a Belief—It Is a Guarantee).

The minmax bound is sometimes mis-read as “player 7 expects the opponents to be hostile,
so plays the maxmin action.” That is not the content of the proposition. Rather, v; is
the payoff player i can secure no matter what the opponents do: against any (possibly
correlated, possibly mixed) strategy a_;, player i’s best response delivers at least v; in

expectation. Two caveats clarify the subtlety the reader may have in mind.

Simultaneous moves. Player i does not observe s’ ; before choosing st. The bound
still binds because it is formulated in expectation: against «_;, playing BR;(«_;)—the
best response to the distribution, which does not require seeing the realization—already

guarantees > v; in expectation.

“Securing” v; in a specific example. In the 2 x 2 table above, v; = 4 is attained when

2 plays L, and BR;(L) = D. If instead 2 plays R, player 1’s best response is U giving
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5 > v1. So w; is not the payoff ¢ gets by always playing D; it is the payoff i gets by
best-responding to whatever —i actually plays, and this payoff is > v; regardless of —i’s
choice. The worst case for 7 is exactly when —i plays the minmaxing s_;, which is why
v; is a floor.

8.2.3 Sufficiency: The Folk Theorem

The converse—every payoff in F* can be sustained as an SPE for sufficiently patient
players—is the celebrated Folk Theorem.

Theorem 8.11: Folk Theorem

Let u € F*. Then there exists 6 < 1 such that for all § > 4, there exists an SPE of

G°(o0) whose average discounted payoff profile is u.

Remark (Pointwise vs. Set-Limit Formulation).

The theorem above is the pointwise formulation: each target payoff u € F* comes with
its own patience threshold §(u). An equivalent set-limit formulation is sometimes more
revealing: let () C R™ denote the set of SPE average payoffs of G°(00). Then

lim E(§) = F*

6—1
(in the Hausdorff sense). Equivalently, E(0) is monotonically expanding in d—more
patience unlocks more SPE outcomes, never fewer—and fills out all of F™* in the limit.
The proposition of Section 11.2.2 gave the easy inclusion E(§) C F* for every §; the Folk
Theorem is the non-trivial reverse inclusion in the limit. Neither formulation claims that

E(0) = F* for any particular 6 < 1: the patience threshold is genuinely needed.

Proof for Theorem

We prove the result for n = 2 and assume that there exists a pure action profile s with
u(s) = w and u; > v; strictly for each . (The general case uses public randomization
over stage profiles or time-averaging; the construction below adapts naturally.)

Let m; denote the action that minmaxes player j # i, and write u;(m) := w;(mq, ms)
for i’s payoff when both players execute their minmaxing actions. By the definition of
v; as max, u; (s}, m—;), any action ¢ plays against m_; yields at most v;; in particular,
u;(m) < v;. Let 4; := maxy u;(s},s;) denote the one-period temptation payoff on the
cooperative path.

Consider the following strategy profile o* for each player ¢, parametrized by an integer
k>1:

1. Period 1: Play s;.

2. Cooperative phase: In period ¢ > 1, play s; if the history is the all-s path
(s,8,...,5).

3. Punishment phase: If the history ever shows a period in which s was not played,
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play m; for k consecutive periods.

4. Resume / restart: After a completed k-period punishment, return to (2). Any

deviation from phase (3) restarts the k-period punishment from scratch.

We will choose k* and 6 < 1 so that ¢* is an SPE for every 6 > 6. By the one-
deviation principle, it suffices to rule out profitable one-shot deviations at two kinds of
information sets: a round on the cooperative path, and a round within a punishment

phase.

Step 1: Deviation from the cooperative path. Compare the two continuation streams
over the (k+1)-period window starting at the deviation period; in both, play returns to s
from period k+2 onward, so the common continuation cancels. Following the prescription
yields (146+---+6%) u;(s) over the window. The best one-shot deviation yields ; today,
then k periods of the minmax payoff u;(m), contributing @; + (6 + 62 + - - - + 6%) u;(m).

The no-deviation inequality is
(T+6+-+0") uils) > i+ 0+ -+ ui(m),
which rearranges to
(6+6%+ -+ %) [ui(s) —wi(m)] > @ — uy(s). (S1)

The bracket is strictly positive (since u;(s) = u; > v; > u;(m)). As d 11 the LHS tends
to k [u;(s) — u;(m)], while the RHS is a fixed finite number. Hence (S1) binds on k: one
must pick k large enough to outrun the temptation.

Step 2: Deviation within a punishment round. Consider any round of an ongoing
punishment (the one-deviation principle lets us check only one). Let V¥ denote the
continuation value from that round onward if the prescription is followed: k more periods
of u;(m), then permanent return to w;(s):

5k
VP = 140+ +6FHu(m) + 5 ()
A one-shot deviation to the best response against m_; yields at most v; today, after
which phase (4) restarts a fresh k-period punishment—whose continuation value from
tomorrow is again V. So the deviation continuation is bounded by v; + 6 VF. The
no-deviation inequality VP > v, + 6 VP reduces to (1-9) VP >, ie.

(1= 0")ui(m) + 6% ui(s) > v,
equivalently
6% [ui(s) —ui(m)] > v; —u;(m). (S2)

At 6 = 1 this becomes u;(s) — u;(m) > v; — u;(m), i.e. u;(s) > v;, which holds strictly
since u;(s) = u; > v;. By continuity, (S2) holds for all § sufficiently close to 1 for any
fixed k.

Choosing k* and 6. The binding constraint is (S1), because the RHS @; —u;(s) > 0 is
a fixed positive quantity that the finite geometric sum on the LHS must overcome. Pick
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any integer k£* satisfying
E* [ui(s) —ui(m) | > @ — us(s) for each i € {1,2};

such a k* exists because the bracket is strictly positive. At § = 1, (S1) holds at k = k*
with strict slack, so there is §; < 1 such that (S1) holds for every & € (01, 1). Similarly
(S2) gives a threshold 6, < 1. Setting & := max{d;,d2} < 1 delivers an SPE of Gé(oo)
with average payoff u for every § > 6.

Remark (The Punishment-Phase Intuition: “Delay the Recovery”).

The substantive content of Step 2 is that minmazxing is itself incentive-compatible: why
does player i obey the prescription to play m;, which is chosen to hurt j and is not
generally i’s best response to m_;? Inequality (S2) answers cleanly—the only effect
of a one-shot deviation during punishment is to restart the clock on recovery. Since
ui(s) > u;(m) strictly, any such delay is costly; with § close to 1, the §*-weighted loss
from postponing cooperation dominates the bounded one-period gain of v; — u;(m) >
0 from deviating. The self-referential restart in phase (4)—“a deviation from phase
(3) is met with a fresh phase (3)”—is precisely what elevates the construction from a
Nash equilibrium of G?(c0) to a subgame-perfect one. Without it, minmaxing during

punishment would itself be a profitable one-shot deviation to skip.

Two further points are worth underlining. First, the binding constraint on patience
is (S1), not (S2): (S2) has strict slack at § = 1 for any k, so it is Step 1 that forces k
large and in turn forces d close to 1. Second, the role of k is asymmetric across the two
steps—larger k strengthens (S1) by extending the punishment, but weakens (S2) slightly
because 6% shrinks. Both tensions resolve in the limit 6 — 1; the finite-§ threshold &

depends on the specific stage game through ; — u;(s) and v; — u;(m).

Remark (The Folk Theorem in Words).

The Folk Theorem states that anything that is feasible and individually rational can
be sustained as an SPE, provided players are patient enough. This is both a celebra-
tion and a caution: while cooperation, fair sharing, and many other socially desirable
outcomes can be supported, so can a vast multitude of other outcomes—including very
inefficient or asymmetric ones. The theorem highlights the fundamental indetermi-
nacy of repeated games: the equilibrium concept alone does not pin down a unique
prediction, and selection among the many SPE requires additional considerations (such

as renegotiation-proofness, evolutionary stability, or focal points).

Example (Collusion in Cournot Duopoly).

The Folk Theorem’s canonical application is tacit collusion in oligopoly. Consider a
symmetric Cournot duopoly with inverse demand P(Q) = a — @ and constant marginal
cost ¢ < a, where Q = g1 + ¢2. In the one-shot game, the unique Nash equilibrium
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is the Cournot outcome with ¢ = (a — ¢)/3 per firm, yielding per-firm profit 7~ =
(a — ¢)?/9. The collusive outcome would be to split monopoly production: each firm
produces ¢™ = (a — ¢)/4, total output equals the monopoly output QM = (a — ¢)/2,
and per-firm profit is 7™ = (a — ¢)2/8 > 7. Collusion is not an NE of the stage game:
holding ¢; = (a — ¢)/4 fixed, firm i’s best response is ¢° = 3(a — ¢)/8 (the “cheat”
quantity), yielding 72 = 9(a — ¢)?/64 > 7M.

Consider the infinitely repeated game G?(c0) with grim-trigger strategies: each firm
plays ¢M as long as the history is all-collusive, and reverts permanently to the Cournot

output ¢ after any deviation. By the one-deviation principle, this is an SPE iff

™ D N
T+
1-6 — =~ 1-6
—— cheat ——
collusion today Cournot
forever forever after

Plugging in and solving,

= 7P — M 9/64 —1/8 9
6 > 6 = = = — =~ 0.529.
- D — N 9/64—1/9 17

Whenever the common discount factor exceeds ~ 0.53, the collusive monopoly split is
sustainable as an SPE—mo written contract required, and no coordination beyond the
common trigger rule.

Because the Cournot NE is itself an NE of the stage game, reverting to ¢V is a credible
threat: phase (b) of the proof structure is automatic. This is why Cournot-reversion is
the textbook punishment for tacit collusion; stronger punishments (full min-max, which
can drive profits to zero) would sustain collusion for an even lower 0, at the cost of

requiring the “delay-the-recovery” machinery to enforce the min-max itself.

Remark (Why the Folk Theorem Is Substantive).

It is tempting to dismiss the Folk Theorem as a formal triviality—“if you threaten
enough, you can sustain anything.” The Cournot example above shows why this reading
undersells it. The theorem provides a rationalization of observed behavior in settings
where explicit contracts are infeasible or illegal: tacit collusion among firms, resource-
sharing among non-kin animals, peace-keeping among tribes without a central authority,
self-enforcing treaties between nations. In each case, repeated play converts a one-shot
game that would dissipate into defection into a long-run game in which cooperation is
self-enforcing. The Folk Theorem identifies the precise patience threshold, the structure
of credible punishments, and the range of sustainable outcomes—making it one of the

most empirically deployed results in microeconomic theory.

8.3 Finitely Repeated Games

The results of the previous two sections all took the horizon to be infinite. A natural
question is what survives when G is played only finitely many times. The short answer
splits by stage-game multiplicity. When the stage game has a unique NE, finite repetition
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is too weak to sustain anything but stage-NE play in every period (Section 11.3.1)—weaker
than one might hope. When the stage game has multiple NE with payoff variation, finite-
horizon folk-theorem-style results return (Section 11.3.2)—stronger than one might hope.
Multiple stage NE are not exotic: coordination games, battle of the sexes, Cournot games

with entry, and many others routinely admit several pure or mixed NE.

8.3.1 Setup

Fix a stage game G = (S;,u;)"_; and a horizon T' € N. The finitely repeated game G(T)
consists of playing G in each period ¢ = 1,2,...,T. Histories, strategies, and subgames
are defined exactly as in the infinite case but truncated at T. 1For most of what follows,

discounting is inessentialﬂ; we use the arithmetic average payoff

1 T
Ui(o) = TZui(st(a)),

which coincides with the long-run stage payoff when a constant profile is played every period.
All statements below go through unchanged if one instead uses the discounted average
(1-6)/(1 —d7) - S/, 6" Lu;(s'); the finite horizon is what is doing the work, not the
absence of discounting.

Because the horizon is finite and the game is one of perfect information across periods,
SPE of G(T) can be found by backward induction: solve the period-T" subgames first,

plug the continuation values into period T'— 1, and so on.

8.3.2 Unique Stage-Game NE: Backward Induction Collapse
Proposition 8.12: Unique-NE Backward Induction

Suppose the stage game G has a unique Nash equilibrium s* € S. Then G(T') has a
unique SPE outcome path: st = s* for every t = 1,...,7.

Proof for Proposition.

By backward induction. In the last period, the continuation is empty, so every subgame
starting at t = T is just G itself; its unique NE prescribes s*. With period-T payoffs fixed
at u(s*) on every possible history, the period-(T — 1) subgame is strategically equivalent
to G (the period-T' continuation is a constant that enters additively into every player’s
payoff and therefore does not affect best responses); its unique NE again prescribes s*.

*

Iterating, s* is played in every period along the unique SPE path.

Remark (Finite-Horizon Prisoner’s Dilemma).

In the Prisoner’s Dilemma of Section 11.1, reproduced here for convenience,

I Discounting played two roles in the infinite-horizon case: (i) ensuring the payoff sum converges, and (ii)
driving the truncation step in the proof of the one-deviation principle, which collapsed an infinite deviation
into a long-but-finite one. Both roles are vacuous in finite horizon—the sum is automatically finite, and there
is nothing to truncate—so the SPE set is the same whether one uses arithmetic average, time-discounted
average, or any monotone transformation of the two.
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e D
cl 22 —1,3
D|3 -1 0,0

(D, D) is the unique stage NE. The proposition says that the only SPE of the T-period
game, for any finite T, prescribes (D, D) in every period—cooperation unravels. The
contrast with the grim-trigger equilibrium of G%(00) is stark: patience sustains coopera-
tion in the infinite-horizon game precisely because there is no last period from which to
unravel. In a finite horizon, the last period pins down (D, D), which pins down (D, D)

in the period before, and so on all the way back.

8.3.3 Multiple Stage-Game NE: Using Continuation NE as Re-
wards and Punishments

When G has multiple pure NE, the backward-induction collapse breaks down: a subgame
need not have a unique continuation equilibrium, so earlier periods can support non-NE

stage play by using different continuation equilibria as carrots and sticks.
Example (Two-Period Game with Two Stage-Game NE).

Consider the stage game

L M R
Uls5 01 06
M|1,0 33 00
D /6,0 00 252

The pure-strategy Nash equilibria of G are (M, M) with payoff (3,3) and (D, R) with
payoff (2,2). Note that neither is Pareto-dominant, and the cooperative profile (U, L)
yields (5,5), which is not an NE: against L, player 1 strictly prefers D (6 > 5); against
U, player 2 strictly prefers R (6 > 5).

Consider the two-period game G(2). Three pure-strategy SPE outcome paths are
worth noting.

(a) Repeating (M, M) for both periods. Play (M, M) unconditionally. Average
payoff (3,3). SPE because in the period-2 subgame (M, M) is NE, and in period 1
each player has no profitable one-shot deviation given the opponent plays M and
the period-2 continuation is fixed at (M, M).

(b) Repeating (D, R) for both periods. Analogous, with average payoff (2,2).

(c) “Cooperate then reward”—the non-trivial SPE. Play (U, L) in period 1. If
(U, L) was realized, play (M, M) in period 2 (reward); if anything else occurred,
play (D, R) in period 2 (punishment). Average payoff (5+3)/2 = 4 for each player.

Verification of (¢) via the one-deviation principle. In period 2, both (M, M) and
(D, R) are stage-game NE, so no one-shot deviation in the final period is profitable
under either continuation rule. In period 1, suppose player 1 contemplates a deviation
from U given opponent plays L. The best stage-game deviation is D (payoff 6 vs. on-path
5), so the temptation is

ay—up = 6-—5 = 1.

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 8. DYNAMIC GAMES 151

A deviation, however, triggers the period-2 punishment (D, R) instead of the reward
(M, M): the period-2 payoff drops from 3 to 2, a loss of 1. The sum of period payoffs
under deviation is 6 + 2 = &8; on path it is 5 +3 = 8. Player 1 is indifferent, hence
has no strictly profitable one-shot deviation. The symmetric computation for player 2
(temptation R, gain 6 — 5 = 1; punishment loss 3 — 2 = 1) gives the same conclusion.
Because the deviation condition just barely binds, (¢) is a weak SPE. A small pertur-
bation of the stage-game payoffs—say, raising the reward NE payoff to (3 4+ ¢,3 4 ¢) or
lowering the punishment NE payoff to (2 — €,2 — ¢)—would make the deterrence strict.

Remark (Why G(2) Escapes the Backward-Induction Collapse).

The proof of Proposition 11.2 required the period-T" subgame to have a unique NE. When
multiple NE exist, the continuation equilibrium played in period T" can depend on the
period-(T' — 1) outcome—and this conditioning is what gives earlier periods leverage.
The gap between the reward NE payoff (3) and the punishment NE payoff (2) acts as an
incentive device: deviating today trades a one-period gain against a future-period loss.

As long as the gain does not exceed the loss, cooperation is sustainable.

8.3.4 The Benoit-Krishna Folk Theorem (Sketch)

The idea behind Example 11.2 generalizes. If the stage game has enough distinct NE payoffs
to reward and punish each player separately, one can chain reward/punishment phases over

many periods and recover a finite-horizon analogue of the folk theorem.

Theorem 8.13: Benoit-Krishna (1985)

Suppose G has, for each player i, two pure-strategy NE s, s'() with u;(s®) >
u;(s'™). Then for every u € F* (with u in the interior, and for u achievable in
pure strategies) and every ¢ > 0, there exists T such that for all T > T, the finitely
repeated game G(T') has an SPE whose average payoff is within ¢ of u.

The construction allocates the T periods into three phases: a long “main” phase of length
~ T — K during which the target profile is played, followed by a “last-K” phase in which
the NE s is played if no deviation occurred and s'(¥) is played otherwise. As T grows, the
K-period reward /punishment phase has a per-period weight that vanishes in the average, so
the average payoff converges to u; but the reward/punishment gap remains fixed in absolute

terms, so deterrence continues to work.

Remark (Contrast with the Infinite-Horizon Folk Theorem).

The infinite-horizon Folk Theorem (Section 11.2) can use minmaz as the punishment
threat. The construction is the one we proved earlier: when player i deviates from the
cooperative path, the others minmax ¢ for k periods and then return to cooperation.
What makes this strategy profile itself a subgame perfect equilibrium—and not merely
a Nash equilibrium—is the delay-the-recovery structure of Step 2 in that proof: de-

viating from the minmaxing phase restarts the k-period punishment, postponing the
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eventual return to cooperation. With ¢ close to 1, the discounted loss from postponed
cooperation dominates the one-period gain from refusing to minmax, so minmaxing is
incentive-compatible at every step. In other words, infinite play has enough “room after
the punishment” for the punishment to be sustained, and that room is what lets minmax
(the harshest threat) double as the credible threat.

The finite-horizon Folk Theorem cannot replicate this construction: at horizon T, a k-
period punishment phase starting near the end leaves no time for the cooperative return
that disciplines the punishment phase itself. So in finite horizon one must fall back on
stage-game Nash equilibria as punishments—these are by definition self-enforcing in any
single stage, requiring no follow-up phase. This is why the hypothesis of Benoit-Krishna
requires multiple NE with distinct payoffs for each player: only when the stage game
has multiple NE with payoff variation does “play one NE on path, switch to another
after deviation” deliver any deterrence. A Prisoner’s Dilemma, having a unique stage
NE, is therefore outside the theorem’s reach: cooperation in finitely repeated Prisoner’s

Dilemma remains impossible at any horizon.

8.4 The Chain Store Paradox

Proposition 11.2—that a finitely repeated game with a unique stage-game NE has a unique
SPE in which the stage NE is played every period—raises a follow-up puzzle. Consider
a monopolist chain store facing a sequence of K potential entrants, one per market. In-
tuitively, the store should fight early entrants to build a reputation for fighting, deterring
later entrants from entering at all. Yet if fighting is dominated in each stage game taken in
isolation, Proposition 11.2 rules this out: the unique SPE has every entrant entering and
the store accommodating every time. Selten (1978) sharpened this tension into the chain
store paradox, paradoxical because real-world chain stores manifestly do fight entrants
and real-world entrants often stay out. Kreps and Wilson (1982), along with Milgrom and
Roberts (1982), resolved the paradox by introducing a vanishingly small amount of incom-
plete information: a tiny probability that the store is “crazy” and enjoys fighting is enough
to sustain reputation-building as a sequential equilibrium.

Remark (Reputation Needs Uncertainty).

Before the formal construction, it is worth pausing on why the repaired model needs
incomplete information at all. Reputation, as an economic concept, only comes alive
when the audience is unsure about the type of the agent they face. If the store’s payoffs
were perfectly known, there would be nothing for entrants to “learn” from past fights—
the fight would just be an irrational flinch that no forward-looking calculation would
read as evidence of future behavior. The central question the resolution asks is: can a
normal store sustain a reputation for being crazy?—equivalently, can it, by acting crazy,
generate enough doubt in later entrants’ minds that they stay out? The answer turns
out to be yes, and it works even when the prior probability of the crazy type is arbitrarily

small.
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8.4.1 The Stage Game

A single long-lived store S faces K short-lived entrants E1, Es, ..., Fx in sequence. In
period k, Ej decides whether to enter (IN) or stay out (OUT). Conditional on entry, the
store decides whether to accommodate (A) or fight (F'). The stage tree is:

Ey

b-1, -1) (b, 0)

Parameters satisfy 0 < b < 1 < a. The first coordinate is the entrant’s payoff; the second
is the store’s stage payoff. The store’s total payoff is the undiscounted sum across the K

periods.

Remark (Interpreting the Payoffs).

Entering a contested market and earning duopoly profit nets the entrant b € (0,1), a
positive but small gain relative to the outside option 0. Entering and being fought costs
the entrant 1 — b > 0. For the store: maintaining a monopoly earns rent a > 1; sharing
the market (accommodating) earns 0; fighting costs 1 relative to accommodating, which

is why fighting is dominated in isolation.

8.4.2 Selten’s Paradox: Backward-Induction Collapse

Proposition 8.14: SPE of the Chain Store Game Under Com-
mon Knowledge

Assume the store’s payoffs above are common knowledge. Then the unique SPE of the
K-period chain store game has every entrant entering and the store accommodating

in every period.

Proof for Proposition.

By backward induction. Because markets are additively separable across periods, the
store’s current-period choice of F' vs. A does not affect any later-period payoffs whenever
both types are common knowledge. So the store’s choice at each IN node is governed
by the stage game alone: A (payoff 0) strictly dominates F' (payoff —1). Anticipating
A, each entrant compares IN (b > 0) to OUT (0) and strictly prefers IN. Iterating from
period K backward, every period features (IN, A).

Remark (What Makes This “Paradoxical”).
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Common-sense reasoning about reputation says the store should fight early entrants
so that later entrants, seeing the track record, stay out. The proposition says this
intuition is wrong whenever the store’s payoffs are common knowledge: fighting today
does nothing to alter tomorrow’s common-knowledge rationality calculation. Selten’s
contribution was to pose the tension sharply—the game-theoretic solution contradicts
robust empirical behavior. Kreps and Wilson’s contribution was to show that a tiny

perturbation of the information structure rescues the intuition.

8.4.3 Resolution: A “Crazy” Store Type

Suppose the store’s type is not common knowledge. Nature picks the type once, before
period 1. With probability 1 — e the store is normal, with the same payoffs as above. With
probability e the store is crazy: payoffs are reversed on the F-A axis, so that fighting yields
0 and accommodating yields —1. Entrants observe the store’s past actions but not its type;
they share the common prior €.

The two types’ stage trees are below. The only difference is the store’s payoff in the
bottom two leaves.

Normal store (prob. 1 —¢) Crazy store (prob. ¢)
Ey,
N ouT
S (0, a)
F A
(b—1,-1) (b, 0) (b—1,0) (b, —1)

For the crazy type, F strictly dominates A at every IN node, so the crazy store always
fights when entered—regardless of continuation, regardless of k.

This one perturbation is transformative. The normal store, knowing the crazy type al-
ways fights, has a strict incentive to pool with the crazy type by fighting early entrants, so
that later entrants cannot distinguish normal from crazy and stay out. Accommodating, by
contrast, immediately reveals the store as normal (the crazy type would never accommo-

date), after which every subsequent entrant enters.

8.4.4 Deriving the Equilibrium in Three Steps

We now characterize the unique sequential equilibrium of the game with one normal and
one crazy type. Rather than guess the answer and verify it, we proceed forward: solve the
entrant’s stage problem; back out the normal store’s value function; then close the loop by

showing Bayes makes the two consistent.

Notation. Let py € [0, 1] denote the belief, held at the start of period k, that the store is
crazy; the prior is u; = €. Let oy denote the normal store’s Pr(F' | Normal, IN) in period k.
Since the crazy store fights with probability 1, the unconditional fight probability conditional
on IN is

T = Pr(F[IN) = pp-14 (1 — pp) - o
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Two structural observations close off easy cases. Once accommodated, forever revealed: if
the store ever plays A, every subsequent entrant infers p = 0 and the game collapses to
Selten’s complete-information paradox. Beliefs move only on entry: if entrant k& — 1 chose
OUT, the store has no chance to act and uy = prp—1. Belief updating happens only at
IN-then-action events.

We will prove inductively that the equilibrium organizes itself around a geometric thresh-
old sequence

A = bR k=1,..., K.

Step 1: Entrant’s best response

Consider entrant k holding belief u; and conjecturing oj (which together fix 7). Her
expected payoff from IN is

Pr(A|IN)-0+Pr(F|IN)-(b—1) = 1 —mp)b+m(b—1) = b— 7.

The OUT payoff is 0. Hence the entrant strictly prefers IN iff m; < b, strictly prefers OUT
iff 7, > b, and is indifferent iff 7, = b. The mechanism by which 7, is generated—through
the prior ui on the crazy type or through the normal store’s mixing o;—is irrelevant to the

entrant; only the bottom line matters.

Step 2: Normal store’s value, by backward induction
Let Vi (1) denote the normal store’s expected total payoff from period k onward, given belief
i = . We compute Vi from k = K backward, proving along the way the invariant

V(i) = 1 for every k=1,..., K.

Why 17 Because at the threshold, the normal store needs to be indifferent between F'
(paying —1 now, harvesting some continuation) and A (paying 0 now, then exposed forever,

harvesting 0). Indifference requires the harvest from F' to equal 1.

Last period k¥ = K. Reputation has no future use, so the normal store’s stage choice
given IN is A (0) over F (—1). Hence ox = 0, and 7x = ugx. By Step 1, entrant K goes
OUT iff ux > b, IN iff uy < b, and mixes at ux = b = ixx. Let entrant K at the threshold
play IN with probability qx and OUT with probability 1 — gx. Then

Vk(fik) = qx -0+ (1 —qk) - a.

Setting this to 1 pins down g

a—1
1-—gr)a =1 = g = et

Here is where the mixing weight (¢ — 1)/a comes from. It is the entrant’s IN-
probability that leaves the normal store exactly indifferent at the threshold. (Off the thresh-
old, Vi (uk) =0 for ux < ix and Vg (uk) = a for prx > fik.)

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 8. DYNAMIC GAMES 156

Inductive step at k < K. Assume Vi y1(fig+1) = 1. We compute Vi (fir) and verify the
same invariant.
If entrant k goes OUT, no information is revealed and the store collects a + Vi1 (g )-

If entrant k£ comes IN, the normal store compares:

Accommodate (A): 0+ V4+1(0) = 0,
Fight (F):  — 1+ Vi1 (pet1),

where 41 is determined by Bayes given the chosen oy. For the normal store to mix with
o € (0,1), the two options must be equal:

0 = =1+ Vira(prt) <= Vialprn) = L

By the inductive hypothesis, Vi11(pg+1) = 1 holds at pr+1 = figr1- So the normal store’s
mixing must drag the next-period posterior to exactly the next threshold:

fhr1 = Frgr = bEF

This is the indifference condition that determines oj; we solve for it in Step 3.

Step 3: Bayes closes the loop

The normal store’s mixing must engineer p1 = b ~*. By Bayes,

Hi - 1
pr - L+ (1= ) - o

pr+1 = Pr(Crazy | F) =

— bK—k

Setting fig41 and solving:

bK—k — # _— o = = bK_k . Pk .
e + (1 — pg)ok bE—F 1 — puge
This is the formula for oy, derived rather than stated. Substituting back into the

total fight probability,

1 - bRk HE

By Step 1, the entrant is indifferent iff m, = b, i.e.,
I bbK*k _ bK*k‘l’l = ik v

The threshold formula fi, = b¥~*+1 falls out as the fixed point: each player’s randomization
is calibrated so that, given the other’s, both are indifferent.

It remains to compute Vi (fix) to close the induction. At pp = fig, entrant k mixes at IN
with probability gg. If entrant goes IN, the normal store mixes (and is indifferent), so its
conditional continuation value equals either branch, namely 0 (the value of A). If entrant

goes OUT, the store earns a + Viy1(fir). Now g, = b fig41 < fig+1, which puts g below
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the next-period threshold; in that region Vj1(-) = 0. Hence
Vilir) = a0+ (1 —qr)-a = (1 —q)a.

The invariant Vi (fix) = 1 pins down gy:

a—1

qk =
a

The same mixing weight reappears at every period: entrant k, when at the threshold,

always goes IN with probability (a — 1)/a. The induction is complete.

Equilibrium summary

For each k € {1,..., K}:

Entrant k, given belief p:

ouT if g, > fip = bE—FFL
IN if pp < i
IN w.p. aT_l, OUT w.p. % if pp = g
Normal store, given belief i, and that entrant chose IN:
Play A iftk=K
Play F w.p. o = 1;,12}:k . ﬁ if k < K and p, < b5—F
Play F for sure if k < K and p > pE—k
Belief update from k to £+ 1:
Ukl = Pk if entrant k& chose OUT
prr = max{bf=F .} after (IN, F') at period k, ux > 0
fgt1 =0 after (IN, A) at period k, or once =0

Remark (Why the Two Indices Differ by 1).

A common point of confusion: entrant k’s indifference threshold uses bX—**1 while
the normal store’s pure-fight cutoff uses b —*. The shift of one is the period-by-period
erosion of reputation: at the start of period k, the entrant is indifferent at pj, = b¥ k1. if
a fight occurs, Bayes pushes the posterior up to b5 %, which is exactly the next entrant’s
indifference threshold. So the threshold sequence {fi }1 rises geometrically toward b as k
approaches the endgame, and each fight ratchets the belief one step along that ladder.

Remark (The Duality of Mixing Weights).

Two probabilities are calibrated. The entrant’s mix “T_l over IN keeps the normal store
indifferent between F' and A: the “a factor” (rent from holding the monopoly) controls
the store’s incentive. The normal store’s mix o over F' keeps the next entrant indiffer-
ent between IN and OUT: the “b factor” (the entrant’s per-round profit) controls the
entrant’s incentive. Each player randomizes not to gain anything for itself, but to fix the
opponent’s indifference. This is the standard logic of mixed-strategy equilibrium, played

out over a sequence of belief thresholds rather than a single stage game.
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8.4.5 Dynamics: Reputation and Endgame

Plot the threshold curve k +— bX~F+1 against the belief trajectory py, in equilibrium:

beliefs
bK*k:Jrl

(IN, F)

The dynamics split into two phases. Let k* be defined implicitly by e = b5+ +1 j.e.

loge

B = K+1- .

logb
« Reputation phase, k < k*. The threshold bX ~*+1 is below the prior ¢, so every entrant
stays OUT. Beliefs remain at €; nothing is learned; the store collects monopoly rent a

every period. The normal store’s reputation is untested, and untested reputation is free.

e Endgame phase, k > k*. The threshold has risen above ¢, so without further updating
the entrant would prefer IN to OUT. Entrant k* + 1 enters pure; the normal store mixes
F and A. If F is realized, the belief jumps up to b5 %" —the next entrant’s indifference
threshold—and from there on each entrant mixes IN/OUT while the normal store mixes
F/A, with beliefs tracking the threshold curve exactly. If instead A is realized at any

point, the store is revealed as normal and all remaining entrants enter unopposed.

The length of the reputation phase is k* = K + 1 —loge/logh. As ¢ — 0 with K fixed,
k* — K + 1: the reputation phase swallows the entire game and all entrants stay out. As
K — oo with € fixed, K — k* = (loge)/(logb) — 1 is a constant, so the endgame takes up
only a fixed number of periods regardless of horizon—the reputation phase takes up the
proportion (K — k*)/K — 0 of a long horizon.

Contrast this with the complete-information equilibrium, in which every entrant enters
and the store accommodates every period. The reputation equilibrium inverts this: nobody
enters in the long opening phase, the store harvests monopoly rent without ever being
tested, and only in the final handful of periods does any entry occur—gradually, through
mixing, and only because the finite horizon makes the rent from further reputation-building
smaller than the cost of fighting. The interpretive one-liner is that the normal store is taking
advantage of the fact that the entrant thinks he might be crazy, by slightly mimicking what
the crazy store would do. Randomized fighting is the cheapest way to refuse to reveal one’s

type.
Remark (What the Chain Store Paradox Teaches).
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Three lessons. First, the backward-induction prediction of Proposition 11.2 is fragile:
a vanishingly small perturbation of the information structure changes the equilibrium
qualitatively, not just quantitatively. The prediction discontinuity at e = 0 is what
earned the result the word “paradox”—the limit of the reputation equilibrium as e — 0

is not the complete-information equilibrium.

Second, reputation requires a commitment device, and in sequential-move games
against short-lived opponents the natural device is uncertainty about one’s own type.
The normal store is willing to pay a short-run cost (fighting, —1 instead of 0) precisely
because doing so preserves ambiguity about its type, and ambiguity is what deters future

entry.

Third, the chain store paradox is less about chain stores than about how small
amounts of rationality-relevant uncertainty can rescue behaviors that strict common-
knowledge reasoning rules out. The same logic underlies Kreps-Milgrom-Roberts-Wilson
models of finitely repeated prisoner’s dilemma (where a tiny probability of a “tit-for-
tat” type rescues cooperation), reputation models in industrial organization (FTC en-
forcement, product quality signaling), and macroeconomic models of monetary policy
commitment.

Remark (Chapter Summary).

Dynamic games extend the static equilibrium concepts of Chapter E to environments with
explicit time. Two settings dominate. The infinitely repeated game G°(00) is governed
by the Folk Theorem (Theorem ): for ¢ sufficiently close to 1, every feasible and
individually rational payoff profile is sustainable as an SPE outcome. The flip side is
that this multiplicity makes prediction hard—infinitely repeated games predict almost
everything that is consistent with individual rationality. The finitely repeated game G(T)
is governed by Benoit-Krishna (Theorem ): if the stage game has multiple stage-NE
payoffs, almost any feasible IR payoff is sustainable for T" large enough; if the stage NE
is unique, only the stage-NE outcome is sustainable. The chain store paradox bridges to
the next chapter: with one-sided private information about the long-lived player’s type, a
vanishingly small mass of commitment types is enough to rescue cooperation/deterrence
even when standard backward induction rules it out. The general moral: cooperation in
dynamic games does not require infinity; it requires either patience plus repetition or a

small grain of doubt.
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Perfect Bayesian Equilibrium

9.1 From SPE to PBE

Subgame-perfect equilibrium (Chapter E) refines Nash equilibrium by demanding sequen-
tially rational play in every subgame. The definition is powerful in extensive-form games of
perfect information, where every singleton history initiates a subgame and SPE is verified
by backward induction at each node. It is also adequate for extensive-form games of im-
perfect information whose information sets have a tree-like structure that respects subgame
boundaries (e.g., simultaneous-move stages embedded in a larger sequential game).

It loses bite as soon as informational nontrivialities cut across the would-be subgames.
Consider a game in which player 1 moves first, player 2 then chooses without observing
player 1’s move, and the resulting branches are linked by a single information set spanning
multiple post-move-1 nodes. The candidate “subgame” rooted at any single post-move-1
node is not a subgame in the formal sense, because it severs an information set. Backward
induction has nowhere to start. SPE then either coincides with NE (when there is only one
trivially-defined subgame, namely the whole game) or rules out very little.

The contrast between the two cases is best seen visually:

Perfect information

Imperfect information
Two proper subgames; SPE applies

No proper subgame; SPE has no bite

info set

In the left tree, each player-2 node initiates its own proper subgame, and SPE pins down
player 2’s optimal action separately in each—backward induction works. In the right tree,
the information set spanning both player-2 nodes makes the candidate “subgame” rooted
at either one ill-defined: severing it would cut the information set in half. To evaluate
optimality at the information set, player 2 needs to know how likely she is to be at the left
versus the right node—a probability distribution over the nodes inside the information set.
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SPE has no language for that; PBE does.

The remedy is to add beliefs to the equilibrium concept. At every information set the
relevant player should hold a probability distribution over the nodes inside that information
set, evaluate continuation play under that distribution, and respond optimally. The result-
ing solution concept is perfect Bayesian equilibrium (PBE): an extension of SPE to

extensive-form games without well-behaved subgame structure.

Remark (Beliefs as “Why Is This Player Doing This?”).

All of the equilibrium concepts up to this chapter—NE, SPE, even sequential rationality
in finite games of perfect information—make no formal use of beliefs. They speak only of
strategies and best replies. But in extensive-form games, asking why a player chooses a
particular action is often more illuminating than verifying that the action is a best reply:
“because she thinks the state of the world is X with probability p.” She still plays a best
response—but a best response to her belief, not to the actual (unobserved) state. PBE
makes that intuitive “thinks” a primitive of the equilibrium. Strategies tell you what
each player does; beliefs tell you what each player conjectures about the unobserved
nodes of the tree. The first novelty of PBE is to put both objects at the same level of

formality.

Remark (Why Beliefs Are the Right Object to Add).

In an SPE, the absence of off-path play is what makes “backward induction at every
subgame” coherent: the subgame partition cleanly separates “what happens here” from
“what happens elsewhere” When information sets cross those boundaries, evaluating
“what happens here” from the inside requires knowing which node inside the information
set is in fact the current one—and the only thing capable of summarizing that knowledge
is a probability distribution over the nodes. PBE is what you get when you treat that
distribution as a primitive of the equilibrium and impose two requirements: (i) actions
are best replies given the beliefs, (ii) the beliefs are consistent with the strategies via

Bayes’ rule wherever Bayes’ rule applies.

9.2 Definition: Strategies and Beliefs
A PBE is a pair (8, 1) in which 8 = (5;); is a profile of behavioral strategies and p = (p;);

is a profile of belief systems, one per player.

Definition 9.1: Belief System

Fix a player ¢ and an information set I; of player i. A belief of player i at I; is
a probability distribution p;(I;) € A(I;) over the decision nodes in I;. A belief
system for player i is the collection pu; = {u;(I;)}1,ez, of such distributions, one for

every information set of player 7.
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Definition 9.2: Perfect Bayesian Equilibrium
A pair (8, p) is a perfect Bayesian equilibrium if

1. Sequential rationality. For every player i and every information set I;, the ac-
tion 3;(I;) that the strategy prescribes at I; maximizes i’s conditional expected

payoff at I;, with the conditional expectation taken under the belief p;(I;):

Bi(I;) € arg max Z pi(L;)(n) - U; (a, B n),

a€A;(l;) nel;

where U;(a, B—;;n) denotes i’s continuation payoff from node n if ¢ plays a at
I; and the others play S_; thereafter.

2. Bayesian consistency. Given 3, the belief p;(I;) is derived from Bayes’ rule
whenever Bayes’ rule applies—that is, whenever the strategy profile reaches I;

with positive probability.

Remark (Conditional, Not Unconditional).

The expectation in (1) is the conditional expected payoff at I;, not the unconditional
ex-ante one. The conditioning on “having reached I;” is encoded in the support of p;(I;):
by definition p;(I;) € A(I;) is a posterior over I;, so summing p;(1;)(n) - U;(a, _i;n)
over n € I; already restricts attention to the event “I; has been reached.” Two practical
consequences. First, multiplying by the (positive) probability of reaching I; would only
rescale the objective by a constant and not change the argmax—so writing the condi-
tioning explicitly outside, e.g. E[- | I;], is redundant if the belief is already a posterior.
Second, this is exactly what makes sequential rationality local: each information set is
evaluated on its own terms, with continuation payoffs U;(-; n) that depend only on what

comes after n and not on how the play got to n.

The first condition is sequential rationality at every information set; it is what replaces
“optimality on every subgame” from the SPE definition. The second condition is the new
piece: it prevents free choice of beliefs at on-path information sets but—deliberately—leaves
beliefs at zero-probability information sets unrestricted by Bayes’ rule alone. This loophole
is what generates the multiplicity of PBE one observes in signaling games (Section 12.3)
and motivates further refinements (intuitive criterion, divinity, sequential equilibrium).

Remark (“Whenever Possible”—the Source of Multiplicity).

The phrase whenever possible in (2) is doing real work. Bayes’ rule pins down the pos-
terior P(node | I;) only when the prior probability of reaching I; under g is positive. At
an information set that the strategy profile reaches with probability zero (a so-called off-
path information set), Bayes’ rule is silent—0/0—and the equilibrium concept allows any
belief there. Equilibria are then often distinguished only by what beliefs are postulated
off the equilibrium path, and these off-path beliefs are exactly what determines whether a

candidate deviation is profitable. The discipline of refinements like the intuitive criterion
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is essentially a proposal for how to tame this freedom.

A worked tree

Consider the extensive-form fragment below. Nature first selects one of two states with
equal probability (the initial [%] labels). Player 2’s information set spans both post-Nature
nodes, so 2 does not directly observe the state; the labels [%] and [%} are 2’s belief at that
information set. After 2 moves, on one branch a payoff is reached; on the other, player 3

moves at an information set spanned by two nodes with belief [i], [%]

Nature

The numbers in brackets along edges are conditional probabilities induced by f3; the
numbers in brackets next to the dashed information sets are the player’s beliefs p. Bayesian
consistency forces an arithmetic relationship between the two. For instance, write N7 and
Ny for the two nodes in player 2’s information set (the left- and right-hand children of

Nature, as marked on the diagram). Then 2’s belief at that information set must satisfy

Pr(Nature picks left) - 1

Ny) = _ 1
H2(N) Pr(Nature picks left) - 1 + Pr(Nature picks right) - 1 2

under the prior (%, %) Any other belief there (such as [%, %]) would be inconsistent with
the prior unless something earlier in 5 biased the path—and that something would itself
need to be computed and reconciled with Bayes’ rule. The board’s specific numbers were

illustrative of how to read the diagram, not a uniquely-solved equilibrium.

9.3 Spence Signaling

The leading workhorse of PBE is the Spence (1973) signaling model of education and
labor markets. It crystallizes the idea that a costly action with no direct productive value can
nevertheless be informative about hidden type, and—more cautiously—that the resulting

equilibria come in continua, none of which is selected by PBE alone.

9.3.1 Setup

A worker has private type 6 € {L,H} with 0 < L < H (so 6 doubles as the worker’s

productivity: a type-6 worker produces output worth exactly #, and L, H are two numerical
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productivity levels). The prior is
Pr(d = H) =, Prf=L)=1-m, m € (0,1).

The worker first chooses an education level e € [0, 00). Two competitive firms then observe
e and simultaneously offer wages; Bertrand competition forces both wage offers up to the

firm’s expected productivity given e, so the realized wage is
wle) = B0 | ] = u(H |e)- H+ (1-u(H | €))L,

where p(H | e) is the firms’ posterior that the worker is high-type after observing the signal.
The worker’s payoff is
e
u(f,e,w) = w — 7
The cost of education is e/6: high types find education cheaper. Critically, education does
not affect productivity: 0 enters firm payoffs directly, e only through firm beliefs. Education

is a pure signal.
Remark (Why Not Just Say You’re High-Type?).

The setup carefully forbids the worker from declaring her type. If declarations were
allowed and free, every worker—low or high—would announce “I am high-type,” the
announcement would carry no information, and firms would ignore it: this is the standard
cheap talk non-result. The whole point of the model is that a verbal claim is unverifiable,
so the worker must instead choose a costly action whose marginal cost depends on the
unobserved type. The single-crossing structure e/6 guarantees that some levels of e are
too painful for the low type to mimic but bearable for the high type, opening a channel

through which type can be communicated.

Single-crossing. The cost function e/6 implements the single-crossing property (a.k.a.
Spence-Mirrlees): for any two education levels e’ > e and any wage gap Aw that makes the
low type just willing to switch from e to €', the high type strictly prefers to switch. This
monotone comparative statics in type is what makes signaling possible at all—without it,
no signal could separate types in equilibrium.

9.3.2 An Order Constraint in Every Equilibrium

Before classifying equilibria, we record a useful observation that holds at every PBE.

Proposition 9.3: Monotone Education in Type

In any PBE of the Spence signaling game, el > .

Proof for Proposition.

Let w? = E[0 | %] be the equilibrium wage offered to a worker who chooses e?. The two
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incentive-compatibility constraints are

(IC for H) wH—%ZwL—%,
L el H e
(ICfor L) w”—% > w” — 5.

Adding the two inequalities, the wage terms cancel and one obtains

L A NN (eH_eL)(%_

H L et )ZO.

=

Since % — % > 0, we conclude eff > el.

The proof is general: it nowhere uses the specific values of w!,w” beyond the IC
inequalities. It illustrates a recurring trick in the analysis of separating-type games—add
the two ICs and watch the wage terms drop out, leaving an inequality among the actions

and the type-sensitivity of cost.

9.3.3 Separating Equilibria

A separating equilibrium is one in which e # e%, so that € is fully revealed by the
signal. The proposition forces e > e’ in such equilibria.

Two structural features. First, e/ = 0 in any separating equilibrium: if the low type is
identified by his signal, his wage is L regardless of e, and any e’ > 0 is strictly dominated
by e = 0. Second, the high type’s signal e/ = e* must satisfy both ICs simultaneously;

since separation forces w’ = H, w” = L, the ICs become

H(H - L),

(ICfor H) H-% > L-0 = L, & e*
L— - L(H —L).

(IC for L) 0> H—-% & e*

<
= >

A note on why the low-type IC must be checked at all, given that we just argued e” = 0.
The argument e” = 0 said the low type, conditional on being identified as low (so that wage
is L regardless of e), optimally chooses no education. But the deviation IC for L rules out
is a different one: the low type pretending to be high by paying e* and pocketing wage H.
Whether this masquerade is profitable depends on the cost-of-education-to-low-type, e*/L,
against the wage gain H — L. The lower bound e* > L(H — L) is precisely the condition
that makes the masquerade not pay.

Combining, e* € [L(H — L), H(H — L)]. The lower bound says the signal must be costly
enough that the low type would not pay it for the wage gain H — L; the upper bound says
it must not be so costly that even the high type would prefer to mimic the low type.

Proposition 9.4: Separating PBE: A Continuum

For every e* € [L(H — L), H(H — L)] there exists a PBE in which ef/ = e*, el =0,
for some choice of off-path beliefs (constructed in the proof below). Hence the Spence

signaling game admits a continuum of separating equilibria.

Proof for Proposition.

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 9. PERFECT BAYESIAN EQUILIBRIUM 166

The strategy profile is e” = 0, e/ = e*. The belief system specifies, on-path, u(H | 0) =
0 and p(H | e*) = 1, generating wages L and H respectively. Off-path beliefs can be

chosen to discourage any deviation; the simplest choice is the pessimistic specification

e=c¢e",
n(H |e) =
0 e#e",

i.e., any out-of-equilibrium signal is read as “low type.”

o Low type’s IC. If L stays at 0, payoff is L — 0 = L. If L deviates to any €’ # 0 with
e’ # e*, payoff is L — ¢'/L < L, strictly worse. The only deviation worth examining
is ¢/ = e* (which would give wage H); this is unprofitable iff L > H — e*/L, i.e.
e*>L(H—-1L).

o High type’s IC. If H stays at e*, payoff is H — e*/H. The best deviation under the
pessimistic belief gives wage L, so the most profitable deviation is to e’ = 0 (cheapest),
with payoff L. No-deviation requires H — e*/H > L, i.e. e* < H(H — L).

Both ICs hold for e* € [L(H — L), H(H — L)]. Sequential rationality of the firms is
automatic given Bertrand competition and the posited beliefs.

Remark (Why a Continuum?).

The interval [L(H — L), H(H — L)] has positive length whenever L < H, so there is always
more than one separating e*. The reason is that the on-path beliefs u(H | e*) = 1, u(H |
0) = 0 pin down only two of the firm’s posteriors; the remaining beliefs at every other
education level are free, and the equilibrium concept lets us use that freedom to deter
deviations. Each e* in the interval is supported by its own pessimistic specification: the
recipe is uniform (“any e ¢ {0, e*} is read as low type”), but the location of the on-path
spike at e* shifts across equilibria. So all members of the family share a single rule for
how to interpret deviations; they differ only in which e* the rule targets as the high-type

signal.

9.3.4 Pooling Equilibria

A pooling equilibrium is one in which both types choose the same signal: eX = e =&
for some common € > 0. The firm cannot extract any information from € alone, so on-path

beliefs equal the prior:
w(H |e) = m, w(e) = 7H + (1 —7)L.

Off-path beliefs are not pinned down by Bayes’ rule. We adopt the standard pessimistic
specification
w(H|e) = 0 forevery e # €,

under which any deviation is read as “low type” and rewarded with wage L. We show below
that this is the harshest off-path belief, hence supports the largest set of pooling equilibria;
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weaker off-path specifications collapse most of them.

Identifying the binding deviation. A worker contemplating a deviation from € to some
e’ # € obtains wage L regardless of ¢’ (under pessimistic beliefs), so her deviation payoff is
L—¢'/6. Since this is decreasing in ¢/, the most attractive deviation is the cheapest off-path
signal: ¢ = 0. Both types’ IC therefore reduces to a single inequality each, comparing the

equilibrium payoff at € to the deviation payoff at e’ = 0.
Low-type IC. The low type must (weakly) prefer € to deviating to ¢’ = 0:

tH+(1-mL—-% > L-0 = L.
——

deviation payoff

o

equilibrium payoff Uy,

Rearranging,

sH+(1—-m)L—L > — n(H-L) > <— ¢ < wL(H-1L).

€
L

o

High-type IC. The high type must (weakly) prefer € to deviating to ¢/ = 0:
tH+(1-mL—% > L.

Rearranging,
e < mH(H - L).

This bound is strictly weaker than the low-type bound, since nH(H — L) > nL(H — L).
So the high-type IC is automatically satisfied whenever the low-type IC is. Geometrically:
education is cheaper per unit for the high type (1/H < 1/L), so the same on-path payoff
requires a smaller utility cost from é for H, giving more slack.

Sequential rationality of the firm. Two competitive firms observe e and bid up to
expected productivity. On path, expected productivity given the prior 7 is exactly w(e) =
7mH + (1 — 7)L. Off path under the pessimistic belief, expected productivity is L. Both
wages are best responses, so the firm’s strategy is sequentially rational.

Combining the three conditions:

Proposition 9.5: Pooling PBE: A Continuum

For every e € [0, mL(H — L)] there exists a pure-strategy PBE in which both types
choose e = &, the on-path belief is u(H | €) = m, the off-path belief is u(H | e) =0
for e # €, and firms offer the wage mH + (1 — )L at € and the wage L at every other

signal.

Proof for Proposition.

Sequential rationality of the firm follows from Bertrand competition together with the
on-path posterior 7 and the off-path pessimistic posterior 0. Both types’ IC against the
cheapest deviation ¢’ = 0 reduce to € < 7L(H — L) (low type) and € < nH(H — L) (high
type); the first implies the second.
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The boundary case € = 0 is the trivial pooling equilibrium in which neither type acquires
education and the firm offers the prior wage. The upper boundary e = 7 L(H — L) is the
most education-intensive pooling equilibrium consistent with the low type’s IC; any larger
€ would induce L to drop down to €’ = 0, breaking the equilibrium.

Why pessimistic off-path beliefs? If we instead specified the off-path belief as pu(H |
e) = 1 for some e # € (say ¢ < &), then a low type weighing & vs. ¢/ would compare
7H+(1—n)L—¢/LtoH—¢'/L. Since H > nH + (1 —m)L and €’ < €, deviation strictly
dominates whenever the off-path optimistic wage is offered cheaply enough—so the pooling
equilibrium unravels. The pessimistic specification is the unique off-path belief structure
under which no deviation looks more attractive than the equilibrium signal. This is the same
observation that motivates the intuitive-criterion analysis in §9.3.6 below: the IC objects
precisely to the pessimistic belief whenever the deviation is unattractive for L but attractive
for H.

Remark (The Two Roles of Incentive Compatibility).

PBE asks two things: that strategies be optimal given beliefs (sequential rationality), and
that beliefs be Bayes-consistent given strategies—wherever Bayes applies. The qualifier
is what gives PBE its slack: Bayes pins down on-path beliefs, but off-path beliefs are
unconstrained by Bayes alone. As a result, IC ends up doing two distinct jobs.

e On-path discipline. IC rules out deviations from one on-path action to another on-
path action. At on-path information sets, posteriors are determined by Bayes, and
IC must hold against those posteriors. There is no freedom here—this is a necessary
condition.

e Off-path discipline as a design choice. 1C also rules out deviations from on-path
actions to off-path actions. But here whether a deviation pays depends on what the
firm thinks when it sees the off-path signal, and that thought is not pinned down
by Bayes. The analyst must select off-path beliefs strategically: pick beliefs harsh
enough that every candidate off-path deviation looks unprofitable. The pessimistic
specification (“any unexpected signal is a low type”) is the harshest possible choice

and therefore sustains the largest set of equilibria.

Under more permissive off-path beliefs (e.g., “any unexpected signal is a high type”),
most of these equilibria collapse: a low type would mimic the high type’s signal, the
firm would interpret it as high, and the equilibrium would unravel. The off-path belief
is exactly where the multiplicity lives—and where refinements like the intuitive criterion

or divinity intervene to discipline it.

The trade-off underlying separating and pooling equilibria can be visualized in (e, w)-
space using each type’s indifference curves through the no-education / low-wage anchor
(0,L):
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£
wage w &

L(H-L) H(H-L)

separating e” range

Reading the figure. Each type’s indifference curve from (0, L) has slope 1/6: the low type’s
curve (slope 1/L, blue) is steeper than the high type’s (slope 1/H, red) because education
is more costly per unit for the low type. A separating equilibrium with high-type signal
e* requires the firm-offered wage H at e = e* to lie below the low type’s indifference curve
through (0, L) (so the low type does not mimic) and above the high type’s indifference curve
through (0, L) (so the high type prefers signaling to staying at e = 0). The wage H touches
the low-type curve at e = L(H — L) and the high-type curve at e = H(H — L), giving
the interval [L(H — L), H(H — L)] as the range of e* that supports separation. A pooling
equilibrium at € € (0, 7L(H — L)] analogously sits where the off-path wage L at e = 0 and
the on-path wage mH + (1 — 7) L at € leave the low type weakly content—geometrically the
same kind of inequality, with 7 replacing the 1 that enters the separating bound.

9.3.5 Partial Pooling and the Multiplicity Problem

Beyond pure separation and pure pooling, the model also admits semi-separating (partial-
pooling) equilibria, in which one type randomizes across two signals. For example, H
randomizes between e’ and e” while L plays ¢ for sure; firms then assign different posteriors
to e’ (pure H) and e’ (mixture). Each such construction generates an additional family of
PBE indexed by the mixing probability and the off-path beliefs.

The cumulative picture, then, is uncomfortable: the Spence model has tons of perfect
Bayesian equilibria. Separating and pooling alone yield two continua; partial pooling adds
further families. PBE, the natural extension of SPE to incomplete-information games, is

too permissive to deliver sharp predictions in this canonical example.

Remark (Why So Many Equilibria, and What to Do About It).

The proliferation comes from two sources. First, off-path beliefs are unrestricted by
Bayes’ rule, so different choices generate different equilibria. Second, even on-path the
IC constraints in the separating case define a closed interval, not a single point. The
literature responds with refinements: the intuitive criterion (Cho-Kreps 1987), divin-
ity (Banks-Sobel 1987), undefeated equilibrium (Mailath-Okuno-Fudenberg-Postlewaite
1993), and others. Each restricts off-path beliefs by an additional logical principle (“a
deviation that only one type would ever consider should be attributed to that type”) and
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selects subsets of the PBE set. In the next subsection we develop the intuitive criterion
in full, showing that it selects the unique Riley outcome—the least-cost separating equi-
librium, e* = 0, eff = L(H — L). The lesson is general: PBE is the right concept for
incomplete-information dynamics, but it usually needs a refinement to deliver predictive
bite.

9.3.6 Refinement: The Intuitive Criterion

The intuitive criterion of Cho and Kreps (1987) is a forward-induction restriction on off-
path beliefs. Its conclusion in the Spence model is sharp: among the continua of separating,
pooling, and partial-pooling PBE, exactly one outcome survives—the least-cost separating
equilibrium (el efl) = (0, L(H — L)). This subsection states the criterion and proves the

selection result.

Motivation: a forward-induction speech. Fix any PBE and consider an off-path
signal €¢’. Suppose a high-type worker contemplates choosing e’ and accompanies the choice
with the following speech to the firms:

“I am the high type. Here is why you should believe me. If you grant me the
most charitable belief and pay me wage H at ¢/, my payoff H — ¢//H exceeds
my equilibrium payoff. So I have a reason to send e’. The same most charitable
belief, paying H at e/, gives a low type only H —e’/L, which is strictly below his
equilibrium payoff. Even under the most generous interpretation, the low type

would never want to send €’. So your belief at ¢’ should put zero weight on L.

The intuitive criterion is precisely this argument formalized. It rules out off-path beliefs
that attribute a deviation to a type for whom the deviation is unprofitable under every

possible belief, when some other type could plausibly benefit.

Definition 9.6: Equilibrium-Dominated Signal

Fix a PBE of the signaling game and let Uy denote type #’s equilibrium payoff. A
non-equilibrium signal €’ is equilibrium-dominated for type 6 if
max [w—€'/0] < Uy,

we[L,H]

i.e., even granting the most favorable wage w = H, type 6’s payoff at ¢’ falls strictly

short of her equilibrium payoff. Equivalently, H — ¢’/0 < U,.

Intuitive Criterion (Cho-Kreps, 1987)

A PBE satisfies the intuitive criterion if, for every non-equilibrium signal e’ and

every pair of types 6,6,
e’ is equilibrium-dominated for 6 but not for ¢/ = (0 |e’) = 0.

When €’ is dominated for all types or for none, the criterion places no restriction.
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The criterion bites only when at least one type strictly cannot benefit from the deviation
under any belief while at least one other type might. The off-path belief is then required to
put zero weight on the unambiguous loser.

We now apply the criterion to the Spence model and obtain the uniqueness result through

three claims.

Proposition 9.7: No Pooling Equilibrium Satisfies the Intuitive
Criterion

Every pooling equilibrium of the Spence signaling game (i.e., € € [0,7L(H — L)])

violates the intuitive criterion.

Proof for Proposition.

In a pooling equilibrium at € the wage on path is w(e) = 7#H + (1 — w)L, and the

equilibrium payoffs are
U, = tH+ (1 —n)L—¢/L, Uy = nH+ (1 —-7)L —¢e/H.

We show that there exists an off-path signal ¢’ > & that is equilibrium-dominated for L
but not for H.
Such an ¢’ exists iff H —¢//L < Ur and H — ¢'/H > Ug both hold, i.e., iff

L(H*UL) <€ < H(H*UH)
Substituting the equilibrium payoffs and simplifying,

L(H—-0y)=L[(1-m)(H - L)]
H(H-Up)=H[(1 - 7)(H - L)]

€,
€.
The interval is therefore (L(1—m)(H —L)+¢€, H(1—n)(H — L)+&), which is non-empty
since L < H. Pick any €’ in this interval.

Then €’ is equilibrium-dominated for L (the LHS inequality) but not for H (the
RHS). The intuitive criterion demands u(H | ¢’) = 1, which contradicts the off-path
belief u(H | ¢’) = 0 that supports the pooling equilibrium. The pooling equilibrium fails

the criterion.

Proposition 9.8: No Separating Equilibrium with e > L(H—L)
Satisfies the Intuitive Criterion

Every separating equilibrium with eX = 0 and e € (L(H — L), H(H — L)] violates

the intuitive criterion.

Proof for Proposition.

In such an equilibrium the wage at e is H and the equilibrium payoffs are

U, = L, Uy = H—e"/H.
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Pick any e’ € (L(H—L), e”). The interval is non-empty by hypothesis (e > L(H—L)).
e For L: H—¢'/L < H—L(H—-L)/L=L=Up. So ¢ is equilibrium-dominated for L.

e For H: H—¢'/H > H —ef'/H = Uy (since ¢’ < ef). So ¢ is not equilibrium-
dominated for H.

The intuitive criterion demands u(H | ¢’) = 1. But the equilibrium supporting e relied
on pu(H | €') =0 for ¢’ #0,e to deter the high type from undercutting her own signal.
Contradiction.

Proposition 9.9: The Riley Separating Equilibrium Satisfies
the Intuitive Criterion

The separating equilibrium with (el,eff) = (0, L(H — L)) satisfies the intuitive
criterion.

Proof for Proposition.

In the Riley equilibrium Uy, = L and Uy = H — L(H — L)/H. Take any non-equilibrium
signal ¢’ > 0 with ¢’ # L(H — L); we check both cases.
Case ¢ < L(H — L). Then

H-¢/L > H-LH-L)/L =L = Uy,

so e’ is not equilibrium-dominated for L. Similarly, H —e'/H > H— L(H — L)/H = Ug,
so €’ is not equilibrium-dominated for H. The criterion places no restriction.
Case ¢/ > L(H — L). Then

H-¢/L < L = Uy and H-¢/H < H-L(H-L)/H = Uy,
so €’ is equilibrium-dominated for both types. The criterion places no restriction.

In neither case does the criterion demand a non-trivial belief, so the Riley equilibrium
satisfies it (with any off-path belief, including the standard pessimistic u(H | ') = 0).

Theorem 9.10: Uniqueness Under the Intuitive Criterion

In the Spence signaling game, exactly one PBE outcome survives the intuitive crite-
rion: the least-cost separating equilibrium with e =0 and e/ = L(H — L).

Remark (Existence and Wider Applicability).

Two practical points worth flagging.

Ezxistence is not automatic. For a general signaling game, the intuitive criterion can
in principle eliminate all PBE, leaving an empty set of refined equilibria. This does not
happen in the Spence model: the proof of the third claim above is itself an existence
proof—the Riley equilibrium is constructed and shown to satisfy the criterion. But in
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some games one needs to check existence separately, sometimes by passing to weaker
refinements (divinity, D1, D2, ...).

Compatibility with sequential equilibrium. Cho and Kreps designed the intuitive cri-
terion as an economic re-statement of more abstract stability concepts in the Kohlberg-
Mertens (1986) “stable equilibrium” tradition. In generic signaling games, the intuitive
criterion is consistent with sequential equilibrium: every IC-surviving PBE is a sequen-
tial equilibrium. The Mas-Colell-Whinston-Green textbook (Chapter 13) develops these
ideas in greater detail.

What about partial pooling? The same argument that knocks out pooling also knocks
out partial-pooling (semi-separating) equilibria. If the high type randomizes between
e’ and e” while the low type concentrates on e”, then any signal slightly above the
low-type’s equilibrium can be shown to be equilibrium-dominated for L but not for H,
producing the same contradiction. The intuitive criterion thus selects a single outcome
out of a three-dimensional family of PBE.

Remark (Costly Signals Beyond Education: The Peacock’s Tail).

An evolutionary biology analogue of the Spence model arose around the same time. A
peacock’s elaborate tail is metabolically expensive to grow and makes the bird more
conspicuous to predators. It does not improve foraging or fighting ability. Why grow
it? The Zahavi (1975) “handicap principle” answers: the tail is a costly, unfakeable
signal of underlying genetic fitness. Only a peacock with a strong constitution can
afford the energy expenditure and the predation risk; weak peacocks cannot mimic the
display, so peahens that prefer big tails systematically end up with high-fitness mates.
The structural parallel to Spence is exact: a productive but unobservable trait, a costly
action whose marginal cost is decreasing in the trait, and a separating equilibrium in
which the high type incurs the cost to communicate her type. Costly signaling is one of
those rare unifying ideas that crossed independently into economics and biology in the
1970s and now turns up wherever an agent has private information she would like to

credibly convey.

9.4 Reputation in the Finitely Repeated PD

The chain store paradox of Section 11.4 showed that a vanishingly small probability of a
“crazy” commitment type can sustain reputational behavior in a sequential game between
a long-lived player and short-lived opponents. A natural follow-up question, addressed by
Kreps, Milgrom, Roberts, and Wilson (1982) in a companion paper, is whether the same
resolution rescues cooperation in the finitely repeated Prisoner’s Dilemma between two

long-lived players—another canonical setting where backward induction predicts unraveling.

9.4.1 Setup

Two players play the Prisoner’s Dilemma
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| ¢ D
cl 22 -1,3
D|3 -1 0,0

for T periods, with periods numbered backwards: t = 1 is the last period, ¢t = T is the first.
Each player is independently rational with probability 1 —e and a commitment type (always
plays grim trigger: cooperate while the opponent cooperates; switch to permanent defection
after any defection) with probability . Players observe past actions but not the opponent’s
type. Let p; denote the probability a player ascribes to the opponent being a commitment

type at the start of period ¢, conditional on the equilibrium history.

Remark (Why Backward Induction Fails Here).

Recall from Section 11.3 that under common knowledge of payoffs the only SPE of the
finitely repeated PD is (D, D) in every period. The reason is structural: the unique stage
NE in the last period pins down (D, D) at ¢ = 1, which makes the period-2 subgame
strategically equivalent to the stage game, and so on. The reputation model breaks
this by giving the rational player something at stake in maintaining ambiguity about
her type: defecting reveals rationality (a commitment type would never defect against a
cooperator), and revelation collapses the subsequent subgame to (D, D) forever. That
continuation loss can outweigh the one-period gain from defecting, sustaining cooperation

off the unraveling path.

9.4.2 Constructing the Equilibrium

We solve for a symmetric PBE in which both rational players cooperate with positive prob-

ability while both retain reputation, and randomize as the endgame approaches. Let
g: = Pr(player cooperates in period t | both cooperated through ¢ + 1),

let p; be the belief about the opponent being commitment, and let p; be the probability
that a rational player cooperates in period ¢. Conditional on histories in which both players

have cooperated through period ¢ + 1, Bayesian aggregation gives

e = (1= pe)pe + pue,

since commitment types always cooperate so far. Inverting,

_ qt — Mt
1 — gt

After any defection, the commitment type switches to permanent D, so observing D from a
player who was on the cooperation path reveals rationality with certainty—Dbeliefs collapse
to u = 0 and the continuation reverts to mutual defection.

The construction proceeds in three phases:
e Phase I (t > K + 1): full cooperation, ¢; = 1, p; = 1.

o Phase IT (1 <t < K + 1): rational players randomize.
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o Phase III (¢t = 1): defect outright.

The cutoff K is chosen as a function of €. Specifically, fix the integer k satisfying
3" <e<[i]", & j<se<y
and set K = 2k, so that % < 3K/2¢ < 1.

9.4.3 Equilibrium Mixing Probabilities and Beliefs

The equilibrium specifies the on-path mixing weights

K/2 ]K/2+1 1

Q2=CI4="'=QK=[§ -

q1:q3:-:qK+1:3

)

and ¢; = 1 for all t > K + 1. Notice that for t < K + 1,

1
dt4t+1 = 3,

which is the key recursion that makes randomization an equilibrium (derived below). On-
path beliefs follow the Bayesian update

€ ift > K,
me = €
dK+149K - qt41

ift <K,
which simplifies to gy = per1/gi+1 for any history of mutual cooperation.

9.4.4 Verification at the Last Period
Plugin t =1:
- = 3K/20 = q1-

dK+19K " Q2
At t = 1 the probability of cooperation by the opponent equals exactly the probability that
the opponent is a commitment type. This means rational players defect with probability
1 in the last period (only commitment types cooperate), as one would expect from the

unraveling logic.

9.4.5 Indifference in the Mixing Phase

Consider any period 1 < ¢ < K + 1 on the cooperation path. We verify that a rational
player is indifferent between cooperating and defecting.
Defecting today. Playing D when the opponent cooperates with probability ¢; yields

Vi(D) = 3¢: +0-(1—q) = 3q,

since the opponent’s commitment type, after observing D, switches to permanent D, so all
continuation payoffs are zero.

Cooperating today. Playing C' when the opponent cooperates with probability g¢;
yields a complicated continuation, but the structure of the equilibrium ensures the simple

© Rui Zhou 2026. Do not redistribute without permission.



CHAPTER 9. PERFECT BAYESIAN EQUILIBRIUM 176

expression
Vi(C) = (2+3qi-1)q: — 1- (1 — q1).

The decomposition: with probability ¢; the opponent cooperates today (instantaneous pay-
off 2), and tomorrow the rational player will defect against a still-cooperating opponent
(vielding 3¢;—1 in t — 1); with probability 1 — ¢; the opponent defects today (instantaneous
loss —1), revealing rationality, and all subsequent payoffs are zero.

Setting V;(C) = V4(D):

3¢ = 2+3q-1)ae —(1—q) <= @@ = 3,

which is exactly the recursion built into the proposed ¢; schedule.

Remark (Inductive Verification).

The indifference equation ¢;—1¢; = 1/3 can be verified inductively. Base case (t = 2):
defecting yields 3ge; cooperating yields 1 + 3¢, if the opponent cooperates (one will
defect tomorrow, gaining 3¢; when the opponent’s commitment type still cooperates)
and —1 if the opponent defects. Setting these equal: 3¢2 = ¢2(1 4+ 3¢1) — (1 — o),
which rearranges to g1g2 = 1/3. Inductive step: assume the relation holds for ¢t — 1, so
Vi—1(C) = Vi;—1(D) = 3g¢—1. Then in period ¢, defecting earns 3¢; today and 0 thereafter
(the opponent’s commitment type retaliates); cooperating earns 2 today and continuation
3q;—1 if the opponent cooperated, or —1 today and 0 thereafter if the opponent defected.
The same algebra delivers ¢;_1q: = 1/3.

9.4.6 What the Equilibrium Achieves

The construction yields a striking result: with arbitrarily small € > 0, sufficiently long
horizons T admit a PBE in which rational players cooperate for almost the entire game,
randomize during a final endgame phase of length ©(log(1/¢)), and defect outright in the
very last period. The fraction of periods featuring full cooperation tends to 1 as T" — oo
with ¢ fixed.

The mechanism is structurally identical to the chain store paradox: each rational player
is willing to cooperate today because doing so preserves the opponent’s uncertainty about
her type (since a defection would reveal rationality and trigger permanent retaliation). The
opponent, in turn, willingly cooperates because the probability that the player is a com-
mitment type is high enough to make cooperation marginally profitable. The reputational
equilibrium is held together by the small £, which provides just enough “cover” for rational

players to mimic cooperation without immediate detection.

Remark (Two-Sided vs. One-Sided Reputation).

The PD reputation model differs from the chain store in one important respect: both
players are long-lived and both have private types. In the chain store, only the store has
a type and the entrants are short-lived; reputation flows in one direction. Here, each
rational player both maintains and reads reputation simultaneously, and the equilibrium
balances the two sides via the ¢;—1¢; = 1/3 recursion. A consequence: even if only one

side has commitment types (asymmetric uncertainty), the result still goes through; what
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matters is that some doubt about rationality exists somewhere in the game. The lesson
generalizes well beyond PD: cooperative behavior in any finitely repeated game with a
unique stage NE can be rescued by a tiny mass of behavioral types, regardless of whether

the perturbation is one-sided or two-sided.

Remark (Why a Vanishingly Small ¢ Suffices).

A natural worry: shouldn’t a tiny € produce only a tiny effect? The answer is no, and
the reason is the same logarithmic blow-up that drove the chain store: the length of the
cooperative phase scales as log(1/¢)/log3. Halving ¢ adds roughly log2/log3 ~ 0.63
extra periods of cooperation. So even at ¢ = 1079, the cooperative phase lasts about 13
periods—enough that in any moderately long horizon, almost all play looks cooperative.
This logarithmic sensitivity is what makes “a small grain of doubt” a structural feature

of repeated games rather than a minor perturbation.

Remark (Chapter Summary).

Perfect Bayesian equilibrium (PBE, Definition @) extends subgame perfection to games
of incomplete information. The concept has two ingredients: a strategy profile that is
sequentially rational at every information set, and a belief system that is consistent
with Bayes’ rule wherever Bayes’ rule applies. PBE has bite in two canonical settings.
Spence’s job-market signaling model: the rich type set produces a continuum of separating
PBE (each indexed by an off-path belief restriction), a continuum of pooling PBE, and
various hybrids; the intuitive criterion of Cho-Kreps selects the least-cost separating
equilibrium, which has clean welfare implications and matches the empirical pattern of
overinvestment in education. Reputation in finitely repeated PD: a tiny mass of “tit-
for-tat” commitment types can sustain near-fully-cooperative play in long but finite
horizons, with the cooperative phase scaling as log(1/¢). PBE is the right concept for
incomplete-information dynamics, but its multiplicity (especially of pooling and partial-

pooling equilibria) means it usually requires a refinement to deliver predictive bite.
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Problem Set 1

Problems

Problem 1.1

Every morning 1 unit of cars (say, one thousand) travel from point A to point B. Each car
can take one of two routes. If x cars take the “upper” route, the time taken by each car is
a + bx hours, where a and b are nonnegative numbers. Similarly, if y cars take the “lower”
route, the time taken by each car is ¢ + dy hours, where again ¢ and d are nonnegative
numbers. Further, suppose that a > ¢ >0and d > b > 0.

(a) Under the assumption that each driver is aware of the situation described above, fully
describe an equilibrium allocation—that is, how many cars travel on each of the two
routes. (An equilibrium configuration is such that given the routes followed by all
other cars, no driver can decrease the time taken for him to travel from A to B.) Find

an expression for the average amount of time taken by the cars in equilibrium, say t*.

(b) Show by example (say, by choosing specific values for the parameters a,b,c and d)
that the equilibrium may be inefficient, that is, there is another allocation such that
the average amount of time taken by the cars is smaller. Find an expression for the

socially efficient average time—one that minimizes the average time taken, say t.

(c) Compare the equilibrium average time t* to the efficient average time ¢ when a = 1,
b=0,c=0and d=1.

(d) (Harder) Show that for all values of the parameters a,b,c and d, the ratio of the
efficient average time to the equilibrium average time satisfies ¢/t* > %. (Hint: show

that the situation in part (c) yields the lowest ratio of efficient to equilibrium times.)

Problem 1.2

There are two restaurants, named A and B, in a particular city. There is a prior probability
of p > % that restaurant A is better than restaurant B and, of course, a prior probability
of 1 — p that restaurant B is better. There are 5 potential customers and each one receives
a privately observed signal, a or (, indicating which of the restaurants is better. The
probability of getting signal o when the true state is A (restaurant A is actually better)
is Pr(a | A) = ¢ > p. The probability of getting signal 8 when the true state is B is the
same, that is, Pr(8 | B) = g > p also. Furthermore, conditional on the state, the signals of

different customers are independent.

179



PROBLEM SET 1

(a)

Show that if a customer gets the signal a (and no other information), the posterior
probability that A is the better restaurant is greater than % (Use Bayes’ rule to
calculate the posterior probability.)

What is a customer’s posterior assessment that A is the better restaurant if he gets

the signal 8 and learns that one other customer got the signal a7

Suppose that the first customer gets the signal o and the other four get the signal 5.
What is the posterior probability that A is the better restaurant conditional on all
five signals?

Customers always go to the restaurant for which the posterior probability of being
better is higher. Suppose, as above, that the first customer gets the signal o and
the other four get the signal . If customers make their choices sequentially and are

observed by all others, what will be the outcome?

(Harder) Find the probability that all customers go to the “wrong” restaurant. For
instance, based on all the signals, all customers go to B but it would be socially

optimal for all customers to go to restaurant A.
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Solutions

Problem 1.1

(a) Equilibrium allocation and ¢*. In a Wardrop equilibrium with both routes used,
drivers cannot reduce their travel time by switching, so the two routes deliver the same
time:

N c+d—a .

a+b—c
b = dl_ = — = —
a+br = c+dll—2) <= =z b d Yy b d

Because a > ¢ and b > 0, we always have y* > 0. The interior condition x* > 0 requires
d>a—c.

o Interior case (d > a — ¢). Both routes used; substituting z* back,

ad + be + bd
t* = br* = ————.
a+ bx b1 d
o Corner case (d < a — ¢). Even with everybody on the lower route (y = 1), the lower
route takes only ¢ 4+ d < a, so no one wants to switch up. Then 2* = 0, y* = 1, and

t* =c+d.

(b) Inefficiency and ¢. Total travel time is
T(x) = z(a+bx)+(1—2)(c+d(l—2)) = (b+d)2*+ (a —c—2d)x + (c+d).

Setting 7" (x) = 0,
c+2d—a 3 a+2b—c

2ob+d) > YT 20b+a)

The interior case (Z > 0) requires 2d > a — ¢. Plugging back,

_ _ (a —c—2d)?
=T = — 2
t (z) (c+d) 10+ d)
Concrete example of inefficiency. Take (a,b,c,d) = (1,0,0,1), treated in part (c) below:

3

equilibrium delivers ¢t* = 1 but the social optimum delivers ¢ = 3, so equilibrium is 33%

slower than optimum.
A clean identity. A direct expansion shows that whenever the equilibrium is interior,

(a—c)?

4b+d)

*

Sl

The wedge (a — ¢)?/[4(b+ d)] measures the externality each driver imposes on the others by
ignoring how their presence increases congestion.
(¢) Comparison at (a,b,c,d) = (1,0,0,1). Upper route takes time 1 no matter how

many cars; lower takes time y.
e Equilibrium: z* =0, y* = 1, every car on lower, t* = 1.

o Efficient: z=1,5=2,¢t=32-1+3-1=2

Hence t/t* = 3/4. This is the canonical Pigou example: the upper road has constant time,

so its users impose no externality, while every additional user of the lower road slows everyone

© Rui Zhou 2026. Do not redistribute without permission.



PROBLEM SET 1

else down. Selfish routing pushes every car to the lower road, exactly the externality-

maximizing assignment.
(d) The 3/4 bound on #/t*.
Interior equilibrium (d > a — ¢). Using the identity from (b),

i _ - _ (a— c)?
t 4b+dyte 4(ad + be +bd)

We need (a — ¢)? < ad + be+bd. Set u = a — ¢ > 0; then a = ¢+ u and the inequality

becomes
u? < (c+u)d+bec+bd = cd+ud+bc+bd <= u(u—d) < cd+ be+ bd.

The interior assumption gives u < d, so the left side is < 0 while the right side is > 0.
Equality requires v = d and c¢d = bc = bd = 0; combined with u,d > 0, the only possibility
isb=c¢=0, a =d. Up to scaling, this is exactly part (c).

Corner equilibrium (d < a — ¢). Two sub-cases.

e If 2d < a — ¢, the social optimum is also corner (Z = 0), so t = ¢+ d = t* and the ratio

is 1.
o If (a —¢)/2 <d < a—c, the social optimum is interior with

(a —c—2d)? ., (a—c—2d)?

D T T e

In this regime |a—c—2d| = 2d—(a—c) < d, so (a—c—2d)? < d? < (b+d)(c+d) = (b+d) t*.
Hence t/t* > 1 —1/4 = 3/4, with equality demanding b = ¢ = 0 and a — ¢ — 2d = +d,
i.e., the same Pigou point.

In every case, t/t* > 3/4, achieved uniquely (up to scaling) at b=c =0, a = d.

Remark (Why exactly 3/4, not 1/2 or some other constant?).

The factor 3/4 is the celebrated Roughgarden-Tardos price of anarchy for affine
cost functions. The proof above already exhibits the worst case: a constant-time route
paired with a fully congested one. With more general cost functions, the worst-case ratio

can be far worse—for cost(z) = zP, the price of anarchy grows like p/(logp).

Problem 1.2

(a) Posterior given a single a. Bayes:

B rq
Pr(4|a) = pa+(1—p(1—q)

This exceeds % iff pg > (1 —p)(1 — q), equivalently g + p > 1, which holds since ¢, p > %
(b) Posterior given own § and observed other-a. Conditional on the state, signals
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are independent, so

B p-q(l—q) _
Pr(A|a,pB) = p-ql—q)+(1—-p)-(1—q)q P

One «a and one 3 exactly cancel: the posterior reverts to the prior.

(c) Posterior given 1o and 43’s. Working with log-odds is cleanest. Let ¢; =
logPr(A |-)/Pr(B | ) after ¢ signals; £y = log[p/(1 — p)]. Each « adds log[q/(1 — ¢)] > 0,
each 3 subtracts the same amount. With 1« and 4 3,

ls = logﬁ — SIOgﬁ.

Re-exponentiating,

p(l—q)?
Pridlledd) = S v (= g
Since ¢ > p > % implies ¢/(1 — q) > p/(1 — p), the cube wipes out the prior tilt:
Pr(A|1la,48) < % The aggregate evidence favors B.

(d) Sequential public choice. Customers act in sequence and each predecessor’s
action is observed. We trace the inferences.

Customer 1 («a, observes nothing). By (a), posterior > %; goes to A.

Customer 2 (8, observes 1 — A). Customer 1’s choice perfectly reveals their signal:
a f would have given posterior < % (since ¢ > p), so customer 1 must have observed a.
Customer 2’s effective evidence is 1« + 1 8; by (b), posterior reverts to p > % Customer 2
goes to A.

Customer 3 (B, observes 1 — A, 2 — A). Now customer 2’s action is uninformative:
regardless of their signal, the inferred prior-plus-a from customer 1 outweighed any private
. Customer 3 is in the same evidential position as customer 2: prior + observed « from
customer 1, plus own signal. With own 3, posterior is p > % Goes to A.

Customers 4, 5 (8, observe everyone going to A). Same logic: customers 2-3—... reveal
nothing, and the only public information is customer 1’s «. With own (3, posterior = p > %
Both go to A.

Outcome. Every customer goes to restaurant A, even though the aggregate evidence
(1er, 4B) actually favors B (by (c)). This is an information cascade: customers 2-5 ignore
their private signals because the public evidence dominates, and as a result the public
information stops accumulating.

(e) Probability of a wrong cascade. Let X; be the cumulative net signal balance
(#a — #0) inferable from informative actions through customer ¢, with Xy = 0. Working
through the action thresholds (a customer with own a goes to A iff X > —1; with own
goes to A iff X > 1) shows:

o In the inconclusive range X; € {—1,0}, every customer’s action reveals their signal, so
Xt+1 = Xt + 1.

e As soon as X; = 1, every subsequent customer goes to A regardless of their signal:
A-cascade.
e Assoon as X; = —2, every subsequent customer goes to B: B-cascade.
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The walk on {—2,—1,0, 1} has absorbing barriers at —2 and +1. With at most 5 informative
steps, by parity A-cascades can start only at odd steps (1, 3,5) and B-cascades only at even
steps (2,4). Enumerating the possible prefixes:

Cascade direction Prefix Probability under state A (Pr(a) = q)

A «@ q

A Baa (1-q9)q”
A Bapaa (1 —q)*¢*
B BB (1-q)
B BapB  q(l—q)®
none BaBaB  ¢*(1—q)?

Writing w = ¢(1 — ¢), totals under state A are
Pr(A-cascade | A) = ¢(1 + w + w?), Pr(B-cascade | A) = (1 — ¢)*(1 + w).
By the symmetry ¢ <+ 1 — ¢, totals under state B are
Pr(B-cascade | B) = ¢*(1 + w), Pr(A-cascade | B) = (1 — q)(1 + w + w?).

Combining via the prior, the probability that the cascade direction is wrong (everyone ends

up at the worse restaurant relative to the true state) is

Pr(wrong cascade) = p- (1 —¢)*(1+w) + (1 —p)-(1—¢)(1+w+w?). ‘

A numerical sanity check. With p = 0.6 and g = 0.7, w = 0.21, this gives 0.6-0.09-1.21 4
0.4-0.3-1.2541 = 0.215, i.e. a ~ 22% chance the cascade is wrong despite each individual
signal being 70% accurate. As the number of customers grows, the probability of a wrong

cascade does not vanish—the herding model’s central message.

Remark (Why cascades are robust).

Two features make a cascade self-sustaining: (i) once |X| reaches a threshold, an ad-
ditional signal of either sign is too weak to flip the decision, so individuals optimally
ignore their private information; (ii) as a result, X stops moving, and no later observa-
tion can ever break the cascade. Information aggregation fails not because individuals
are irrational—they are perfectly Bayesian—but because rational behavior interacts in

a way that throws away private information.
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Problems

Problem 2.1

(a) Consider the following extensive-form game. Carefully write down the corresponding

strategic (normal) form of this game.

4,2 1,1 3,2 0,3

(b) Now consider the following extensive-form game. Again, carefully write down the

corresponding strategic form of this game.

4,2 1,1 3,2 0,3

(¢) How do the two strategic forms differ?

Problem 2.2

Two players jointly own a firm which is initially worth $2. The players move alternately—

first player 1 moves, then player 2 moves, then player 1 moves again and this pattern repeats
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until time 7' (an even number). Whenever it is player 1’s turn to move, she can either invest
effort (I) in the firm or unilaterally liquidate (L) the firm. If she invests, this adds $2 to
the value of the firm. If player 1 liquidates the firm at some time, the current value of the
firm is split so that player 1 gets $2 more than player 2 does. The same is true whenever
it is player 2’s turn to move with the roles reversed. The extensive form below depicts the

situation for T' = 6:

1 I 2 1 2 1 2 — (8,6)
oo b s 35 6t 5h7

(a) For the extensive form above, what is the backward induction solution? Does your

answer depend on the value of T7

(b) For T' = 6, write the corresponding strategic (or normal) form and show that iterated
elimination of weakly dominated strategies results in a unique outcome. How does

this compare with the outcome in part (a)?

Problem 2.3

There are two firms operating in a market with (inverse) demand function p = a — ¢, where
p is the price, g is the total quantity sold by the two firms and a > 0 is a constant. Each firm
can produce at a constant unit cost of ¢ where 0 < ¢ < a. The firms choose sequentially:
first firm 1 chooses a quantity ¢; to produce, and then firm 2, having seen ¢;, chooses a

quantity go to produce. Find the backward induction solution to this game.
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Solutions

Problem 2.1

(a) Strategic form of the first game. Player 1 has the single decision node at the root
with three actions {l,m,r}. Player 2 has a single information set spanning the two nodes
reached by ! and m, with actions {a,b}. After r, the game ends at (2,4) without Player 2
moving.

Player 1’s strategies: {l,m,r}. Player 2’s strategies: {a,b}.

(b) Strategic form of the second game. Player 1 now has two decision nodes: the
root, where she chooses between k (continue) and r (terminate at (2,4)); and a second
node reached after k, where she chooses between [ and m. Player 2’s information set still
spans the two post-{l,m} nodes. A strategy for Player 1 must specify an action at every
information set, even those that may be unreached on the equilibrium path. Hence Player
1 has four strategies: {kl, km,rl,rm}. Player 2 still has {a, b}.

a b
kKl | 4,2 1,1
km 3,2 0,3
rl 2,4 2,4
rm | 2,4 2,4

(c) Comparison. The two strategic forms describe the same physical outcomes but
differ in the size of Player 1’s strategy set: 3 in (a) versus 4 in (b). The redundancy arises
because under (b), Player 1 must commit to a hypothetical action at the second decision node
even when the chosen root action (r) makes that node unreachable, so vl and rm become
payoff-equivalent. The two extensive forms are sometimes called realization-equivalent:
they generate the same set of probability distributions over outcomes for any behavioral

strategy profile, but their normal forms are formally different.

Remark (Why this matters).

Realization-equivalent extensive forms can have different sets of mixed-strategy Nash
equilibria when one allows correlations across information sets, because doubling Player
1’s strategy count expands the simplex over which mixing is defined. For most equi-
librium analysis (pure NE, behavioral mixed NE), this distinction is purely cosmetic.
But it matters for trembling-hand perfect equilibrium, where the choice of representation

affects which strategy profiles survive a given e-trembling.
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Problem 2.2
(a) Backward induction. Reading the game tree (for T = 6), the liquidation payoffs
along the bottom are
(2,0), (1,3), (4,2), (3,5), (6,4), (5,7),
and if everyone invests through period 6, the terminal payoff is (8, 6).
o t =6 (Player 2): L gives Player 2 the payoff 7, I gives 6. Choose L, outcome (5, 7).

o t =5 (Player 1): comparing L (6,4) to I leading to (5,7), Player 1 prefers L. Outcome
(6,4).

o t =4 (Player 2): L (3,5) vs. I — (6,4). Prefer L. Outcome (3,5).
o t =3 (Player 1): L (4,2) vs. I — (3,5). Prefer L. Outcome (4, 2).
o t =2 (Player 2): L (1,3) vs. I — (4,2). Prefer L. Outcome (1, 3).
o t =1 (Player 1): L (2,0) vs. I — (1,3). Prefer L. Outcome | (2,0) |

The unraveling is robust to T. At any period t, let V; = 2t be the firm’s value just before
the move. Liquidating gives the mover V;/2+ 1 =t + 1 and the opponent V;/2 —1=1¢— 1.
Investing then having the opponent liquidate next period gives the mover V;;1/2—1 =t¢. So
the mover always prefers liquidating now (¢+1) to passing and being squeezed (t). Backward
induction collapses to immediate liquidation at t = 1 with payoff (2,0) regardless of T

(b) Iterated elimination of weakly dominated strategies (7" = 6). Each player
has 23 = 8 pure strategies (an action at each of their three decision nodes). Writing out
the 8 x 8 matrix is unwieldy, but IEWDS unfolds period by period and reproduces the

backward-induction outcome.

e Round 1. At Player 2’s last node (¢t = 6), L delivers 7 and I delivers 6 regardless of any
earlier play. Hence any Player 2 strategy specifying I at ¢t = 6 is weakly dominated by
the same strategy with L at t = 6. After elimination, Player 2 strategies all have sg = L.

e Round 2. Given s¢ = L, at t = 5 the comparison for Player 1 is L (6,4) vs. I — (5,7),

so s5 = I is weakly dominated.

e Round 3. Given s5 = L, at t = 4 Player 2 compares L (3,5) vs. I — (6,4); eliminate

Sq4 = I.
o Round 4. At t =3: L (4,2) vs. I — (3,5); eliminate s3 = I.
o Round 5. At t =2: L (1,3) vs. I — (4,2); eliminate s = I.

e Round 6. At t =1: L (2,0) vs. I — (1,3); eliminate s; = I.

After six rounds, each player retains the unique strategy “always L,” so the only IEWDS
outcome is liquidation at ¢t = 1 with payoff (2,0). This matches part (a) exactly: backward
induction in a finite extensive-form game of perfect information is precisely IEWDS applied

at the agent normal form, period by period.
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Problem 2.3
Step 1: Firm 2’s best response. Given ¢, firm 2 solves

* a—Cc—q
max(a—q1—q—c) @ = ¢(@) = ——F—
220 2
(assuming ¢; < a — ¢, so firm 2 produces a positive quantity).
Step 2: Firm 1 anticipates ¢;(¢;) and maximizes. The induced inverse residual

demand isp=a—q1 —q¢;(q1) = (a+c—q1)/2, so firm 1’s profit becomes

(a—c—q)a
mla) = (- g = T
First-order condition a — ¢ — 2¢; = 0 gives
. a—c . a—c
4 = 5 4z = 1
Total quantity is ¢* = # and the equilibrium price is p* = 2£3¢.
Equilibrium profits.
* * (CL - C)2 * (a’ — 6)2
m=0-90 =g m=0-de= g

Remark (Stackelberg vs. Cournot).

Recall the simultaneous-move Cournot equilibrium of the same duopoly produces qu =

a—=c and w,- = (a — ¢ . e dtacke erg leader produces more (5 vVS. 3 oIl a — ¢
3 and 7 2/9. The Stackelberg leader prod Lvs. Lof

and earns more (% > é) than the Cournot firm; the follower produces less and earns

3
less. Total industry output rises from @ to 3(’1; 9 s0 consumers also benefit from

sequential play. The first-mover advantage rests on commitment: firm 1’s choice of ¢; is

observed before firm 2 moves, and firm 2 must accept it as fixed when optimizing.
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Problems

Problem 3.1

Consider a finite n-player game in strategic form G = (S;, u;)_;. Define player i’s mazmin

payoff as

w; = max min u;(0;,0_;),
o; o_;
and his minmazx payoff as
v; = min max u;(0;,0_;).
[oguys O;

(a) Show that for all i, v; > w;.

(b) Suppose o is a Nash equilibrium of the game G (possibly in mixed strategies). Show
that for all 4, u;(c) > v;.

Problem 3.2

Consider the two-player game:

(a) For this game, find a Nash equilibrium o (possibly in mixed strategies). Show that it

is unique.

(b) Find player 1’s maxmin strategy, that is, find the strategy o1 that solves

max min uq (o1, 02).
g1 g2

Similarly, find player 2’s maxmin strategy.

(¢) Compare the maxmin strategies to the Nash equilibrium strategies. Are they the

same?

Problem 3.3

Consider a finite two-player game G = (S;,u;)?_;. Consider another game H = (S;,v;)?_;
with payoff functions:

v1(s1,82) = wui(s1,s2) + a(s2),
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where a : So — R is an arbitrary function, and
02(81, 82) = UQ(Sl, 32) + b(Sl),
where b : S7 — R is also arbitrary.

(a) Show that the set of Nash equilibria (pure or mixed) of G is the same as the set of
Nash equilibria of H.

Problem 3.4

Suppose G = (S;, u;)?_, is a finite two-player zero-sum game, that is, ui(s1, s2) = —ua(s1, $2).
(a) The Minmax Theorem says that in any finite two-player zero-sum game,

minmax uy(01,02) = maxminu; (o1, 02).
o2 o1 g1 o2

Use the fact that every finite game has a Nash equilibrium (possibly in mixed strate-

gies) to establish the Minmax Theorem.

(b) Show that if (o7, 0%) and (07, 0%) are two Nash equilibria of G, then these are inter-

changeable, that is, (0], 0%) and (o7, 0}) are also Nash equilibria of G.
(¢) Prove that all Nash equilibria of G are payoff equivalent.

(d) Do the properties derived in parts (b) and (c) hold in two-person non-zero-sum games?

Provide examples in support of your answers.
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Solutions

Problem 3.1

(a) w; < wv;. For every o;,0_,

’U,Z'(Ji,CT_i) § ma}x ui(ag,a_i).

k3

Taking the minimum over o_; on both sides preserves the inequality, so

minu;(0;,0_;) < minmaxu;(o},0_;) = v;.

o_; o—i o
The left-hand side depends on o;, and the right-hand side does not, so the inequality holds
for the maximum over o;:

w; = maxminu;(o;,0-;) < v;.
g, [o gy

(b) Nash payoff > v;. In a NE ¢*, o is a best response to ¢*;, so

ui(0*) = max u;(0;,0%;) > minmax u;(0;,0-;) = v;.
ag; g—i 04

Remark (Why v; and not w; is the relevant lower bound).

The Folk Theorem of Chapter 11 uses v; (minmax), not w; (maxmin), as the lower bound
on individually rational payoffs. Part (a) shows the two coincide when max-min equals
min-max, which holds in zero-sum games (Problem 3.4) but generally fails in non-zero-
sum games. Part (b) explains why: opponents have flexibility to coordinate against
player ¢, and the worst they can credibly do is the minmax—mnot the harsher maxmin

that a paranoid player might fear.

Problem 3.2

(a) Unique Nash equilibrium.

No pure NE. A quick scan: at (U, L) player 2 prefers R (1 vs 0); at (U, R) player 1 prefers
D (1 vs 0); at (D, L) player 1 prefers U (1 vs 3); at (D, R) player 2 prefers L (4 vs 0). No
cell is mutually best-responding.

Mized NE. Let player 1 play U with probability p, player 2 play L with probability q.

Player 2’s indifference between L and R requires

=

p.0+(]_7p).%:p.1+(17p).0 = p =
Player 1’s indifference between U and D requires
q-1+(1—q)~O:q-%+(1—q)-1 = q:%.

The unique NE is (01,02) = ((i, %), (%, %)) with payoffs uq (%) = %, us(o*) = i.
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(b) Maxmin strategies.
Player 1. With 01 = (p,1 —p) and 02 = (¢,1 — q),

1+p
u(pg) = ¢ -—— + 1-9q)(1-p)
For fixed p, this is linear in ¢ with coefficient 1# —(1-p) = %.
o If p< %: minimum at ¢ = 1, giving lJer.
o If p> %: minimum at ¢ = 0, giving 1 — p.

o If p=1: uy does not depend on ¢ and equals 2.

The maximum over p is reached at p = %, with value wy, = % Player 1’s maxmin strategy
plays U with probability %
Player 2. Similarly,
uz(pq) = p(l —q)+ (1 —p)5.

Linear in p with coefficient (1 —¢q) — 4 =1 — 4?.

o Ifg< %: minimum at p = 0, giving .
o If g > %: minimum at p = 1, giving 1 — q.
o If g=3: uy is constant at 1.

Maximum over q at ¢ = % with value wy = %. Player 2’s maxmin strategy plays L with
probability %.

(c) Comparison.

Player 1 plays U Player 2 plays L

NE strategy

QI =
IN[IYNITNY

Maxmin strategy

The two strategies coincide neither for player 1 nor for player 2; the game is non-zero-
sum. The values happen to match—NE payoffs (%, i) equal the maxmin values (wy, wy)—a
consequence of part 3.1(b), since here w; = v; holds. In general, however, NE strategies
differ from maxmin strategies, because in a NE each player optimizes against the equilibrium

opponent strategy, not against an adversary trying to minimize their payoff.

Problem 3.3
The transformation v;(s;, s—;) = w;(s;, 5—;) + a;(s—;) adds to player i’s payoff a term that
depends only on the opponents’ strategies, not on i’s own strategy. The key observation is
that the difference v;(s;, s_;) — v;(s}, s—;) is invariant:

Vi(8i,5—i) — vi(8], 5—i) = wi(si,5-;) — ui(s}, 5-3).

For mixed strategies the same identity holds because u; is linear in o;:

vi(0i,0-3) —vi(o},0-4) = wi(0i,0-i) —ui(0f,0-4).
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Hence player i’s preference ranking over their own strategies, against any fixed opponent
profile o_;, is identical in G and H. Best-response correspondences coincide, and so do the

sets of Nash equilibria.

Remark (The transformation preserves more than just NE).

The same argument shows G and H have identical sets of rationalizable strategies,
dominant-strategy equilibria, correlated equilibria, etc.—any solution concept defined
through preference comparisons over own strategies. This is the formal underpinning of
the “potential games” framework in Chapter 3: a potential game is one equivalent (in

this sense) to a common-interest game in which all players share a single payoff function.

Problem 3.4

(a) Minmax Theorem from Nash existence. By Nash’s existence theorem, the game
has a NE o* = (07, 03). We show max,, min,, 41 = min,, max,, 4.
direction. Always holds (Problem 3.1(a)).

direction. In the NE, o] is a best response to 03:

VoOIA

ui(c™) = max ui(0o1,05) > min max ui(oy,09). (%)
o1

g2 g1

Similarly, o3 is a best response to ¢} in the zero-sum game, which means o3 minimizes
).
U (017 )
ui(c™) = min uy (07, 02) < max min u(0oy,09). (%x)
o2

o1 o2

Combining () and (%),

minmaxu; < up(c*) < maxminug,
o2 o1 g1 g2
which is the inequality opposite to Problem 3.1(a). The two together give equality.
(b) Interchangeability. Let V' denote the common value max min = minmax. For

any NE o, the proof of part (a) gives
Ul(U) = ‘/, minul(al,ag) = ‘/, maxul(ol,og) =W
o2 g1

That is: any NE strategy o7 is a maxmin strategy for player 1, and any NE strategy oo is
a minmax strategy for player 2.

Now take two NE (0}, 0%) and (07, 04). We show (01, 0%) is also a NE.

Player 1’s best response. Since o is a minmax strategy, max,, ui(o1,04) = V. Since o/
is a maxmin strategy, min,, u; (o}, 02) = V, so ui(o},0%) > V. Combining, ui(c},08) =
V = max,, u1(01,0%), so o is a best response to o5

Player 2’s best response. In the zero-sum game, “best response for player 2” means
minimizing u;. By the symmetric argument, ¢/ minimizes wu; (o7, ) at value V. So o4 is a
best response to 7.

The pair (o7, 0}) satisfies both NE conditions. The same argument works for (o7, o).

(c) All NE are payoff-equivalent. The argument in (b) showed u; (o) = V for every

NE o; since us = —uq, also ug(0) = =V for every NE. Payoffs are uniquely determined,
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despite the multiplicity of equilibrium strategies.
(d) Both fail in non-zero-sum games. Battle of the Sexes:

The two pure NE are (O, O) and (F, F).

Interchangeability fails. Mixing the strategies gives (O, F) with payoff (0,0). Player 1
prefers F' over O given the opponent plays F (1 vs 0), so (O, F) is not a NE.

Payoff equivalence fails. The two pure NE deliver (2,1) and (1, 2), opposite asymmetric
outcomes.

Remark (The deeper reason).

In a zero-sum game, every pair of NE strategies generates the same value V', so the
players’ incentives to deviate from a mixed pair are determined entirely by V'; this forces
interchangeability and payoff equivalence. In non-zero-sum games, player 1 has a strict
preference between the two equilibria (here, (O, O) over (F, F)), and so does player 2
(in the opposite direction). The interplay creates a coordination problem with multiple
non-equivalent solutions—the central feature distinguishing non-zero-sum from zero-sum

strategic interaction.
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Problems

Problem 4.1

Consider the following game:
| L M R

Ul2,1 0,3 0,3
D|0,3 2,1 2,0

(a) For this game, find all Nash equilibria of the game (possibly in mixed strategies).
(b) What are the rationalizable (pure) strategies for each player?
(¢) Show that there is a rationalizable strategy for player 2 which is not played with

positive probability in any Nash equilibrium.

Problem 4.2

Find all Nash equilibria (mixed or pure) of the following game:

| L M R
Ul22 0,3 1,3
D|32 1,1 0,2

Problem 4.3

Consider the following two-player game G = (S;,u;)?_, where for i = 1,2, the set of pure
strategies S; = [0, 1] (each player has a continuum of pure strategies) and the payoff function
(J #4):
1—s; ifs;>s;
ui(s1,82) =  —s; if 5; <55

1

5—52' ifSi:Sj

(a) Argue that this game has no pure-strategy Nash equilibria.

(b) Find a symmetric mixed-strategy equilibrium of this game.
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Problem 4.4

Consider a Cournot duopoly in a market with inverse demand function F(q) so that if the
two firms produce quantities ¢; and go, then the price is p = F'(q1 + ¢2). Suppose that F is
continuous, non-increasing, and there exists g such that for all ¢ > ¢, F'(¢) = 0. Moreover,
F(0) is finite. Each firm has constant per-unit cost of production ¢. The profit of firm ¢ as

a function of its own production ¢; and its rival’s production g; is then
mi(qi,q;) = F(a +¢;)a — cgi-
(a) Consider the function

P(g1,q2) = q12(F(q1 + q2) — ¢).

Show that for all 4, ¢;, ¢; and ¢,
mi(qi, ¢5) — midi ;) > 0 <= P(a,q5) — P(di,q5) > 0.

(b) Using the answer to part (a), show that the Cournot duopoly specified above has a
pure-strategy equilibrium (g7, ¢3).
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Solutions

Problem 4.1

(a) All Nash equilibria.

No pure NE. Cell-by-cell: in each of the six cells, at least one player has a strictly
profitable deviation.

Mized NE. Let 01 = (p,1 — p) and o2 = (a,b,c) with a + b+ ¢ = 1. Player 2’s expected

payoffs against o1 are
uz(L) = 3 — 2p, ug(M) =1+ 2p, uz(R) = 3p.

Comparing M and R: us(M) —uz(R) =1 —p > 0 for all p < 1, so R is strictly worse than
M whenever player 1 mixes nontrivially. Hence ¢ = 0 in any mixed NE.
The reduced game restricted to L, M has player 2 indifferent when 3 —2p =1+ 2p, i.e.,

p= % Player 1’s indifference between U and D given o9 = (a,1 — a,0) requires
ul(U):2a, ul(D):2(1—a) — a:%_

So the unique NE is

with payoffs (u1,us) = (1,2).

(b) Rationalizable strategies. We claim every pure strategy is rationalizable. The
argument uses the IUD = RAT equivalence (Chapter 3): a strategy is rationalizable iff it
survives iterated elimination of strictly dominated strategies.

Player 1. U is a best response to oo = L (since u3(U | L) =2 > 0=wu1(D | L)). D is
a best response to oo = M (since uy(D | M) =2 > 0 = u(U | M)). Both U and D are
rationalizable.

Player 2. L is a best response to o1 = D (since ua(L | D) = 3, ua(M | D) = 1,
uz(R | D) = 0). M is a best response to o1 = U (since ug(M |U) =u(R|U)=3>1=
ua(L | U), ties at the max). For R, the same belief o1 = U gives us(R | U) = 3, tied for the
max with M, so R is a (weak) best response. All three pure strategies are rationalizable.

(c) R is rationalizable but absent from every NE. The previous parts give the
example. R is a best response only at the boundary belief o1 = U pure: when p < 1, M
strictly dominates R for player 2. Equilibrium consistency requires oy to mix (as we showed
in (a), no pure NE exists), so 01 = U pure cannot be sustained as the equilibrium belief,

and R is squeezed out.

Remark (Why this distinction matters).

Rationalizability requires some consistent belief; Nash equilibrium requires mutually con-
sistent beliefs. In a NE, player 2’s mixing probabilities must be supported by player 1’s
1

actual mixing, which here is % 5—a belief that excludes R. The example shows that

the gap between rationalizability and NE can be strict even in finite games of perfect

information.
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Problem 4.2

Pure NE. Direct check yields two pure NE: (U, R) with payoff (1,3) and (D, L) with payoff
(3,2).
Mixed NE. For player 2’s payoffs as functions of o1 = (p,1 — p):

Family A: p =1 (player 1 plays U pure). Then ug(M) = uz(R) = 3 > 2 = uz(L), so
player 2 mixes between M and R. Write o2 = (0, a, 1 —«). Player 1’s payoffs: u;(U) = 1—a,

u1(D) = a; U remains a best response iff o < % So
o1 =Upure, 00=(0,a,1—0a), «acl0, %]

At a = 0 this is the pure NE (U, R).

Family B: p =0 (player 1 plays D pure). Then us(L) = ua(R) =2 > 1 = ua(M), so
player 2 mixes between L and R. Write oo = («,0,1 — «). Player 1’s payoffs: u;(U) =
20+ (1—a)=14a, u1(D) =3a; D best iff 3a > 1+ aiff a > 3. So

o1 =D pure, o3=(,0,1—0a), ac€ [%, 1].

At a =1 this is the pure NE (D, L).

No NE with player 1 strictly mixing. If p € (0,1), indifference u;(U) = wu;1(D)
requires 2a + ¢ = 3a + b, i.e., ¢ = a+ b, hence ¢ = % Player 2 indifference among the
strategies in support combined with us(L) = 2, us(R) = 2 + p and uz(M) = 1 + 2p has no
solution for p € (0,1).

Summary. The full NE set is the union of the two one-parameter families:
{(U,aM+(1-a)R):a€[0,1]} U {(D, oL+ (1-a)R): o € [3,1]}.

Family A delivers payoffs (1 — «, 3), Family B delivers (3a, 2).

Problem 4.3

(a) No pure NE. Suppose (s1, $2) is a pure NE.

Asymmetric: s1 > so. Player 2’s payoff is —so. Deviating to sg = 0 yields 0 > —so, strict
if s9 > 0, so s = 0. Then player 1, holding all s; > 0, gets 1 — s1, which strictly increases
as s1 J 0. There is no minimum positive bid, so no equilibrium exists in this configuration.

Symmetric: s1 = s = s. Both get %— s. Deviating to s+¢ for small £ > 0 wins outright
and gives 1 —s —¢ > % — s. Profitable deviation, so not a NE.

Hence no pure NE.

(b) Symmetric mixed-strategy NE. Look for a symmetric NE in which both players
randomize according to a continuous CDF F on [0, 1] (no point mass, so ties have probability
zero). Conditional on the opponent’s draw Xs ~ F', player 1’s expected payoff at the bid s
is

u(s) = (1—8)F(s)+ (=)L = F(s)) = F(s) — s.
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For indifference across the support of F', F/(s) — s must equal a constant V' throughout, i.e.,
F(s)=V +s.

For F to be a valid CDF on its support [a,b] C [0,1], we need F(a) =0 and F(b) = 1,
giving a = =V and b = 1 — V. Combined with a > 0 and b < 1, we conclude V = 0,
[a,b] = [0,1], and

F(s) = s, s €10,1].

The unique symmetric mixed NE has each player drawing S; uniformly on [0, 1], with equi-
librium expected payoff V = 0.

Remark (Connection to the all-pay auction).

This game is isomorphic to a normalized two-bidder all-pay auction with private value 1:
bidders pay s; regardless of who wins, and the higher bidder takes the prize. The mixed
NE is exactly the dissipation of the prize through pure rent-dissipation: in expectation,

each bidder pays half the prize on average, leaving zero net rent.

Problem 4.4

(a) Ordinal potential. For any ¢;,q},q; > 0,
P(gi,q;)—P(q;,q5) = aj[ai(F(ai+q)—c)—q(F(g+q)—c)] = ¢-[mi(a, a)—mi(d}, q;)]-

Since g; > 0, the sign of P(g;,q;) — P(q,q;) is exactly the sign of 7;(q;, ¢;) — (¢}, g;). This
proves the ordinal-potential equivalence on the strictly positive orthant.

(b) Existence of a pure-strategy equilibrium. Restrict to the compact set [0, g]>.
The profit function is continuous in (g1, ¢2), so P is continuous, and a maximizer (¢, ¢3)
exists.

Case 1: qf > 0 and ¢5 > 0. For any ¢, € [0,q], since g5 > 0 part (a) applies and
P(q5,q5) > P(q1,q3) implies (g5, ¢5) > 71(q1, ¢5). Symmetrically, ¢4 is a best response to
q;. Hence (q7,¢3) is a NE.

Case 2: at least one gF = 0. Then P(qf,q5) = 0. We show this can only happen when
monopoly itself is unprofitable, in which case (0,0) is trivially a NE.

If a firm operating alone could earn positive profit—i.e., there exists ¢ > 0 with (F(q) —
¢)q > 0, equivalently F(q) > ¢ for some g > 0—then choose any such ¢ and consider the
point (gq,q). Provided F(2q) > ¢, P(q,q) = ¢*(F(2q) — ¢) > 0, contradicting that the
maximum value is 0. By continuity of F' and the assumption F'(0) > ¢ (otherwise nobody
produces and (0, 0) is the trivial NE), there exists ¢ small enough that F(2¢) remains close
to F(0) > ¢, hence P > 0 somewhere. Therefore Case 2 cannot arise unless the monopoly
itself is unprofitable, in which case both firms produce zero in equilibrium.

In both cases a pure-strategy NE exists.

Remark (Why “ordinal” potential is enough).

An exact potential function (Chapter 3) requires m;(q;,q;) — mi(q},¢;) = P(g,q;) —
P(q},q;). The Cournot game with linear demand admits one (the lecture notes derived
Plinear(q1,42) = alq1 + ¢2) — b(q7 + 43) — bqrgz — ¢(q1 + ¢2)); but with a general non-
linear demand F', only the ordinal version survives, scaled by g;. The existence proof
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above shows that ordinal potentials are sufficient for guaranteeing pure-strategy NE:
what matters is that the maximizer of P tracks players’ joint best-response logic, not
the exact magnitude of P.
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Problems

Problem 5.1

Consider the game G:
y y/ y//
x 0, 6 0,10 15,5
x| —=20,1 —-2,3 14,4

2’| 10,0 -10,2 0,10

(a) Show that G is a supermodular game. (Note: You may have to reorder the strategies.)

(b) Does G have any mixed-strategy equilibria?

Problem 5.2

Suppose G = (S;,u;)i=12 is a two-player game where for each i, S; = [0,1] and w; is
supermodular. Suppose that G has exactly three pure-strategy equilibria, say s’, s’ and s".

(There may or may not be other mixed-strategy equilibria.)

(a) Show that these can be ordered according to the vector ordering, that is, s’ < s < s,

perhaps after renaming.

(b) Now suppose that in addition, for each 4, the payoff function w; is increasing in s;,
j # i. Show that the payoffs from the equilibria can also be ordered, that is, u(s") <

u(s”) < u(s"), where u(s’) = (u1(s’),us2(s")), ete.

Problem 5.3

Consider a market with two symmetric firms making similar but differentiated products. The

demand for firm i’s product is given by the function Q;(p1,p2) where Q; satisfies %g? <0,

%Q? > 0, and aaégi_ > 0 (where j # i). Suppose each firm has a constant cost of production
D; piOp;

of ¢ per unit. Let m;(p1,p2) denote the profits of firm ¢ when the two firms choose prices p;

and ps. Since the firms are symmetric, for any pair of prices p and p’, Q1(p,p") = Q2(p’, p).

(a) Show that if each firm chooses prices, then this defines a supermodular game.

(b) Now suppose that when firms choose prices simultaneously, the resulting game has

a unique equilibrium (pj,p3). Consider an alternative specification in which firms
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choose prices sequentially: firm 1 chooses p; first, then firm 2 chooses ps knowing the
price set by firm 1. Suppose (pﬁ, pg) is the unique subgame perfect equilibrium of the

sequential game. (Note: You may assume both prices are positive in both equilibria.)

1. Show that Wl(pti,pg) > m1(p], P5)-
2. (Harder) Show that ﬂg(p'i,pg) > (pﬁ,pg)-

Problem 5.4

Demand in a declining industry is given by the function
P, = (100 —t) — Qy,

where t = 0, 1,... denotes time, P, is the price at time ¢, and @), is total production at time
t. Demand decreases over time and vanishes at ¢ = 100. There are two firms in the industry
at t = 0: firm 1 has production capacity K; = 40 and constant production cost ¢; = 30 per
unit; firm 2 has Ky = 20 and co = 40. Production is “all-or-nothing”: in any period, each
firm produces its capacity or shuts down (true of some chemical industries). Each firm exits
the industry (shuts down forever) once it anticipates no future profits. Once a firm exits it

cannot reenter.

(a) Show that there is a Nash equilibrium of the game in which firm 1 exits at time 10 and
firm 2 produces for some time after that. Show that there is another Nash equilibrium

in which firm 2 exits at time 0 and firm 1 produces for some time.

(b) Find a subgame perfect equilibrium of the game. Is it unique? Which firm exits first?
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Solutions

Problem 5.1

(a) Strategic complementarities and unique pure NE via IESDS. The game admits

a chain of strict dominations:

1. For player 1, x strictly dominates x’: row x delivers (0,0,15) while row a’ delivers

(—20,—2,14), so x beats 2’ at every column.

2. After eliminating ', for player 2, 3’ strictly dominates y: y' delivers (10, 2) versus y’s
(6,0) in the reduced game.

3. After eliminating y, for player 1, z now strictly dominates 2’ in the {y’, y” }-restricted
game: (0,15) versus (—10,0).

4. After eliminating z”, ¢’ strictly dominates y” for player 2: 10 > 5.

The lone surviving profile is (x,y’) with payoff (0, 10), the unique pure NE.
Reordering for partial supermodularity. If we reorder rows as z” < x < x’ and columns
as y <y <y”, player 1’s payoff matrix has increasing differences in (s1, s2) across all three

TOW pairs:
Agrr g = (_107 10, 15)7 Apszr = (_207 -2, _1)7 Agrryqr = (_307 8, 14)7

each non-decreasing in column index. Player 2’s increasing-differences condition fails under
any single ordering, so G is not strictly supermodular as a two-player game. The hint “you
may have to reorder strategies” covers the row-only restoration of monotonicity. Pure-NE
existence then follows directly from IESDS rather than from a Tarski-type argument.

(b) Mixed equilibria. Because IESDS converges to the unique profile (z, "), no strictly
dominated strategy can appear in the support of any NE (whether pure or mixed). Hence
the only NE is the pure (z,y’), and the game has no mixed-strategy equilibria.

Problem 5.2

(a) The three equilibria are totally ordered. A general theorem (Topkis-Milgrom-
Roberts) states that the set of pure NE in a supermodular game is a non-empty complete
lattice under the componentwise vector order: if s and § are NE, so are sV § and s A §.
Suppose, for contradiction, that two of the three NE—say s’ and s”"—are incomparable
in the vector order. Then s’ A s” and s’ V s” are both distinct from s’ and s”, and by the
lattice property both are NE. Hence the equilibrium set contains at least the four points
{s/,8",8 Ns" 5"V s"}, plus s, giving five distinct elements—contradicting the hypothesis

of exactly three. Therefore each pair among s’, s”, 5"’ is comparable, and after relabeling

(b) Payoffs are ordered when payoffs are increasing in opponents’ actions.

Take any two ordered NE s’ < s”. By the NE property, s/ is a best response to sj:

uists) = wi(s, s5). ()
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Since w; is increasing in s; and s5, < b,

ui(sh, s3) > ui(sh, sp). ()
Combining () and (*x), u1(s”) > u1(s’). The symmetric argument yields us(s”) > ua(s’).
Tterating along s’ < s < s gives u(s") < u(s”) < u(s").
Remark (Order vs. optimality).

This proposition is the source of a useful comparative-static heuristic in supermodular
games: if exogenous shifts move all best-response curves upward, the highest-payoff
NE moves up and stays the highest, while the lowest moves up and stays the lowest.
Coordination in the “high” equilibrium is therefore robust to shocks that shift best

responses up.

Problem 5.3

(a) Pricing is supermodular. Compute

or;y 0Q;
81% - Ql + (p’b C) 6]31 9
and the cross partial:
i _ 0Q; + (pi —¢) Qi
Opiop; — Op; " Opidp;

Both terms are non-negative under the assumptions (and the second strictly positive when-
ever p; > c), so 0°m;/Op;Op; > 0. Pricing exhibits strategic complementarities: each
firm’s best-response price is non-decreasing in the rival’s price.

(b.1) Firm 1 strictly prefers the sequential outcome. Firm 1, moving first, solves

max T (p1, B2(p1)),

where Bs is firm 2’s best-response function. By the envelope theorem,

_Im

on
= W4, ph) + (0}, ph) - Bh(»Y).

Op2

At the simultaneous NE, 971 /0p1 (p%,p5) = 0. Plugging p1 = p} into the sequential first-

order expression,

d om .
Tﬂl(plaB2(p1)) = 371'35(]%) > 0.
P1 p1=p; D2 T

>0

So firm 1’s sequential payoff is strictly increasing at p; = pj; the sequential optimum lies
above p7 and yields strictly higher profit:
m(pl,ph) > mi(p},p)-

(b.2) Firm 2 does even better than firm 1 in the sequential game. By symmetry,
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m1(p,q) = m2(q,p), so

@ ph) > m@hph) = m@hp) > mh, ).

Define f(p1) := m1(p1, B2(p1)) — m1(Ba(p1),p1). At the simultaneous NE, Bs(p*) = p*, so

*

f(p*) = 0. Differentiating and evaluating at p; = p*:
fipr) = —(1=B5(p") - 5 —

Stability of the simultaneous NE requires |B5(p*)| < 1, so 1 — B4(p*) > 0. Combined with
Om1/0p2 > 0, we get f/'(p*) < 0. Since pli > p* and f(p*) =0, f(pﬁ) <0,ie.,

m(ph,ph) < miph,pt) = ma(ph,ph).

Remark (Second-mover advantage in price competition).

In Stackelberg quantity competition (Cournot, Problem 2.3), the leader profits more than
the follower. Here, in Stackelberg price competition with strategic complementarities, the
follower profits more—a sharp reversal. With strategic complementarities, a high price
by the leader pulls the follower’s best-response price up but not as far. Both firms charge
above the simultaneous NE, but the follower keeps a slightly lower price and captures
more demand at higher margin. The leader effectively pays for the joint upward shift;

the follower free-rides on it.

Problem 5.4

Per-period profits in each market structure:

Configuration Firm 1’s profit Firm 2’s profit

Both active (Q; = 60) (40 —t —30) - 40 = 400 — 40t (40 — ¢t —40) - 20 = —20¢
Firm 1 alone (Q¢ = 40) (60 —t —30) - 40 = 1200 — 40t 0

Firm 2 alone (Q; =20) 0 (80 — t — 40) - 20 = 800 — 20¢

Key thresholds: duopoly is profitable for firm 1 only while ¢ < 10; firm 2 strictly loses
money in any duopoly period ¢ > 1. Monopoly is profitable for firm 1 while ¢ < 30, for firm
2 while t < 40.

(a) Two Nash equilibria.

NE I: Firm 1 exits at t = 10, firm 2 stays until t = 40.

Strategies: firm 1 produces while ¢ < 10, exits at t = 10; firm 2 produces until ¢ = 40.

Firm 1’s BR: per-period profit 400 — 40¢, strictly positive for ¢ < 10, zero at t = 10,
negative thereafter. Total firm 1 profit: E?:o (400 — 40¢t) = 4000 — 40 - 45 = 2200. Exiting
earlier forfeits positive periods; staying past ¢ = 10 generates losses. So 7 = 10 is a best
response.

Firm 2’s BR: cumulative loss in periods 0-9 (duopoly) is Z?ZO(—%t) = —900. Then
monopoly from ¢ = 10 to ¢ = 39: 322% (800 — 20t) = 24,000 — 14,700 = 9300. Net firm 2
profit: —900 4 9300 = 8400 > 0. Exit-at-t = 0 would give 0 < 8400, so staying is optimal.

NE II: Firm 2 exits at t =0, firm 1 monopolizes until t = 30.
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Strategies: firm 2 exits at ¢ = 0; firm 1 produces until ¢ = 30.

Firm 2’s BR: if firm 1 commits to “stay forever,” firm 2’s continuation under staying is
negative, so exiting at t = 0 is optimal.

Firm 1’s BR: alone, firm 1 makes 1200 — 40t per period, profitable until ¢ = 30. Total:

520(1200 —40t) = 36000 — 17400 = 18,600. Exiting earlier wastes profitable periods.

(b) Subgame perfect equilibrium. NE II relies on firm 1 threatening to “stay forever”
even if firm 2 stays in. But that threat is not credible: in a duopoly subgame at ¢t = 10,
firm 1’s per-period profit is 0, and at ¢t = 11,12, ... it becomes increasingly negative. In any
SPE, firm 1 must exit at ¢ = 10 as soon as duopoly stops being profitable.

Walking the equilibrium logic forward: anticipating firm 1’s SPE-credible exit at ¢t = 10,
firm 2 endures losses for 0-9 in exchange for 30 periods of monopoly afterward (net +8400,
so firm 2 stays). Knowing firm 2 will not exit during the duopoly phase, firm 1 collects
400 — 40t during t < 10 and exits at ¢t = 10.

The unique SPE is NE I: firm 1 exits at t = 10, firm 2 monopolizes from ¢ = 10 to
t = 40.

Remark (Why the smaller, less efficient firm wins).

Firm 1 has lower marginal cost (30 vs. 40) and twice the capacity, yet it exits first. The
reason: firm 1’s duopoly profitability threshold (¢ = 10) arrives far earlier than firm 2’s
monopoly threshold (¢ = 40), giving firm 2 a long enough post-firm-1 monopoly window
to absorb the duopoly losses. In declining industries, exit is determined less by static
cost advantages than by who can credibly outwait whom—and a firm with lower fixed
losses per duopoly period and access to a long monopoly tail can outlast a more efficient

rival who hits its zero-profit duopoly point first.
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Problems

Problem 6.1

Let (U, d) denote a two-person bargaining problem, where U C R? is a compact convex set
of feasible utilities and d € U is the disagreement point. Suppose also that there exists a
v € U such that v > d. Consider the bargaining solution K defined by: K(U,d) = v* is an

efficient point in U such that
vy —dy Uy —ds

'Uf—dl ﬁl—dl,

where 0; = max{v; : (v1,v2) € U} is the highest possible utility for ¢ in U.

(a) Which of Nash’s four axioms does K satisfy and which of these does it not satisfy?

Problem 6.2

Two people are bargaining over a “pie” of size 1. The bargaining lasts for T periods and
proceeds as follows. In period 1, player 1 makes an offer (xz,1 — ) to player 2, who then
responds with “yes” or “no.” If player 2 says “yes,” the game is over and a split of = to player
1 and 1 — z to player 2 results. If player 2 says “no,” then in period 2, player 2 makes a
counteroffer (y, 1 —y) to which player 1 responds with “yes” or “no.” Again, if player 1 says

“

yes,” the game is over with a split of y to player 1 and 1 — y to player 2. If player 1 says
“no,” then in period 3 player 1 makes an offer, etc. Both players use a common discount
factor 0 < 1. Thus if a split (2,1 — 2) is agreed to in some period ¢ < T, then the payoffs to
the two players are 6/ 'z and 6/~!(1 — 2), respectively. Denote the T-period game in which
1 makes the first offer by G1(7T") and the T-period game in which 2 makes the first offer by

Go(T).

(a) Find the unique subgame perfect equilibrium outcome of G1(T'). Let (z(T),1—z(T))
be the resulting split.

(b) Find the limit of z(T") as T — oo.

208



PROBLEM SET 6 209

Solutions

Problem 6.1

We check the four Nash axioms one by one.
Scale invariance: v'. A scale transformation v; = oyv; + 8; (with a; > 0) carries every

quantity in the K-S definition through proportionally:

v —d; = ai(vf —d;), v —d; = a(v; —d;),
so the ratio (v} — d;)/(v; — d;) is unchanged. Efficiency of v* is also preserved by affine
rescaling.

Efficiency: v'. By construction, K (U, d) is an efficient (Pareto-optimal) point of U.

Symmetry: v'. If U is symmetric ((v1,v2) € U < (ve,v1) € U) and dy = da, then
U1 = v2 by symmetry. The K-S equation reduces to v — dy = v3 — da, i.e., vi = v5. The
solution lies on the symmetry axis.

ITA: x (fails). The Kalai-Smorodinsky solution wviolates independence of irrelevant
alternatives because v; depends on the entire feasible set U: enlarging U in a direction
that improves an ideal point shifts the K-S solution even when the original solution remains
feasible.

Counterezample. Let d = (0, 0).

e U = triangle with vertices (0,0),(1,0),(0,1). Ideals (v1,v2) = (1,1). K-S solution

v = (D)

o U’ = unit square (convex hull of (0,0),(1,0), (1,1),(0,1)), which contains U. Ideals are
still (1,1). K-S solution: along the diagonal at the new efficient frontier, v* = (1, 1).

We have (1,1) e U CU’, but K(U) = (1,1) # (1,1) = K(U’). Enlarging the feasible set

272 272
changes the K-S solution even when the original solution remains feasible, violating ITA.

Remark (Why K-S sacrifices ITA).

The Kalai-Smorodinsky and Nash solutions differ in how they respond to “improving
the outside option” of one party. K-S anchors the bargaining ratio to the relative ideal
points v;, so changes to either ideal change the solution—a feature its proponents view as
a virtue (the solution rewards being in a position to demand more), but which formally
violates ITA. Nash, by contrast, uses only a local hyperbola through the disagreement
point, ignoring the shape of the feasible set away from the chosen point. The two
axiomatizations diverge on this question of “should I care about my best alternative?”—

and lead to genuinely different bargaining predictions.

Problem 6.2

(a) Unique SPE outcome of G1(T). Define z(T) = player 1’s share in the unique SPE
outcome of G1(T), and y(T') = player 2’s share in the unique SPE outcome of G5(T'). By
symmetry of structure, 2(T) = y(T') (the “first-mover share” depends only on the horizon).

Backward induction recursion. In G1(T), player 1 offers player 2 the smallest amount

that just clears player 2’s continuation value. If player 2 rejects, the game enters Go(T — 1)
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with one period of delay, where player 2 (as proposer) earns y(7T — 1). Player 2 accepts at
1—a(T) > éy(T — 1), so the proposer takes
x(T) = 1-90y(T—1) = 1-46x(T - 1).

With base case (1) = 1 (in a one-period game the proposer takes everything),

2(2)=1-6, 2(3)=1-6+0% z(4)=1-0+6>—-0°...

Splitting by parity:

1— T

17_’27 TeVen,
oT) = 1+67

———, T odd.

1107 = °

Player 2’s equilibrium share is 1 — 2(T) = (6 + (=0)T) /(1 + 6).
Sanity checks. x(1) = 1: player 1 takes all. (2) = 1—4: player 1 “bribes” player 2 with
§, the value of becoming the proposer next period. x(3) = 1 — § + §2: an extra round of
indirect proposing benefits player 1.
(b) Limit as T — oo. As T — oo, (=) — 0 since 0] < 1, so
lim 2(T) = ——,  lim (1-2(T) = ——
e 144 700 v 1446
This is exactly the Rubinstein infinite-horizon split for linear utility u(z) = z. As § — 1,

both shares converge to %, recovering the symmetric Nash bargaining solution.

Remark (Two ways to read the recursion).

Each finite-horizon period adds a layer of forward-looking strategic substitution: the
proposer pays the responder’s discounted continuation rather than the full pie, but the
continuation itself shrinks in proportion to . The alternating sum captures this nesting
exactly. As T grows, the deepest layers contribute negligibly (they scale as 67 ~1), and the
limit is determined entirely by the first two terms blown up by the geometric correction
1/(149).
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Problems

Problem 7.1

Complete the proof of Rubinstein’s Theorem by showing that (mi,ms) = (z*,y*). (Note:

see the “Notes on Strategic Bargaining” for a statement of the result, notation, etc.)

Problem 7.2

Consider the following variant of Rubinstein’s alternating-offer infinite-horizon model of
bargaining. In each period, the proposer is chosen at random. Specifically, at the beginning
of each period a coin is tossed. The probability that the coin turns up “heads” is p and
the probability that it turns up “tails” is 1 — p, where 0 < p < 1. If the coin turns up
“heads,” player 1 makes an offer (x,1 — x) to player 2 who responds with “yes” or “no.” If
the coin turns up “tails,” then player 2 makes an offer (y,1 — y) to player 1 who responds
with “yes” or “no.” If no agreement is reached in period 1, then the coin is tossed again
at the beginning of period 2 and depending on the outcome, player 1 or player 2 makes
another offer. Players have a common discount factor § € (0,1) and linear utilities, that is,

ui(z) = 2.

(a) Construct a subgame perfect equilibrium of this bargaining game. How does the

solution change with p?

(b) Is the equilibrium from part (a) unique? If so, provide a proof.

Problem 7.3

Consider a three-person bargaining game with alternating offers defined as follows. The
three players have to divide a “pie” of size 1. In period 1, player 1 makes an offer (x1, z2, x3)
where 1 + x5 + 3 = 1 and all x; > 0. Then players 2 and 3 respond simultaneously with
“yeses” and “nos.” If both say “yes,” the game ends with the division (x1,z2,x3). If either
player 2 or player 3 says “no,” then in the next period player 2 makes an offer (y1,y2,ys) to
which players 1 and 3 respond simultaneously with “yeses” and “nos.” If both say “yes,” the
game ends with the division (y1,y2, y3). If either player 1 or player 3 says “no,” then in the
next period player 3 makes an offer (z1, 22, 23), and so on. All players have linear utilities

u(w) = w and discount future payoffs with a common discount factor § € (0,1).

(a) Find a stationary subgame perfect equilibrium of this game.
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(b) (Hard) Can you find another subgame perfect equilibrium of this game?

© Rui Zhou 2026. Do not redistribute without permission.



PROBLEM SET 7 213

Solutions

Problem 7.1

The lecture notes derive (My, M3) = (z*,y*), where M; is the supremum of player 1’s
discounted share over all SPE outcomes of G;. We show by symmetric reasoning that
(my, mg) = (z*,y*) as well, where m; is the corresponding infimum.

Recall z*, y* solve

ur(y") = dui(z”),
ug(l —a*) = duz(l —y").

Claim 1’: wuj(ms) > dui(mq). In G player 2 proposes; player 1 (the responder) will
reject any offer y with uq(y) < dui(mq), because rejection gives player 1 a continuation
in Gy delivering at least uj(m;) at the next period, hence at least duj(m;) in present
value. So in any SPE outcome of Gy with agreement reached, player 1’s share y satisfies
u1(y) > dug(my). Taking the infimum, ug (mg) > duq(my).

Claim 2: wuj(mg) < dui(mq). Suppose v; > m; is the present value to player 1 of an
SPE outcome of G;. Then there is an SPE of G5 in which player 2 begins by offering y such
that u1(y) = duq(v1), with the punishment: if player 1 rejects, switch to the SPE of G; that
delivers vy to player 1. Player 1 accepts (indifference broken in favor of agreement). This
delivers u;(y) = dui(v1) to player 1 in Gy. Taking vy = mq, ui(ma) < dug(my).

Combining, ui(mz) = duy(mq).

Claim 3’: us(1—mq) = duz(1—ms). In Gy, player 2 (responder) accepts iff us(1—2z) >
duz(1 — ms) (since 1 — mgy is the maximum player 2 can hope for in Gs). For agreement
to occur with player 1 getting m; (the lowest possible), player 2’s share 1 — m; must
clear the highest possible continuation value: wus(1 — mq) < dua(l — mg). The reverse
inequality follows by the same constructive argument as Claim 2’ applied to G;. Hence
uz(l —mq) = dua(l — ma).

Conclusion. The pair (m,ms) satisfies

ul(mg) 5u1(m1),

us(l —mq) = duz(l —mo),

which is exactly the system defining (z*,y*). Since this system has a unique solution (by
strict concavity of w;), (m1,ms) = (z*,y*) = (M7, M3). The infimum equals the supremum,
so every SPE outcome of G; delivers exactly (z*,y*).

Problem 7.2

(a) Stationary SPE. Look for a stationary SPE in which each player’s continuation value
(at the start of any period before the coin flip) is constant: v; for player 1, v for player 2.

Offers. When player 1 proposes, the responder’s continuation value next period is wva,
so player 1 offers player 2 the share dvy and keeps 1 — dva. When player 2 proposes,

symmetrically, player 1 receives dv; and player 2 keeps 1 — dvy.
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Stationary value equations.
vy = p(1—dvy) + (1 — p)dvy, vy = povg + (1 — p)(1 — dvq).

The first rearranges to v1[1—(1—p)d] = p—pdva, the second to ve[1—pd] = (1—p)—(1—p)dv;.
Solving. Adding the two yields v + vo = 1. Substituting vo = 1 — v into the first:

v[l—(1-=p)d] = p(1=98)+pévy = v1(1-96) =p(1-§) = v =0p.

And v =1—p.

Equilibrium offers. When player 1 proposes (probability p), she keeps 1 — §(1 — p) =
1 — 4§ + 0p and gives §(1 — p) to player 2. When player 2 proposes (probability 1 — p), she
keeps 1 — dp and gives dp to player 1.

Comparative statics in p. As p increases, v1 = p rises linearly and v, = 1 — p falls. In the
limit p — 1, the model collapses to “player 1 always proposes,” yielding v1 — 1 and vo — 0.

(b) Uniqueness. Apply the supremum-infimum argument from Problem 7.1. Define
M and m as the supremum and infimum of player 1’s discounted share over all SPEs. By

stationarity, M and m are the same regardless of period. The reasoning gives
M = p(1-6(1-M))+(1—p)oM,

which simplifies to M (1 — §) = p(1 — §), so M = p. The same equation governs m, giving
m = p = M. The SPE value is unique, hence the SPE itself is unique.

Problem 7.3

(a) A stationary SPE. Let V;(j) denote player i’s expected discounted equilibrium payoff
at the start of a period in which player j proposes. Stationarity (the game’s structure is
invariant under cyclical shifts) implies V;(j) = Vi41(j + 1) (indices mod 3), so the values
depend only on ¢ — j (mod 3).

Best-response logic. In equilibrium, the proposer offers the minimum acceptable to each
responder. If player j proposes and player ¢ rejects, the cycle advances: next period player
j 4+ 1 proposes, and player ¢ has a continuation value of V;(j +1). The responder accepts iff
her share is at least §V;(j + 1).

Specializing. Write a = V;(j) (proposer’s share), b = V;;1(j) (next-proposer’s share),
¢ =V;_1(j) (third player’s share). At a period where j proposes:

» Responder j 4 1 will propose next period, continuation = a, receives ;11 = da.
o Responder j — 1 becomes the proposer-after-next, continuation = b, receives z;_1 = 6b.

Hence
Vi(j)=a=1-3da—6b, Vji1(j)=b=2da, V;_1(j)=c=db= .
Substituting b = da:

_ 2 2\ __ _
a—l—(sa—ga — a(1+6+5)—1 — a—m.
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Stationary SPE shares. The proposer offers

1 ) 52
1404027 1+6+627 1464062 )7

where the proposer keeps the largest share, the next-in-line gets the middle share, and the
third player gets the smallest. Both responders accept (indifferent at threshold). As 6 — 1,
all three shares converge to %

(b) Other SPEs. Three-player alternating-offer bargaining games admit multiple SPE
outcomes for any fixed § < 1, not just the stationary one. With two responders, each
unilaterally has the power to delay agreement, and the equilibrium concept does not pin
down a unique split when we allow non-stationary punishments.

Construction sketch. Fix a target split (z1, z2, 23) with each z; > 0. Construct strategies:

« In period 1, player 1 proposes (x1,x2,x3). Players 2 and 3 both accept.

o If anyone deviates, transition to a “stationary punishment SPE” in which the deviator

gets the smallest share.

The deviator faces a payoff drop from the target x; to the smallest stationary share §2/(1 +
§+02). For 6 close to 1, the loss from triggering punishment exceeds any one-shot deviation
gain. The folk-theorem-style multiplicity of SPE in multi-player bargaining games was
established by Shaked (1985).

Remark (Why two players is special).

In two-person Rubinstein, the responder’s threat to reject must be “credible” in the
sense of being subgame-perfect, which (by the Mertens-Shaked-Sutton uniqueness) ties
the equilibrium to a single point. With three or more players, two responders can collec-
tively threaten to reject in many internally-consistent ways, each generating a different
sustainable proposer share. The breakdown of uniqueness from n = 2 ton > 3 is a
quintessential illustration of how the equilibrium concept’s bite weakens once strategic

interaction expands.
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Problems

All questions below concern the following set-up. There is a single object for sale and N
potential buyers are bidding for the object. Bidder ¢ assigns a value of X; to the object.
Each X; is iid on [0, 1] according to the CDF F with density f = F”, so Pr(X; < z) = F(x).
Bidder i knows the realization x; of X; and only that other bidders’ values are independently
distributed according to F. The object has use value 0 to the seller. Unless otherwise

mentioned, all bidders are risk-neutral.

Problem 8.1

Suppose N = 2 and F(x) = 2*, where k > 1 is an integer.

(a) Find the expected payment m(z) of a bidder with value x in a second-price auction
(IT). What is the expected selling price?

(b) Find a symmetric equilibrium £ in a first-price auction (I) and the associated expected

payment m!(z) of a bidder with value x. What is the expected selling price?

Problem 8.2

Suppose that N = 2 and F(x) = z, that is, values are uniformly distributed. The object is
sold using an all-pay auction (AP) in which each bidder pays his bid but only the bidder
with the higher bid wins the object. Thus, if bidder 1 with value = bids by > bs, then bidder
1’s payoff is © — b; and bidder 2’s is —bs.

(a) Find a symmetric equilibrium in the all-pay auction.

(b) What is the expected payment m“ () of a bidder with value 7 What is the expected

selling price?
Problem 8.3
Suppose F(z) = z.

(a) First, suppose the seller decides to sell the object using a second-price auction with
N = 3. What is the seller’s revenue?
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(b) Now suppose N = 2. The seller decides to sell using a second-price auction with
reserve price r > 0. This means that if neither bid is above 7, the seller keeps the
object. Find a symmetric equilibrium bidding strategy for an arbitrary reserve price

r. What is the seller’s revenue as a function of 7?7 What is the optimal reserve price?

(¢) Which of the two situations (three bidders with no reserve vs. two bidders with optimal

reserve) results in a higher expected revenue for the seller?
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Solutions

Problem 8.1

The CDF of the highest competing value is G(y) = F(y)N~! = y* (since N = 2), with
density g(y) = ky*~1.

(a) Second-price auction. Truth-telling is weakly dominant. The expected payment
of a bidder with value z is

T T k.
11 _ _ k _ k+1
m(x)—/oyg(y)dy—k/oydy—k+1w .

The expected selling price is

2k?
(k+1)(2k+1)"

1 1

k
N- I :2/ k1 k=1 g0 —
/Om () f(x)dx ; PR kx" " dx

(b) First-price auction. By the revenue equivalence theorem, the FPA must yield the

same expected payment for each value x:

k
| § N k+1
m(:r:)—m(x)—k+1x .

The symmetric equilibrium bidding strategy follows from B(z) - G(z) = m!(x):

mi(x) (k/(k +1))zk+! k

pla) = G(x) B xk Tkl

The linear shading factor kiﬂ ranges from 1 at k = 1 (uniform values) to nearly 1 as k
grows large; intuitively, when F' concentrates mass near 1, competition tightens and bidders
shade less.

The expected selling price is identical to the SPA: 2k2/[(k + 1)(2k + 1)].

Problem 8.2

(a) Symmetric equilibrium. Bidder i’s expected payof! if she bids b when the other plays
B():
(b x;) = @ - Pr(B(X;) <b)—b = z; - F(B7' (b)) — b.
With F(z) = z, the FOC is
1
T ——— = L.

B'(B(b))
At a symmetric equilibrium b = 8(z;), so 71(b) = w;, yielding 5’(x) = z. Integrating with
B(0) =0,

(b) Expected payment and revenue. A bidder with value z bids 3(x) = 22/2 and

pays it regardless of outcome:
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This matches m!!(x) = 22/2 for the uniform case in Problem 8.1 (with k = 1), confirming
revenue equivalence.

The expected selling price is

! L2 1
N/o Bx)f(x)dz = 2/0 ?dw =3

again matching the SPA /FPA revenues.

Remark (Why all-pay matches second-price).

Despite the radically different incentives—Ilosing bidders pay nothing in SPA, but pay
their entire bid in AP—the revenue is identical because both auctions implement the
same allocation rule (highest bidder wins) and award zero surplus to the lowest type.
Revenue equivalence forces them onto the same expected-revenue surface. The behavioral
predictions are very different though: bid distributions differ across auction formats, even

when the expected revenues coincide.

Problem 8.3

(a) SPA with N = 3, no reserve. Expected revenue equals the expected second-order
statistic from three uniform draws. The density of the second-order statistic is

3!

T F@ A= F)'fly) = 6y(l—v).

fes(y) =

Hence

1 1
R = /O y~6y(1*y)dy:6/0(y2*y3)dy:6'% = 3

(b) SPA with N = 2, reserve r. Truth-telling, with bids below r ignored: bidder i
bids z; if z; > r, stays out otherwise.

Revenue by cases:
o Both 21,29 < r: no sale. Probability r2.
o Exactly one > r: that bidder wins, pays r. Probability 2r(1 — ).

e Both > r: highest wins, pays second-highest. Probability (1 —r)2. Conditional on both
> r, the expected second-highest is r + (1 —r)/3.

(1—7“)[47“2—1—7“—&—1]
3 .

_ 2 2 1—r —
R(r) = 2r2(1— 1)+ (1 —7) (1"—|— - ) -
Optimal reserve. Differentiating,

R'(r) = M = 2r(1 —2r),

giving r* = % Plugging in,

ey = U2 VAH1241) 5

3 12°
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The optimal reserve r* = % satisfies the Myerson condition 7* — (1 — F(r*))/f(r*) = 0.
(c) Three bidders without reserve vs. two bidders with optimal reserve.

Setting Expected revenue
N=3,r=0 3 =0.500
N=2r"=3 3 ~0.417

Three bidders without reserve generates higher expected revenue (% > 15—2)
This illustrates a robust theme due to Bulow and Klemperer (1996): adding one more bidder,

even without optimizing the reserve, dominates the gain from optimal reserve setting in the
existing pool.

Remark (Bulow-Klemperer in one slogan).

“Recruit one more bidder, then run a basic English auction” beats “optimize the auction
format with the bidders you already have.” The result holds far beyond the uniform-
iid case considered here—it is one of the most policy-relevant results in market design,

motivating procurement reforms that prioritize broadening participation over tweaking
auction rules.
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Problems

All questions below concern the following set-up. There is a single object for sale and two
potential buyers are bidding for the object. Bidder ¢ assigns a value of X; to the object.
Each X is independently distributed on [0, 1] according to CDF F; with deunsity f; = F}, so
Pr(X; <z) = F;(z). Bidder ¢ knows z; and that the other bidder’s value is independently
distributed according to F; (j # 7). The object has use value 0 to the seller. All bidders
are risk-neutral. The setting is asymmetric: F} # Fy in general. Let RSPA(Fy, Fy) and
RFPA(Fy, Fy) denote the equilibrium expected revenues in second- and first-price auctions,

respectively.

Problem 9.1

Verify that asymmetry decreases revenues in a second-price auction by showing that
RSPA(Fl, FQ) < RSPA(\/ FlFQ, \/ Fng).

Problem 9.2

Suppose that bidder 1 and bidder 2’s value distributions are

—1\*“
Fi(z) = (x - > over [1,a + 1], Fy(z) = exp(ailzr—a) over [0,a + 1],

respectively, where a > 1. (Notice that F»(0) > 0 and so F5 has a mass point at 0.)

(a) Verify that the following constitute equilibrium bidding strategies in a first-price auc-

tion:
a

pi(r) =z —1, ’BZ(I):a—i—lx

(b) Show that when a = 1, RFPA(Fy, Fy) < RSPA(Fy, Fy).

(c) Show that when a = 2, RFPA(Fy, Fy) > RSPA(Fy Fy).

Problem 9.3

Find the optimal selling mechanism (as in Myerson, 1981) when the value distributions of
the two buyers are Fy(z) = z and Fy(z) = x2, both over [0, 1].
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Solutions

Problem 9.1

In a second-price auction, truth-telling is dominant, so revenue equals the expected second-
highest value:

1
RSPA(Fy, Fy) = Emin(X1, X»)] = / (1—Fi(t)(1 - Fy(t)) dt.

0
For the symmetric environment with both bidders drawing from G = /F} F5,

RSPA(G,G) = /1(1—G(t))2dt - /1(1—«/F1(t)F2(t))2dt.
0 0

Pointwise comparison at each ¢, with a = Fy(¢t),b = F»(t) € [0, 1]:
(1-Vab)?—(1—a)(1-b) = 1-2Vab+ab—1+a+b—ab = a+b—2Vab = (Va—vb)? > 0.

The inequality is strict whenever /Fi(t) # /Fa(t). Since Fy # Fy implies F(t) # Fa(t)

on a set of positive measure, integrating gives the strict comparison

RSPA(F, Fy) < RSPAG, Q).

Remark (Asymmetry as a tax on SPA revenue).

In a symmetric SPA, the second-highest of two iid draws is the relevant statistic. Asym-
metry shrinks this expectation: the weaker bidder is more often below average, but
the resulting reduction in the second-highest—which the winner pays—dominates the
small increase from the stronger bidder’s higher draws. The geometric-mean substi-
tution /Fy I, averages the two distributions in the “log” sense and recovers a higher
revenue. The result foreshadows Problem 9.2: in a first-price auction, the comparison is

more delicate, and RFFA may even exceed RSPA when asymmetry is sharp.

Problem 9.2

(a) Verifying equilibrium.
Bidder 1’s first-order condition. Bidder 1’s expected payoff from bidding b when value
is  (with bidder 2 playing B2):

m(biz) = (z—b)Fa(By (b)) = (z—b)Fa(<th).

Differentiating with respect to b and evaluating at b = f1(z) =z — 1:

~BB ) + (=0 RB0) - =0 = 2=

A constant hazard ratio fo/Fy = a/(a+1) pins down F, as exponential: Fy(z) oc e(@/(a+1)z,
With Fy(a + 1) = 1, this matches the F5 given, with mass e™® at zero.

222
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Bidder 2’s first-order condition. Bidder 2’s expected payoff:
m(bz) = (x—b)F(B (D) = (z—b)(b/a).
The FOC —Fy + (z — b) f1 = 0 gives

—(b/a)* + (x —b)(b/a)*™ =0 <<= ax=0b oL

a

ie, b= aL_H:E = Ba(x). Both first-order conditions confirm the proposed strategies.

(b) When a = 1: SPA dominates FPA. With a = 1, Fi(z) = 2 — 1 on [1,2] and
Fy(x) = e®=2)/2 on [0,2]. Equilibrium bids: B; = X; — 1 ~ Uniform[0, 1], By = X3/2 with
CDF Fp,(b) = €1 on (0,1] (mass e~! at zero).

FPA revenue.

R'PA = Emax(By, By)] = /01(1—F31(t)FB2(t)) dt = /01(1—tet‘1)dt.

Computing fol tet=ldt = e 1,
RfPAa=1) = 1—e™! = 0.632.
SPA revenue.
1 2
RS = / (1= Fa(t) dt + / (1= F®))(1 = Fa)dt = =5 +4e7/2+2e7! ~ 0.662.
0 1

Hence RFPA(a = 1) < RSP (a = 1) by ~ 0.030.

(c) When a = 2: FPA dominates SPA. With a = 2, B; € [0,2] has CDF ?/4,
By € [0,2] has CDF €*~2 on (0,2].

FPA revenue.

2
RFPA (g =2) = / (1— (£*/4)e'~?) dt.
0
Computing f02 t2et=2dt =2 — 272,
RfPAa=2) = 2-1(2-2¢7%) = 3 +1e? =~ 1.568.

SPA revenue. A similar (more tedious) computation gives RSTA(a = 2) ~ 1.529. Hence
RFPA(a = 2) > RSPA(a = 2) by ~ 0.039.

Remark (Maskin-Riley: there is no universal ranking).

The two parameter values a = 1 and a = 2 flip the comparison: SPA dominates at
moderate asymmetry but FPA dominates as asymmetry grows. The general principle
(Maskin and Riley, 2000) is that in asymmetric environments, neither auction format is
uniformly revenue-superior; the answer depends on the shape of the distributions. The
intuition: in FPA the strong bidder shades more aggressively against the weaker rival,
sometimes letting the weak bidder “win cheap”; in SPA the strong bidder always wins,
but pays only the weaker bidder’s value. Whether shading or efficient allocation costs

the seller more depends on the specific asymmetry.

© Rui Zhou 2026. Do not redistribute without permission.
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Problem 9.3

Virtual values and reserve prices.

1-— 1 — 22 2_1
R e N R I

Both are strictly increasing on their domains, so the regularity condition holds. The indi-
vidual reserve prices solve v;(r;) = 0:

Pt = %7 ry = % ~ 0.577.

Optimal allocation rule. The object goes to whichever bidder has the highest non-
negative virtual value:

o If both ¥y (21), ¥ (22) < 0 (21 < 1/2 and 25 < 1/4/3): seller retains the object.
o Otherwise, allocate to bidder ¢ with v;(z;) = max{v(z1), ¥V2(22)}.

Equating 91 (x1) = 12(x2) gives the boundary

(2.131 — 1) + (2.1‘1 — 1)2 + 3
3 .

375 — 227 —Dag —1 = 0 = x5 =

Bidder 1 wins when z5 falls below this curve (and z; > 1/2).

Payment rule. Each winner pays the smallest value at which they would still have

won:
o If bidder 1 wins, payment is the threshold y (z2) with 11 (y1(z2)) = max{0, ¥ (z2)}:

1
29 X2

91(362) =

[AVARRWAN
- 5

3x24220—1

dxo ) )

o If bidder 2 wins, payment is ya(z1) such that ¥s(y2(x1)) = max{0, ¢ (z1)}:

1 1
73’ 1 < 3,

va(m) = (221 — 1)+ /(221 —1)2 +3
3 )

T 2>

N[—=

Economic interpretation. The stronger bidder (F» = x?) faces a higher individual
reserve (1/4/3 & 0.577) than the weaker bidder (Fy = x, reserve 1/2). This is the hand-
icapping principle: by raising the bar for the strong bidder, the seller forces the strong
bidder to surrender more rent while keeping the weak bidder competitive.

The optimal mechanism is not always allocatively efficient. When x; = 0.6 and x5 =
0.55 < r3, virtual values are ¥1(0.6) = 0.2 > 0 and 12(0.55) < 0, so bidder 1 wins despite
bidder 2 having a positive valuation—revenue-extracting price discrimination at the cost of
social surplus.

Remark (Why the asymmetric reserves seem “backwards”).
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Naively, one might expect the seller to set a high price for the weak bidder (extracting
their entire willingness-to-pay) and a low price for the strong bidder (encouraging par-
ticipation). The Myerson optimum does exactly the opposite. The reason: the seller’s
gain from extracting an extra dollar from the strong bidder is offset by the strong bidder
demanding more information rent. The net marginal revenue from raising the strong
bidder’s reserve is the inverse hazard rate (1 — Fy(x))/f2(x), which equals (1 — 22)/(2x)
here. Setting this equal to « gives r5 = 1/4/3. The strong bidder’s higher reserve reflects

that their information rent grows faster than the weak bidder’s.
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Problems

Problem 10.1

There is a single object for sale and two risk-neutral bidders are bidding for the object.
Bidder i assigns a value X; to the object where each X, is independently and uniformly
distributed on [0,1]. Bidder ¢ knows the realization x; and only that the other bidder’s
value is independently and uniformly distributed.

(a) Suppose the object is being sold by means of a first-price auction. Find the symmetric

equilibrium strategy 5.

(b) Now suppose that after the auction is over, both the losing and winning bids are
publicly announced. In addition, there is the possibility of post-auction resale: the
winner of the auction may, if he so wishes, offer the object to the other bidder at a
fixed take-it-or-leave-it price p. If the other bidder agrees, the object changes hands
and the loser pays the winner p. Otherwise, the object stays with the winner and no
money changes hands. Show that § remains an equilibrium even if resale is allowed.
In particular, show that a bidder with value x cannot gain by bidding an amount

b > B(z) even with the option to resell.

Problem 10.2

Two agents jointly own an indivisible object (say, a house) and each has an equal share.
The value of the whole object to agent ¢ is a random variable X; which is independently
and uniformly distributed on [0,1]. Thus agent 1 derives a value %X 1 from his share and
agent 2 derives %XQ from hers. The two agents wish to dissolve their partnership; since the
object cannot be subdivided, ownership goes to one of the two agents.

(a) Consider the following “auction” for reallocating the object: both agents bid amounts
b1,b2, and if b; > b;, then ¢ gets ownership and pays the other agent j the amount b;.

Find a symmetric equilibrium bidding strategy.
(b) Is the procedure outlined above efficient? Is it individually rational?

(c¢) Calculate each agent’s payments in the VCG mechanism associated with this problem.
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Problem 10.3

A community of N agents is considering whether or not to build a bridge which costs a
known amount C to build. If the bridge is built, each agent derives a value X;, where each
X; is drawn from a distribution F over [0, 1]. If the bridge is not built, each agent derives
value 0. It is efficient to build the bridge iff > X, > C.

(a) Calculate the payments in the VCG mechanism associated with this problem.

(b) Argue that the VCG mechanism always runs a deficit—that is, for every realization

of values, the sum of payments from the agents is less than C.

(¢) Does there exist a mechanism that is efficient, incentive compatible, individually ra-
tional, and balances the budget? (By balancing the budget is meant that for every
realization, the sum of payments equals C'.)
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Solutions

Problem 10.1

(a) Symmetric equilibrium without resale. Standard derivation: in the symmetric
equilibrium, bidder ¢ with value = bids the expected highest competing value conditional on
winning,

B(x) = EY; | Vi <a] = g

(b) The resale option does not break equilibrium. We show that bidding b >
B(xz) = x/2 is not profitable even with the option to resell.

Suppose bidder 1 (with value x) bids b < 1/2 while bidder 2 plays 5. Conditional on
winning, Xy < 2b.

Optimal resale price. Conditional on X5 € [0,2b], X5 is uniform. Bidder 2 accepts a
TIOLI offer of p iff Xo > p. The deviator’s payoff from resale at price p, accounting for
keeping the object when rejected, is

p (2b—p)(p—2)

2b —
V(p;b):p-pr—Hc-Q—b:m—k %

FOC 2b — 2p + x = 0 gives p* = b+ /2. Substituting,

(b—2/2”

V(p*;b) =

Total expected payoff from bidding b. Win probability is Pr(Xs < 2b) = 2b, so
w(b;x) = 2b[—b+ V(p*;h)] = —20° + 202 + (b— 2/2)> = —b +bx + L.
Optimum.  is strictly concave in b (second derivative —2), with FOC
—20+2r =0 = b =5 = B(x).

The unique optimum—even with resale—is 3(z) = /2. Bidding b > S(z) strictly decreases
expected payoff.

Remark (Why resale fails to disrupt the equilibrium).

Resale gives the winner a way to extract additional surplus from a high-value loser. But
the auction has already priced this option in: the loser’s value is, on average, half the
winner’s, so any extra dollar paid in the auction to “win” a high-value loser is exactly
cancelled by the resale terms. This is a cousin of the revenue equivalence principle.
Resale does, however, change which auction format the seller prefers when bidders have

asymmetric distributions.
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Problem 10.2

(a) Symmetric equilibrium of the bid auction. Looking for symmetric strictly-

increasing 3, agent 1 with value x bidding b has expected payoff

1

BHD)
Elmy(bi2)] = / (2 —b)dt + / (8(t) — =) dt.
0 B=1(b)
(First integral: winning, paying b, taking object value x; second: losing, receiving £(t),
surrendering own half-share value x/2.)
Differentiating and using b = B(x):
x —2p(x)

—J;—|—W =0 <= z8(x)+28(z) = =

Multiplying by z, the LHS becomes - [z23(x)]:

%[xzﬂ(x)] =2° = 2%8(x) = %3+C’.

With 8(0) =0, C =0 and

(b) Efficiency and IR.
Efficiency. Since B is strictly increasing, the agent with the higher value submits the
higher bid and wins. The object is allocated efficiently.

Individual rationality. Expected payoff for an agent with value z:

E[payoff] =

N

|
g ﬁ
—
(SIS
I
wlg
SN—"
QU
~
+
+ s\
_
—~
Wl
I
SIS
S~—
QU
~

***** -5+ %.
The minimum over z € [0,1] is at z = %, giving % — i + % = i > 0. So every type strictly
improves over the %XZ- status quo.

(c) VCG payments. Apply the standard VCG (Clarke pivot) formulation:

Mi* = W(ai,v_i) - W_i(’l}).

With «; =0, W(ay,v_;) = v; (the other agent monopolizes if i doesn’t participate).

If i wins (v; > vj): M} =v; —0 = v;. Winner pays the loser’s value to the planner.

If i loses (v; < w;): M} =v; —v; =0. Loser pays nothing.

Comparison to part (a). The bid auction has the winner paying 8(z) = x/3 to the loser;
payments stay within the partnership (budget-balanced). In Clarke-VCG, the winner’s
payment v; goes to a third party, and total payments don’t balance. Restoring balance via
redistribution (sending the winner’s payment to the loser) makes the mechanism IR but
breaks the dominant-strategy property: the bid auction trades dominant-strategy IC for
budget balance and Bayesian IC.
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Problem 10.3

(a) VCG payments. The efficient allocation is @*(z) = 1{3_; z; > C}. Define

W) = (Xw-0)Q @, W@ = (Xw-0)e @
J j#i
If the bridge is not built (Y"x; < C). Q* =0; M} = 0.
If the bridge is built ()" x; > C). Two sub-cases:

e i non-pivotal (3_;,; x; > C): bridge would be built without i. M; = 0.

o i pivotal (3,4, ; < C): without i, W(0,2_;) =0 and W_;(z) =3, 2; —C <0. So

M = 00— (ij—C) = C—ij.

J#i JFi

In words: a pivotal agent pays the shortfall C' — > i T that their participation elimi-
nates; non-pivotal agents pay nothing.

(b) VCG runs a deficit. Suppose the bridge is built and let P be the set of pivotal
agents. Total payments are

My = [Pl-C=)> a;

ieP iEP ji

Every agent pivotal: |P]| = N and Zf\il 2z =N —=1)3 x;. So

with strict inequality when Y x; > C.

At least one non-pivotal: non-pivotal agents pay 0, so total < all-pivotal sum < C.

In both cases, >, M < C (strictly, generically), while the planner pays C. The mech-
anism runs an ex-post deficit whenever the bridge is built.

(c) Existence of efficient, IC, IR, BB mechanism. No. By the AGV theorem,
such a mechanism exists iff VCG runs an ex-ante non-negative surplus, i.e., >, E[M] >
C-Pr(build). From part (b), Y. M < C whenever the bridge is built. Taking expectations,
>, E[M;] < C-Pr(build). By the AGV impossibility, no mechanism can be simultaneously
efficient, IC, IR, and budget-balanced.

Remark (Why public goods are different from private auctions).

The bilateral-trade impossibility (Myerson-Satterthwaite) and the public-goods deficit
are two faces of the same theme: when both sides of a transaction have private in-
formation, the gains from trade may be unattainable through any voluntary, balanced
mechanism. In auctions, the seller subsumes the cost (or has zero cost), so VCG runs a
surplus. In public goods, the planner subsumes the cost (C), so VCG runs a deficit. The
remedy is typically to weaken IR (mandatory tax-funded provision), weaken efficiency
(under-provision via voluntary contribution), or weaken IC (subsidy-financed provision

with externally enforced participation).
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Problems

Problem 11.1

Consider a two-sided matching problem between students in the set S = {s1, 2,53} and

colleges in the set C = {c1,¢a,c3}. The (strict) preferences of the individuals are:

P(s1) \ H > | P(cs)
C1 S1
C2 52
c3 S3

(a) Find the stable matching from the Gale-Shapley algorithm when the students make

the offers. Find the corresponding matching when the colleges make offers.

(b) Find all stable matchings.

Problem 11.2

Consider the problem of matching 4 medical students (labeled s;) to 3 hospitals (labeled

hj). Hospital 1 has two openings; hospitals 2 and 3 have one opening each. Preferences:

P(s1) | P(s2) | P(ss) | P(sa) || P(h) | P(h2) | P(hs)
h3 ha hq ha 51 51 s3
hi h1 hs ho S2 S2 S1
ho hs ha h3 S3 S3 S9

S4 S4 S4

(a) Find a stable match ug using the deferred acceptance algorithm in which the students

make the offers.

(b) Find a stable match p gy using the deferred acceptance algorithm in which the hospitals
make the offers.
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Solutions

Problem 11.1

(a) Student- and college-proposing Gale-Shapley outcomes.
Student-proposing DA.

e Round 1. Each student applies to the top: si1,s2,s3 — ¢1. College ¢ holds the highest-

ranked applicant (s1, since P(c;) ranks s; above sy above s3) and rejects sa, s3.

e Round 2. Rejected students apply to their next-best: s; — co and s3 — c¢3 (since
P(s3) = ¢1,c¢3,¢2). Both ¢g and ¢3 hold their unique applicants. No rejections; algorithm

terminates.
ps = {(s1,c1), (s2,¢2), (s3,¢3)}
College-proposing DA.

e Round 1. Each college proposes to its top: c1,c2,c3 — s1. Student sy keeps ¢1, rejects
C2,C3.

e Round 2. Rejected colleges propose next-best: co — s3 (P(c2) = s1,83,82), ¢3 — 82

(P(c3) = s1, 82,83). s3 holds ca; so holds ¢3. No further rejections; algorithm terminates.

pne = {(s1,¢1), (s2,¢3), (s3,¢2)}

(b) The full set of stable matchings. There are 3! = 6 candidate matchings. Check-
ing each for blocking pairs:

1. pg — stable (verified above).

2. pc — stable (verified above).

3. {(s1,¢2),(s2,¢1), (s3,¢3)}: (s1,c1) blocks (s1 prefers ¢; to co; ¢1 prefers s; to sa).
4. {(s1,¢2),(s2,c3), (s3,c1)}: (s1,¢1) again blocks.

5. {(s1,¢3),(s2,¢1),(83,¢2)}: (s1,c1) blocks.

6. {(s1,¢3),(s2,c2),(s3,c1)}: (s1,c1) blocks.

The set of stable matchings is exactly {us,uc}. The lattice has two elements, with ug
student-best and pc college-best.

Remark (A canonical example of student-college conflict).

In pg, student sy gets co (her second choice), while in pe, s2 gets ¢ (her third). The
two matchings differ exactly on {sg, s3}, who swap colleges. The lone non-trivial degree
of freedom is whether ¢y takes its second-favorite student s3 (and c3 takes s, as in u¢)
or whether each goes to its own “natural” partner, with ss blocking cy’s preferred match
(as in ug).
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Problem 11.2

(a) Student-proposing DA. Top-choice applications:
81—)}13, 82—)h2, Sg—)hh S4—>h1.

h1 has two slots and receives applications {ss, s4}, both held. hg holds ss. hg holds s;. No

rejections; algorithm terminates after round 1.

Hs = {(517h3)7 (527h2)’ (83vh1)7 (847h1)}'

Every student receives their top choice.
(b) Hospital-proposing DA. Each hospital proposes for each open slot to its top-
choice student.

Round 1. hy proposes to {s1,s2} (top two), ha — s1, h3 — s3.
o 51 receives hy and ho; with P(s1) = hs, hi, he, holds hq, rejects ho.
e 89 holds hy (only offer).
e s3 holds hg.
o 54 receives no offers.
Round 2. hs (rejected) proposes next on P(hs) = s1, 8o, $3, S4, namely $s.
e 89 has hy and ho; with P(s3) = he, hy, hg, holds hs, rejects hy.

h1 now has one slot open.
Round 3. hy proposes to s3 (next on P(hy)).

® S3 has hg and hl; with P(Sg) = hl, h3, hz, holds hl, rejects h3.
Round 4. hs (rejected) proposes to s1 (next on P(h3) = s3, 81, S2, S4).
e S5 has hl and hg; with P(Sl) = h3, hl, h2, holds h3, rejects hl.

hy has only s3.
Round 5. hy proposes to s4. s4 holds hy. All slots filled; algorithm terminates.

pr = {(s1,hs), (s2,h2), (s3,h1), (54,h1)}.

Comparison. pg = ps. The two extremes of the stable-matching lattice coincide, so

the stable matching is unique.

Remark (When does pgs = pp?).

us = pg iff the set of stable matchings has a single element. A handy sufficient con-
dition is that the student-optimal matching gives every student her first choice and is
feasible—which happens here because each student’s top choice differs (modulo hy’s ex-
tra capacity). When markets “fit nicely” like this, no student has any strategic motive
to misreport, and even the (Roth, 1982) impossibility of two-sided strategy-proofness
becomes irrelevant: there is no second matching to manipulate towards.
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Problems

Problem 12.1

Consider the prisoners’ dilemma game G:

Suppose G is played infinitely often and both players use the same discount factor § € (0,1).
Consider the following “tit-for-tat” strategy: (i) in period ¢t = 1, play C; (ii) in all periods
t > 1, play whatever the opponent played in period ¢ — 1.

(a) If both players play tit-for-tat, find all discount factors § for which there is a subgame

perfect equilibrium such that both players choose C' in every period.

Problem 12.2

Consider the game G below:

H M L
H[33 1,1 0,5
M|1,1 2,2 01
L |50 1,0 —1,-1

i Y

and let G?(00) denote the game where G is infinitely repeated and both players use a common
discount factor 6 € (0,1). There is perfect monitoring—all past choices are observed by both

players.

(a) Consider the following outcome paths:
() (H, H),(H, H),...
(ii) (M, M),(M,M),...

Suppose the players play the “trigger” strategy: start with (i) and continue if there
are no deviations. If there is any deviation from (i), play (ii) forever. For what values

of 6 do the trigger strategies constitute a subgame perfect equilibrium of G?(c0)?

235



PROBLEM SET 12 236

(b) Now consider the following outcome paths:
(i) (H,H),(H,H),...
(i) (L,L),(H,H),(H,H),...

Suppose the players play the “forgiving” strategy: start with (i) and continue if there
are no deviations. If there is any deviation from (i), start (ii). If there is any deviation
from (ii), restart (ii). For what values of § do the forgiving strategies constitute a

subgame perfect equilibrium?

Problem 12.3

Two firms, labeled 1 and 2, produce differentiated products and face the following demand
functions

g1 = a— p1 + bpa, g2 = a+ bpy — po,

where @ > 0 and b € (0,1) are given. A decrease in a firm’s own price or an increase in its
rival’s price causes its demand to increase. Suppose the cost of production is zero. Each

firm chooses its price to maximize its profit.

(a) Suppose the market lasts for only one period. What are the Nash equilibrium prices
(pN,pY) and profits?

(b) Suppose the two firms merged and became a monopoly. What prices (p, pi!) would

the merged firm choose in each market?

(¢) Now suppose the market lasts indefinitely and both firms use a discount factor § to
evaluate future payoffs. Consider the following “trigger” strategy: (i) in ¢t = 1 choose
pM: (ii) in t > 1, choose p if in all previous periods both firms chose p;M ; otherwise
choose the one-shot Nash equilibrium price pl¥. For what values of § can the firms

collude perfectly and sustain monopoly prices using trigger strategies?
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Solutions

Problem 12.1

The on-path outcome under both players following tit-for-tat is (C, C) in every period.
On-path one-shot deviation. Consider deviating to D in some period ¢, then reverting
to tit-for-tat. The deviator earns 3 at period ¢ and induces an alternating pattern thereafter:
in t + 1 the opponent retaliates with D while the deviator (now back on tit-for-tat) plays
C, yielding 0; in ¢t + 2 the opponent plays C' (matching deviator’s C' from t 4+ 1) while the

deviator plays D, yielding 3; and so on. The continuation stream is 3,0, 3,0, ..., so
Viev = 34+0-04+62-3+... = 3
1—42
Comparison to no-deviation Veeep = 2/(1 — §) gives
2 3 3 1

-5 = 1-0° -0+ — S T

Off-path consideration (caveat). The above only verifies on-path Nash. For a com-
plete SPE check, one must verify that tit-for-tat itself is optimal off-path. Tit-for-tat actually
fails this stricter test for 6 > 1/2: in the subgame after a single (C, D) history, switching
back to permanent C' would restore mutual cooperation immediately and dominate the al-
ternating pattern, giving Viwiteh-back = 2/(1 — &) > 3/(1 — 62) exactly when § > 1/2. Strict
subgame perfection of tit-for-tat thus holds only at the knife-edge § = 1/2.

Answer. For sustaining (C,C) as a Nash equilibrium outcome via tit-for-tat, 6 > 1/2
is necessary and sufficient. Tit-for-tat is the canonical example of a strategy that achieves

cooperation but is not strictly subgame perfect, motivating refinements like grim trigger.

Problem 12.2

Note that (M, M) is the only symmetric pure NE of the stage game. Each player’s minmax
payoff is 0, attained at L. The cooperative outcome (H, H) delivers (3,3), beating both
(M, M) and the minmax.

(a) Trigger strategy. Best on-path deviation: against opponent playing H, the devi-
ator’s best is L, yielding 5.

No-deviation condition:

choop =

Multiplying by (1 — §),
3>5-30 <« §6>2.

Off-path: the punishment phase plays (M, M) forever, a stage NE; no further deviation
incentive. Trigger is SPE iff § > 2/3.

(b) Forgiving strategy. Best on-path deviation: deviator earns 5 at ¢, then suffers
one round of (L, L) giving —1, then back to (H, H) forever:

3

v = -1 o
Va 5+6(-1)+0 T3
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Comparison:

3 302
2 >5-0+

>5— > 1
T3 176(:)3(“_5)_5 b = 6>3

Punishment-phase deviation: during (L, L), deviating to either H or M (best response
to L, both yielding 0) gives

Vpunish—dcv =046 [*1 + %]

since the punishment restarts. The no-deviation continuation is Vpypish = =149 - 1‘%6. The

condition Vunish = Vpunish-dev reduces to 6 > 1/4, implied by the on-path constraint.

1

Answer. The forgiving strategy supports (H, H) as a SPE iff § > 3, more permissive

than the trigger threshold.

Remark (Trigger vs. forgiving in one slogan).

Trigger: “forever (M, M) punishment, mild loss per period.” Forgiving: “one period
of (L,L) then resume cooperation.” The forgiving strategy hits the deviator harder
in a single period (loss 4 relative to coop) but releases the punishment, allowing the
cooperative future to discipline today’s behavior more efficiently. The general lesson:
shorter, harsher punishments outperform longer, milder ones when the goal is

sustaining cooperation at low discount factors.

Problem 12.3

(a) Simultaneous-move Nash equilibrium. Each firm maximizes m; = p;¢; = pi(a —
pi +bp;). FOC a — 2p; + bp; = 0 gives the symmetric NE

2
a a a
N o_ N N AN O

C T 2w

(b) Monopoly (merged firm) prices. Total profit II = p1q1 + page. FOC w.r.t. py:

oIl

a— = a—2p1+2bpy = 0,
op1

so p1 = a/2 + bpy. By symmetry,

2
q;

M = M = — = — . = ——
D1 = P2 2(17&)), 2a U 4(1*b)

Monopoly prices exceed Nash prices (1/(2(1 —b)) > 1/(2 —b) for b > 0).
(c) Trigger strategy collusion. Best deviation from p}: firm 1 maximizes p;(a —
p1 + bpdT) over p;. Optimum:
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No-deviation condition:

oM >7rd+57TN — ad — M
1-6 — 1-9 — qd— N’
Computing:

272 2p2(p2 _
oA M _ a?b , AN _ a?b*(b 8b—|—8).
16(1 — b)? 16(1 — b)%2(2 — b)?

Hence
(2-1b)°

6min - 79 o1 , o
b2 —8b+38
Limit cases. At b = 0: din = 4/8 = 1/2, matching the standard collusion threshold.
At b — 1 (perfect substitutes): dpmin — 1/1 = 1.

Remark (Why differentiation eases collusion).

More differentiation (smaller b) reduces both the gain from undercutting (stealing the
rival’s market is harder) and the harshness of competitive punishment (Nash profits stay
healthier). The first effect dominates: collusion becomes easier to sustain. Industries
with strong product differentiation—branded consumer goods, pharmaceuticals—are em-
pirically more conducive to tacit collusion than commodity industries, exactly because

Omin 1S lower there.
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Problems

Problem 13.1

Consider the game G:
H M L

H |55 0,1 0,6
M|1,0 0,0 1,4
L|[6,0 41 0,0

Let G(T) denote the game in which G is played T times and all past outcomes are observed.
Players evaluate repeated game outcome paths by their average payoff over the T' periods.

(a) What are the (pure-strategy) minmax payoffs in G?
(b) Find all pure-strategy subgame perfect equilibria of G(2).

(¢) Find all pure-strategy subgame perfect equilibria of G(3).

Problem 13.2 (Tirole)

Two firms, labeled 1 and 2, produce identical products at a constant marginal cost ¢ > 0.

They face an uncertain market demand function

5( ) D(p) with probability 1 — 7,
p =
0 with probability n,

where D(p) is such that D'(p) < 0 (downward-sloping demand) and (p — ¢)D(p) has a
unique maximizer pM (the monopoly price). The firms choose prices p; and p,. When
market demand is D(p) and (i) p; < p;, then firm i sells D(p;) and firm j sells nothing; (ii)
when p; = p; = p, then each firm sells %D(p). If realized market demand is 0, neither firm
sells anything.

Suppose the firms compete over an infinite horizon and discount future payoffs using a
common discount factor ¢ € (0,1). Firms do not observe their rivals’ past or current prices;

they only know their own past sales.

(a) Consider the following strategies for the firms:

1. Choose price pM in the first period.
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2. In all periods ¢ > 1, choose p! = pM if i’s sales have been %D(pM) in all past
periods; otherwise choose p! = ¢ (marginal cost) for k periods and then resume

step 1.

(b) Under what circumstances do the strategies constitute a subgame perfect equilibrium?
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Solutions

Problem 13.1

(a) Pure-strategy minmax payoffs.

For player 1 the minmax is v; = min,, max,, u1(s1,s2). Computing the column maxima:
maxui(sy, H) =6 at L, maxui(s;,M)=4at L, maxui(sy,L)=1at M.
S1 51 S1

Taking the smallest, vy = 1, attained when player 2 plays L. The payoff structure is
symmetric across the two players, so vo = 1 as well, attained when player 1 plays L.
The pure-strategy stage NE of G are

(M, L) with payoff (1,4) and (L, M) with payoff (4,1).

Each gives one player exactly the minmax and the other a strictly higher payoff. This payoff
asymmetry is the structural fact that constrains the rest of the analysis: any reward to one
player using a stage NE simultaneously punishes the other.

(b) Pure SPE of G(2).

Period 2 has no continuation, so its prescription must be a stage NE. The only choices
are (M, L) and (L, M).

For period 1, write A; for player i’s gain from a one-period deviation against the pre-
scribed period-1 profile (s1,s2). Since period 2 must already be a stage NE, the largest
continuation differential available to deter player ¢ is the gap between her best and worst
stage-NE payoff: 4 — 1 = 3. So sustainability of any non-NE period-1 prescription requires
A; < 3 for both players.

The deviation gains (A, As) at every cell:

(A1, A) ‘ H M L

H (1,1) (4,5) (1,0)

M (5,4) (4,4) (0,0)

L (0,1) (0,0) (1,1)
Among the non-NE candidates, A; < 3 holds at (H,H),(H,L),(L,H),(L,L). But
the differential constraint is necessary, not sufficient: with only one period of stage-NE

continuation and only two NE to choose from, we can deter at most one player at a time,
because the NE that rewards player 1 is the same NE that punishes player 2.

e (H,L): Ay =1, Ay =0. Ounly player 1 needs deterring. Use (L, M) on path (rewarding
player 1) and (M, L) if player 1 deviates. The 4 — 1 = 3 differential easily deters A; = 1.
Sustainable.

o (L,H): symmetric. Sustainable with (M, L) on path.

o (H,H): Ay = Ay = 1. To deter player 1 the period-2 prescription must move from (L, M)
on path to (M, L) off path; to deter player 2 it must move in the opposite direction. No
single on-path / off-path pair can do both. Not sustainable.

e (L, L): same impossibility.
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The two stage NE serve as period-1 prescriptions trivially. Combined with the two
period-2 NE choices, this gives four NE-on-NE paths plus the two non-NE starts.
Six pure SPE outcome paths in G(2):

(M,L)(M,L) average (1,4)
(M,L)(L,M) average (2.5,2.5)
(L,M)(M,L) average (2.5,2.5)
(L,M)(L,M) average (4,1)
(H,L)(L,M) average (2,3.5)
(L,H)(M,L) average (3.5,2)

(c) Pure SPE of G(3).

Period 3 must be a stage NE. The structural change relative to (b) is that the period-1
prescription is now followed by a two-period continuation, which can be any pure SPE of
G(2). The cumulative two-period payoff pairs (R;, Ry) available across the four NE-on-NE
continuations are

(2,8), (5,5), (5,5), (8,2),

all summing to 10. The two balanced sequences (L, M)(M, L) and (M, L)(L, M) each give
every player exactly 5.

For period-1 prescription (s1,s2) with deviation gains (Aq, As), sustainability now re-
quires R¢ — P? > A; for both players, where R¢ is on-path continuation and PZ is the

continuation following i’s deviation. The minimum P¢ achievable across the four continu-
ations is 2.

What is newly sustainable as period-1 prescription:

e (H,H): Ay = Ay = 1. Take the balanced continuation (Ry, Rs) = (5,5) on path; if
player 1 deviates, switch to (M, L)(M, L) giving P{l = 2; if player 2 deviates, switch to
(L, M)(L, M) giving P§ = 2. Each differential is 5 — 2 = 3 > 1. Sustainable.

o (L,L): same calculation. Sustainable.

o (M,M): Ay =Ay=4. Need Ry > Pi+4=6and Ry > P,+4=06,s0 Ry + Ry > 12.
But R + Ry = 10. Not sustainable.

o Any cell with max(Aq, Ag) > 6 violates the individual reward bound (since R; < 8 and
P; > 2). This rules out (M, H),(M, M), (H, M) and similar.

What about period 22 The period-2 subgame is itself a G(2) subgame, so its sustainable
prescriptions are exactly those from part (b). In particular, the period-2 prescription cannot
be (H,H) or (L, L), since those need a two-period continuation that the single period 3
cannot supply. So an attempt at, say, (H, L), (H, H), (NE) fails at the period-2 step.

Summary of new outcomes in G(3). Embedding the six G(2) paths from part (b) into
periods {2, 3} and varying the period-1 prescription, the new period-1 outcomes are (H, H)
and (L, L), each paired with a balanced two-period continuation on path. The most natural
new path is

(H,H), (L,M), (M, L) average payoff (10/3,10/3) ~ (3.33,3.33),
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with the symmetric variant (H, H), (M, L), (L, M) giving the same average. These are
strictly closer to the cooperative (5,5) than any path from G(2). The mechanism is the
Benoit-Krishna observation: when the stage game has multiple stage NE with payoff vari-
ation, finite-horizon SPE can sustain non-NE play in early periods by using which NE is
played later as the reward/punishment instrument. A horizon of three is already enough to

bring this mechanism into operation.

Problem 13.2

Setup. Let 7™ = %(pM — ¢)D(p™) denote each firm’s per-period collusive profit when
the market is alive. Let V' be the discounted continuation value of being in the cooperative
phase (about to price p™ this period and observe demand at the end of it), and let V4 be
the value at the start of a k-period war.

Cooperative-phase value. A firm in the cooperative phase prices p™. With proba-

M

bility 1 —n the market is alive, the firm sells %D(pM ), earns | and the cooperative phase

continues into next period. With probability 5 the market is dead, sales are zero, the rival

also sees zero sales and triggers the war. So
V=_0-n +451-nV + nViw].
A war yields zero profit for k£ consecutive periods, after which cooperation resumes:
Viy = 6" V.
Substituting and solving for V|

(1—n)="

M (e T

Deviation incentive. A firm contemplating deviation chooses its price before observing
the demand realization. Undercutting p* slightly captures all market demand D(p™) when
the market is alive (probability 1 — n) and yields zero when dead (probability n). The

expected current-period profit from undercutting is therefore
(L=m) " =) DY) = 21— M.

After the deviation, the rival’s sales are zero regardless of which state was realized, so the

rival begins a war next period. The deviation continuation value is
Vi = 20 —m)a™ + Vi = 20 —n) o™ + FV

No-deviation condition. Sustainability requires V > Vv, equivalently
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Substituting the expression for V' and canceling the common factor (1 —n) 7™ > 0,

1_6k+1
1—6(1 —n) —noktt

Cross-multiplying and rearranging delivers the central condition:
26(1—n) — "1 (1 -2n) > 1. (*)

Three sanity checks.

Perfect monitoring (n = 0). Condition () reduces to 20 — 6**1 > 1. As k — oo,
§F+1 — 0, so the threshold becomes § > %—the standard threshold for sustaining Bertrand
collusion under grim trigger.

Vanishing patience (6 — 0). Both sides go to zero, and the inequality fails. Without
patience, the one-period deviation gain 2(1 — 7)7™ overwhelms any future loss. Some
patience is necessary.

Criticaln. Asn — 1 the coefficient 1—2n on %1 vanishes, and () reduces to 26(1—n) >
1, i.e. 6 > 1/[2(1 — n)], which approaches 1 as n — % For n > % no patience is enough: the
expected demand state is too often dead for cooperation to be sustainable at all.

Trade-off in k. For n < %, the LHS of () is increasing in k (since 0" shrinks and
1—2n > 0), so longer punishments help deter deviation. But longer punishments also reduce
the cooperative value V| because innocent demand collapses—which occur with probability n
in every cooperative period—trigger correspondingly longer dead-weight punishment phases.
The net result is an interior optimal k*(n, §) that balances deterrence against on-path waste.
For 7 close to 3, the optimal k becomes finite and the feasibility region in (8,7, k) shrinks
rapidly.

Interpretation. This is the Green-Porter (1984) model of collusion under imperfect
monitoring. The defining feature: the equilibrium has price wars erupting on the equilib-
rium path, not because anyone has deviated, but because firms cannot distinguish a rival’s
deviation from a random demand collapse. A fraction 1 of cooperative phases inevitably
degenerates into wars. Empirically, this matches Porter’s case study of the U.S. railroad
freight cartel of the 1880s, in which intermittent price wars erupted episodically without any
documentary evidence of cheating. Compared to the perfect-monitoring case studied ear-
lier, where the only inefficiency is the patience boundary, imperfect monitoring imposes an
additional structural inefficiency: collusion must pay for noisy signals via real punishment

rounds in equilibrium.
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Exams and Solutions
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First Mid-Term Exam (2025)

Date: February 18, 2025. Four questions; answer all four.

Problems

Problem 1

Find a Nash equilibrium (pure or mixed) of the following incompletely specified game (where

“?” denotes an unknown payoff):

Problem 2

Consider the following game G:

(a)
(b)

Find all pure-strategy Nash equilibria of G.

Now consider a game I' with the same payoffs as above but where players move se-
quentially: player 1 (rows) moves first, and player 2 (columns) moves after observing

player 1’s choice. Find all subgame perfect equilibria of I" and compare with part (a).

Now consider a game I'. in which player 1 moves first, but her moves are only im-
perfectly observed by player 2. When player 1 chooses A, player 2 receives a “signal”
a with probability 1 — e and signal b with probability e, where 0 < ¢ < 1/4. When
player 1 chooses B, player 2 receives signal a with probability € and b with probability
1—e.

1. Draw the extensive form associated with this game.

2. Show that there is a Nash equilibrium of the game with imperfectly observed
actions in which both players choose B.
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Problem 3

Let G = (S;,u;)%; be a finite two-player game in strategic form. Define I to be an extensive-
form game of perfect information where first player 1 chooses s; € Sp, player 2 is informed
of player 1’s choice, and then chooses s; € Sy. For any pair (si,s2), payoffs in I' equal

payoffs in G.

(a) Show: for every pure-strategy Nash equilibrium of G there is a pure-strategy Nash
equilibrium of I' in which the players make the same choices as in the equilibrium of

G.

(b) Construct an example to show that the statement in (a) does not hold for mixed-

strategy equilibria.

(¢) Construct an example to show that the statement in (a) does not hold for pure-strategy

subgame perfect equilibria.

Problem 4

Consider the following model of an arms race between two countries. Each country i selects
a level of “military capability” x; € [0,1]. The payoff to country ¢ when the two countries

choose capabilities (1, x3) is
ui(w1,22) = glai —x;) —clx),  j#1,

where g : [-1,1] — R is strictly increasing (¢’ > 0) and strictly concave (¢” < 0), and
¢ :[0,1] — R is strictly increasing (¢ > 0) and strictly convex (¢ > 0). The function
g represents the “gain” to a country from having a military advantage over the other; ¢

represents the cost of acquiring military capability.
(a) Show that the game described is supermodular.
(b) Show that the game has a symmetric pure-strategy equilibrium (z*, z*).
(c) Can this game have multiple symmetric pure-strategy equilibria?

d) Can this game have asymmetric pure-strategy equilibria (z7,x3) where z] # x37
1,22 1 2
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Solutions

Problem 1

Six entries in the matrix are unknown (five for player 1, one for player 2 at (M, R)). We
seek a NE that does not depend on these unknowns.
Restrict to the {U, D} x {C, R} subgame. The known sub-matrix is

Looking for a mixed NE: let p = Pr(U) and ¢ = Pr(C). Player 2’s indifference between C'
and R:
uy(C|p)=2p, ws(R|p)=6(1-p) = p=3.

Player 1’s indifference between U and D:

W=

u(U]q)=3¢+2(1-q)=2+gq, u(D]q)=5¢+(1—-q)=1+4q = gq =

The mixed sub-game NE is 01 = (2, §) over (U, D) and o3 = (0, 3, %) over (L,C, R), with
payoff (%, %)
Why this works in the full game. At p = %, all three of player 2’s pure-strategy

expected payoffs coincide:

<
[ V)
—
~
S~—
|
NI
—
=
~—
+
=
—~
w
S~—
|
NI
<
V)
—
Q
S~—
|
[N}
NI
|
[N

5 ’U,Q(R):G-%:

[SI[98)

So putting weight 0 on L is optimal for player 2. The unknown payoffs in column L for
player 1 do not enter because qr, = 0.
Remaining condition. Strategy M must not be a profitable deviation for player 1:

ul(M|02) = %m(M,C’) + %ul(M,R) < %

A constraint on the unknowns, not a contradiction.

NE: 01 = (%,0, i)7 o9 = (0, %, %), with expected payoffs (%, %)

Remark (Why this NE is robust to most unknowns).

By choosing q;, = 0, the equilibrium “ignores” column L entirely, so player 1’s payoffs
in that column play no role. The single remaining vulnerability is row M, whose payoffs
against the equilibrium mix must not exceed 7/3. The exam likely intends for the student
to recognize this structure—an “unknown-robust” NE in a strict subset of the strategy

space.

Problem 2

(a) Pure NE of G. Cell-by-cell:

o (A, A): player 1 prefers B (4 vs 3). Not NE.
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o (A, B): player 1 prefers B (2 vs 1). Not NE.
o (B, A): player 2 prefers B (4 vs 3). Not NE.
o (B,B): player 1 BRis B (2 vs 1) v; player 2 BR is B (4 vs 3) v. NE.

Unique pure NE: (B, B) with payoff (2,4).

(b) Sequential game I' (player 1 commits, player 2 observes). Backward induc-
tion:

o After A: player 2 chooses A (uz =2 > 1). Outcome (A4, A) — (3,2).
o After B: player 2 chooses B (ugz =4 > 3). Outcome (B, B) — (2,4).

Player 1 chooses A (u; = 3 > 2). The unique SPE is
U{:A, angifA,BifB,

with on-path outcome (A, A) and payoff (3, 2).
Comparison. The unique NE of G delivers (2,4); the unique SPE of T" delivers (3,2).
The sequential structure benefits player 1 (commitment value: 3 > 2) and hurts player 2

(2 < 4). Subgame perfection in I" rules out the threat “always play B” that sustains (B, B)
in the simultaneous game.

(c.1) Extensive form of T..

The dashed lines mark player 2’s two information sets.
(c.2) NE in which both players choose B.

o Player 1’s strategy: B.

Player 2’s strategy: B at every information set.

Verification.

Player 1: anticipating B at both info sets, A yields u;(A, B) =1 and B yields uy (B, B) =
2. Prefers B.

Player 2: given player 1 plays B, the on-path posterior at every info set is Pr(B | signal) =
1, and BR is ua(B, B) =4 > 3 = uz(B, A), so B.

Remark (Why the imperfection helps).
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In the perfect-information I', (B, B) is not subgame-perfect because if player 1 plays A,
player 2 prefers A. With noisy signals, however, player 2’s best-response strategy can no
longer condition on the action directly. Even after observing signal a, player 2 cannot
rule out that player 1 played B, so a strategy of “always B” can be self-confirming. The

€ < 1/4 assumption ensures the noise is not too large.

Problem 3

(a) Every pure NE of G corresponds to a pure NE of I'. Let (s, s3) be a pure NE
of G. Construct strategies in I':

ob = st o} (-) = s5 at every information set.

Verification.

o Player 1: anticipating s} regardless, on-path payoff is u;(s], s3). Deviation s; # s} gives

ui(s1,s3) <wui(si,ss) by the NE property of G.

o Player 2: on-path the only info set reached is {s}}; at that info set, BR given s; = s} is

s5. Off-path optimality is not required for NE.

(b) Counterexample for mixed equilibria. Matching pennies-style game:

No pure NE; unique mixed NE has both players randomizing (%, 1) with expected payoff
(3:3)-

In T", backward induction:
o After U: player 2 plays R. Outcome (U, R) — (0, 1).
o After D: player 2 plays L. Outcome (D, L) — (0,1).

Player 1 is indifferent (both give 0). Any pure NE outcome of T" is (U, R) or (D, L) with
payoff (0,1). The mixed NE expected payoff (%, %) is not realized in any pure NE of I.

(c) Counterexample for SPE. Use the game from Problem 2: G has unique pure
NE (B, B) with payoff (2,4). The unique pure SPE of T" has on-path outcome (A, A) with
payoff (3,2). So (B, B) does not arise as the on-path outcome of any pure SPE of T".

(In words: (B, B) is a pure NE of I" via the construction in (a), but it fails subgame

perfection because at the off-path info set after A, B is not a best response.)

Problem 4

(a) Supermodularity. Cross-partial:

82’11,1‘

=49 (ml x]) ¢ (ml>7 axlax] - g (:Cl x])'

&ri

© Rui Zhou 2026. Do not redistribute without permission.



FIRST MID-TERM EXAM (2025)

Since ¢” < 0, the cross-partial is strictly positive: strategic complementarities. Com-
bined with the lattice strategy space [0, 1], the game is supermodular.

(b) Symmetric pure-strategy equilibrium. At a symmetric (z, ), the FOC reduces
to

Since ¢’ is strictly increasing and continuous, this equation has at most one interior solution.
Provided ¢/(0) < ¢'(0) < ¢/(1), an interior 2* € (0, 1) exists; otherwise the equilibrium is at
a corner (z* = 0 if ¢’(0) < ¢(0), z* = 1 if ¢’(0) > ¢/(1)). Existence follows from Tarski’s
fixed-point theorem.

(¢) Multiple symmetric equilibria? No. The interior FOC ¢'(0) = ¢/(z) has a
unique solution by strict monotonicity of ¢/. With at most two corners, generically only one
of the three candidates is consistent with the best-response conditions.

(d) Asymmetric pure-strategy equilibria? No. The best-response function BR(z;)
is implicitly defined by

g'(BR(z;) — x;) = (BR(z;)).
Differentiating implicitly,

1/

9

BR/(z;) = pr— € (0,1),

since both numerator and denominator are negative; their ratio is positive but less than 1
because |¢”’| > 0.

The composition BR o BR is therefore a strict contraction with derivative bounded by
(BR’)? < 1. The unique fixed point lies on the diagonal 1 = x5. Hence no asymmetric

pure-strategy equilibria.

Remark (The role of strict concavity/convexity).

Supermodularity alone allows multiple equilibria in general supermodular games. What
kills multiplicity here is the contraction property: |BR'| < 1 strictly, which follows from
strict concavity of g and strict convexity of ¢. If g were merely weakly concave (e.g.,
piecewise linear), best-response curves could parallel, generating a continuum of NE.

Strict curvature pins down the symmetric NE uniquely in this arms-race model.
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Date: April 8, 2025. Three questions; answer all three.

Problems

Problem 1

Carefully define the following terms:
(a) Nash’s axiom of independence of irrelevant alternatives (ITA) for bargaining problems.
(b) The revenue equivalence principle of auctions.

(¢) A stable match in a situation in which there is one-to-one matching between students

and colleges.

Problem 2

Consider the Rubinstein infinite-horizon alternating-offer bargaining model but with the
following preferences. If an agreement (z,t) is reached (a split of (2,1 — 2) at time ¢), then
the payoff to player 1is z — (t — 1)c; and the payoff to player 2 is (1 — 2) — (¢t — 1)cg, where
¢; is player i’s constant per-period cost of delay and satisfies 0 < ¢; < 1. Note: there is no
discounting; rather there is a constant per-period cost of delay. Let GG; denote the game in

which player ¢ makes the first offer.

(a) Suppose ¢; = ¢o = ¢. Show that if 2,y € [0,1] satisfy 2 = y + ¢, then there is a
subgame perfect equilibrium of Gy in which a split of (z,1 — z) is achieved with no
delay, and a subgame perfect equilibrium of G5 in which a split of (y, 1 —y) is achieved

with no delay. Write down the equilibrium strategies carefully.

(b) Suppose ¢; < co. Show that there is a subgame perfect equilibrium of G; in which
a split of (1,0) is achieved without delay, and a subgame perfect equilibrium of G
in which a split of (1 — ¢1,¢1) is achieved without delay. Write down the equilibrium

strategies carefully.

Problem 3

There is a single object for sale and two potential buyers are bidding for the object. Bidder
i assigns a value of X; to the object. Each X; is iid uniform on [0,1]. Bidder ¢ knows a;

253



SECOND MID-TERM EXAM (2025) 254

and only that the other bidder’s value is iid uniform on [0, 1]. The object has use value 0 to

the seller.

(a) Suppose the seller uses the following “hybrid” auction—a mixture of first-price and
second-price. Each bidder ¢ submits a sealed bid b;. If b; > b;, bidder ¢ wins and
pays ab; + (1 — a)b;, where « is fixed and known with 0 < o < 1. Show that it is an
equilibrium for each bidder to follow the strategy

(b) Does this hybrid auction satisfy the assumptions of the revenue equivalence principle?

(¢) Can the seller benefit by setting a non-zero reserve price in the hybrid auction? What

is the optimal reserve price?
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Solutions

Problem 1

(a) Independence of Irrelevant Alternatives (ITA). A bargaining solution F' satisfies
IIA if, for any two bargaining problems (U,d) and (U, d) with U C U,

F(U,d)eU = F(U,d) =F(U,d).

If the solution chosen on the larger feasible set U happens to lie in the smaller set U, then
it is also the solution on U. Removing alternatives that were not chosen does not change
the chosen point.

(b) Revenue equivalence principle. For any two incentive-compatible auction mech-
anisms with independent private values, if (i) both mechanisms induce the same interim
allocation rule ¢;(z), and (ii) both assign the same expected payment to the lowest type
(m;(0), typically zero), then they yield the same expected payment m;(x) for every type,
and the same expected revenue. The result follows from the envelope theorem: the interim
utility of a bidder of type x is uniquely determined by the allocation rule plus the boundary
condition u;(0) = —m;(0).

(c) Stable match. In a one-to-one matching market between students S and colleges
C with strict preferences, a matching p: & — C U {0} is stable if there is no blocking pair:
no (s,c) € S x C such that

csu(s) and s>, pu(c).

No student-college pair would each prefer to abandon their current match in favor of one

another.

Problem 2

(a) Common cost ¢; = ¢y = c.

Equilibrium strategies in G1.

o Player 1: when proposing, demand z. When responding to player 2’s offer 2’ (player 1’s

share), accept iff 2z’ > y.

o Player 2: when proposing, offer (y,1 — y) to player 1. When responding to player 1’s

offer (1’s share z’), accept iff 2’ < .

Symmetric structure for G.
Verification. At any period of Gy:

¢ Player 1 demanding x: player 2’s continuation upon rejection is G2 with one-period delay,

getting 1 — y at delay cost ¢, payoff (1 —y) — ¢. Player 2 accepts 1 — x iff
l—z > (1-y)—c <= xz<y+ec

At equality © = y + ¢, player 2 is indifferent and accepts (standard tie-breaking).
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o Player 2’s offer (y,1—y) in Ga: player 1’s continuation is Gy with delay, getting z—c = y.
Player 1 accepts y.

Remark (Multiple SPEs under linear cost).

The system 2 = y + ¢ does not uniquely pin down (z,y): any x € [c,1] paired with
y=x—c € [0,1—c] works. Linear cost of delay produces a continuum of SPE outcomes,
in stark contrast to geometric discounting (Rubinstein), which gives a unique split. With
linear cost, each player’s continuation value is a constant translate of the proposer’s value,
admitting any pair (z,y) with  —y = ¢. Geometric discounting introduces an exogenous

shrinkage that pins the equilibrium down via two coupled equations.

(b) Asymmetric costs ¢; < ca.
Equilibrium strategies in G.

o Player 1: when proposing, demand 1. When responding to player 2’s offer 2/, accept iff
Z > 1-— C1.

o Player 2: when proposing, offer (1 — ¢1,¢1). When responding, accept any demand by
player 1.

Why it works.

e Player 2 accepts 0 in G1. Rejecting yields G2 continuation: player 2 proposes next period
and gets ¢ at one-period delay, payoff ¢; — co < 0. Accepting 0 today gives 0 > ¢; — ca.
Accept.

e Player 1 demands 1. Player 2 accepts any demand < 1, so player 1 demands the entire
pie.

e In Gs, player 1 accepts 1 — ¢;. Rejecting and entering (G; next period gives 1 — ¢;.
Indifference threshold; accept.

e In G, player 2 offers 1 — ¢;. Player 1’s minimum acceptable; player 2 keeps c;.

Intuition. Player 2 is more impatient (higher per-period cost). The threat to “walk
away” is incredible for player 2 since each delay period costs co > c¢;. This is a discrete

analog of the “patience captures the surplus” principle in geometric Rubinstein.

Problem 3

(a) Equilibrium S(z) = z/(1 + «). Suppose the opponent uses S. Bidder ¢ with value
x bidding b wins iff (X;) < b, equivalently X; < (1 + a)b. Conditional on winning,
X; ~U[0,(1+ a)b], so B(X;) ~ U[0,b] with mean b/2.

Expected winning payment:

(1 +oz)b.

ab+(1—a)- 2 = 5

Expected payoff:
. _ 1+a)b
w(byz) = (14+a)b- (x—i( 5 ) )
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FOC:

x
1+a

(1+a)(x—%)—(l+a)b~l+7a =0 <<= z=(1+a)b & b=

Hence 8(z) = x/(1 4+ «) is the unique symmetric equilibrium.

(b) Revenue equivalence. Yes. The two ingredients hold:

1. Same allocation rule. In the hybrid, the highest bidder wins, and since § is strictly

increasing, the highest value also wins.

2. Same payment at the lowest type. A bidder with = = 0 bids 0 and pays 0 in expectation.

Hence the hybrid yields the same expected payment per type as FPA and SPA: mhvPrid () =
z2 /2.

Verification. The expected payment of a winning type-z bidder is (1 + «)f(x)/2 = z/2;
win probability is x; expected payment x - z/2 = 22/2. v

(c) Optimal reserve. By revenue equivalence, the optimal reserve in the hybrid equals

the optimal reserve in the SPA, which is the root of the virtual value:

p(r) =22 —1, p(r\)=0 = r*:%.

*

=1 maximum revenue 5/12.

The optimal reserve is independent of a.

Remark (The reserve is format-free).

A striking corollary of revenue equivalence: the optimal reserve is determined entirely by
the bidder’s type distribution (via the virtual value), not by the auction format. Whether
the seller runs FPA, SPA; all-pay, or hybrid, the same threshold r* = (1 — F(r*))/f(r*)
extracts the most revenue. Format choice affects the bidder’s effort and risk profile, but
the optimal threshold sits at the intersection of demand-side incentives and the seller’s

marginal revenue curve.
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Spring 2025. Three questions; answer all three.

Problems

Problem 1

Consider a two-sided matching problem between students S = {si,s2,s3} and colleges
= {c1,c2,c3}. Each college has only one slot. The (strict) preferences are:

P(s1) | P(s \ H P(c 2) | P(cs)
C1 Cc1 S1
Co Co S9
c3 0 0

where () denotes that all other matches are unacceptable. Thus sy deems c3 unacceptable

and c3 deems sz unacceptable.
(a) Find the stable matching from the Gale-Shapley algorithm when students make offers.
(b) Find the corresponding matching when colleges make admission offers.

(¢) Are there any other stable matchings?

Problem 2
Consider the game G:
H M L
H|33 1,1 0,5
MI|1,1 2,2 0,1
L|50 1,0 -1, -1

) 3

Let G°(c0) denote the game where G is infinitely repeated with common discount factor

§ € (0,1). There is perfect monitoring.

(a) Consider outcome paths (i) (H,H),(H,H),... and (ii) (M, M), (M, M),.... Players
play the “trigger” strategy: start with (i), continue if no deviations; if any deviation
from (i), play (ii) forever. For what values of ¢ do the trigger strategies constitute a

subgame perfect equilibrium of G?(00)?
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(b) Now consider paths (i) (H,H),(H,H),... and (ii) (L, L), (H,H),(H, H),.... Players
play the “forgiving” strategy: start with (i), continue if no deviations; if any deviation
from (i), start (ii); if any deviation from (ii), restart (ii). For what values of 6 do the
forgiving strategies constitute a subgame perfect equilibrium?

Problem 3

Consider the signaling game depicted below. Player 1 can be of two types: strong (S) with
probability p and weak (W) with probability 1 — p. Knowing his own type, player 1 takes
one of two actions: he can give a gift to player 2 (G) or not (N). If N, the game ends. If G,
player 2 takes one of two actions: accept (A) or reject (R). Player 2 does not know player

1’s type. Payoffs (player 1, player 2):

Type | N (G,4) (G,R)
S 10,0 1,1 -1,0
W 0,0 1,-1 -1,0

(a) Show that the game has a pooling perfect Bayesian equilibrium (PBE) in which both
types of player 1 choose N. Carefully specify the strategies and beliefs.

(b) Show that the game has a pooling PBE in which both types of player 1 choose G if
and only if p > 1/2.

(¢) Does the game have a PBE which is separating? Does it have a Nash equilibrium

which is separating?
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Solutions

Problem 1

(a) Student-proposing DA.
Round 1. s1,892,53 — c1. College ¢; holds s; and rejects so, s3.
Round 2. so — ca, 83 — C3.

e ¢ holds ss.
e c3 rejects s3 (unacceptable).

Round 3. s3 — co (third on P(s3)). c2 has both sy and s3; P(c2) = s1, $3, S2, so holds
S3, rejects so.

Round /. ss has no further acceptable colleges. s unmatched.

us = {(s1,c1), (s3,¢2)}, s2 and c3 unmatched.

(b) College-proposing DA.
Round 1. ¢1,c2,c3 — s1. s1 holds ¢y, rejects co, c3.
Round 2. cog — s3. c3 — S9.

e s3 holds ¢o (acceptable).
e s rejects ¢z (unacceptable).

Round 3. c3 has no further acceptable students. ¢3 unmatched.

ue = {(s1,¢1), (s3,¢2)}, s and c3 unmatched.

The two procedures yield the same matching.
(c) Other stable matchings? No. By the Rural Hospital Theorem, the unmatched
set is identical across stable matchings; here that’s {s2,c3}. So only {s1,s3} are matched

to {c1,c2}. There are two such matchings:
o u={(s1,c1),(83,¢2)} (the DA outcome).
o W ={(s1,¢2),(s3,c1)}.

Check p': (s1,c1) blocks (s1 prefers ¢; to co; ¢; prefers sy to s3). Not stable.
The unique stable matching is pus = puc = {(s1,¢1), (s3,¢2)}.

Remark (Coincidence of pg and puc).

When the student-proposing and college-proposing DAs return the same matching, the
stable-matching lattice is a singleton. Sufficient conditions: every agent has a unique
top choice, and preferences exhibit “fitness compatibility” (strong agents prefer strong
agents). Here, all colleges rank s; first, all students rank ¢; first. The Rural Hospital
Theorem then forces the unmatched set to coincide, narrowing candidate matchings to
two; only one is stable.
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Problem 2

This is identical to Problem 12.2 of the problem sets; we recapitulate the key thresholds.
(a) Trigger strategy. On-path: (H, H) in every period. Off-path (after deviation):
switch permanently to (M, M). Best one-shot deviation from H against H is L, yielding 5.
Punishment value 1275. No-deviation condition:
3 2
—— >54+ 5 —— = 6§ > 2
15 -°>"%1% =3
(b) Forgiving strategy. On-path: (H, H). Off-path: (L, L) for one period, then return
to (H, H). Restart on deviation from L.
On-path constraint: % >54+6(—1)+ 4% % rearranges to 0 > %
Punishment-phase constraint: —1 -+ ¢ - % >0+45(—1)+6%- % rearranges to § > %,
slack relative to the on-path constraint.
Answer. (H, H) is sustained as SPE under forgiving iff § > 1, looser than the trigger

threshold § > %

Remark (Why forgiveness wins).

The forgiving strategy concentrates punishment in a single high-pain period (loss of 4
relative to cooperation) followed by recovery, while the trigger spreads a milder punish-
ment over an infinite horizon. For deterrence, what matters is the present-value sum of
losses; forgiveness compresses the loss into a single period and therefore deters at lower 0.
Shorter, harsher punishments dominate longer, milder ones for sustaining cooperation

at moderate patience.

Problem 3

(a) Pooling PBE in which both types choose N.

Strategies. 01(S) = o1 (W) = N. Player 2 (off-path, after G): play R.

Beliefs. On-path, neither type chooses GG, so player 2’s info set after GG is reached with
probability 0; assign any off-path belief (S | G) < 1/2.

Verification.

o Player 2 at G: given u < 1/2,
Blus | Al =1+ (1—p)(—1) =2~ 1<0,  Efus | B =0,

R is weakly best.

o Player 1: both types compare u1(NN) = 0 vs u1(G) = —1 (since player 2 plays R). Both
prefer N.

Strategies and beliefs are mutually consistent. Pooling-on-N is a PBE.

(b) Pooling PBE in which both types choose G, iff p > 1/2.

Strategies. 01(S) = o1(W) = G.

On-path belief. By Bayes’ rule, u(S | G) = p. Player 2’s expected utility from A is 2p—1,
from R is 0; player 2 plays A iff p > 1/2.
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Sequential rationality of player 1. Both types compare:

@) 1 if player 2 plays A ) 0
(U5} = s Ul = .
—1 if player 2 plays R

Player 1 prefers G iff player 2 plays A, requiring p > 1/2.

Conclusion. Pooling-on-G PBE exists iff p > 1/2.

(c) Separating PBE? No. Two candidates:

S — G, W — N. On-path u(S | G) =1, so player 2 plays A. W deviating to G: player
2 still plays A (on-path belief), giving W payoff 1 > 0 = uq(N). W deviates—contradicts
separation.

S — N, W — G. On-path u(S | G) =0, so player 2 plays R. W gets u1(G,R) = —1 <
0 =wu1(N). W deviates to N—contradicts separation.

No separating PBE.

Separating Nash equilibrium? Also no. NE doesn’t require sequential rationality
off-path, but player 2’s strategy must still be BR to ;. For Candidate 1, 01 — G implies
S, BR for player 2 at G is A, W deviates. For Candidate 2, 01 — G implies W, BR is R,
W gets —1 < 0, prefers N. Neither NE.

‘Why no separation works. Both types have identical payoffs for all action profiles: the
gift’s cost and the rejection penalty are type-independent. With no type-specific incentive

differential, player 1 cannot credibly signal his type via gift-giving.
Remark (Single-crossing as the key).

In the Spence model, the cost of education e/# is decreasing in the type, so high types find
signaling cheaper. The resulting indifference curves cross exactly once (Spence-Mirrlees).
Here, the cost of G (relative to N) is identical for both types, so the indifference curves are
parallel—no separation possible. Signaling games require the marginal cost of the signal
to differ across types. Without that asymmetry, no signaling can credibly distinguish
the types.
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Date: February 17, 2026. Three questions; answer all three.

Problems

Problem 1

Consider the following two-player game where the payoffs are given in monetary amounts
(dollars):
| L M R
U|1l,-1 36,—-36 0,0
D|9,-9 4,-4 16,16

(a) First, suppose both players have utility functions ui(z) = us(z) = x, so the numbers
above are also utilities. Find an equilibrium of the game. What are the expected

dollar payoffs in this equilibrium?

(b) Now suppose player 1 becomes risk-averse with Bernoulli utility v;(z) = /z, while
player 2 remains risk-neutral with us(z) = z. How is the equilibrium from part
(a) affected? In particular, how does this affect the expected dollar payoff of player
1?7 What is player 1’s equilibrium expected utility, and what is his dollar certainty

equivalent?

Problem 2

The following table gives the per-firm profit 7 as a function of the total number of firms n

in an oligopolistic market:

n |1 [ 2] 3[4+
m(n) | 450 | 350 | 100 | (—)

If there is only one firm, profit is 450; if two firms, each earns 350; with three firms, each
earns 100; with four or more firms, each makes a loss. Three potential entrants decide
sequentially: first firm 1, then firm 2, then firm 3. Absent other considerations, all three

enter and earn 100.

(a) Suppose firms operating in the industry can use advertising as an entry barrier. To
enter, a new firm must match incumbent advertising. If firms 1 and 2 are in the

market, they must each spend 100 to keep firm 3 out. How many firms enter?
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(b) Now suppose the government regulates advertising: no firm may spend more than
25% of its gross profit. If firms 1 and 2 are in the market, the cap is 0.25 - 350 = 87.5.
What effect does this regulation have on the number of firms?

Problem 3

Consider a market with two firms that produce differentiated products. The demand for

firm 7’s product as a function of its own price p; and rival’s price p; is
where a > 1 and 0 < b < 1. Constant unit cost is ¢ € [0, 1] and prices p; € [, 1].

(a) Show that the resulting game is supermodular. What is the set of rationalizable

strategies?

(b) Is the resulting game also a potential game? If so, what is the potential function?
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Solutions

Problem 1

(a) Both risk-neutral. The game is zero-sum with player 1’s payoff matrix

\LMR
Ul1 36 0
D|9 4 16

No row or column is dominated; the equilibrium is in mixed strategies. Let p = Pr(U).

Player 1’s expected payoff against each pure column is
vs L: 9— 8p, vs M : 44 32p, vs R: 16 — 16p.

Player 2 chooses the minimum; player 1 picks p to maximize the lower envelope. The

pairwise crossings:
L=M:p=4% (value8), M=R:p=1 (valuel2), L=R:p=7{ (value2).

On [0, 1] binding line is M (increasing); on [§,I] it is L (decreasing); on [£,1] it is R.

Maximum at L-M crossing:

At p* = %, player 2 mixes only over L and M (since R gives 14 > 8). To make player 1
indifferent between U and D:

qr - 1+qnm 36 = qr -9+ qu -4 = qr = 4qu-.

With g, + qu =1: qr = 2,qu = 1.

Equilibrium. oy = (%,1) over (U,D); o2 = (%,£,0) over (L, M,R). Expected dollar
payoffs (38, —$8).

(b) Player 1 risk-averse with v;(z) = y/z. Dollar payoffs unchanged; player 1’s

utility matrix becomes

\LMR
Ul1 6 0
D|3 2 4

Player 2 still maximizes the negative of dollar payoff, so the same envelope analysis applies:

*

p* = %. Update player 2’s mix to keep player 1 indifferent under new utilities:
qr +6qym = 3qL + 290 = qr = 2qu-

Hence qr, = %qM = % Verify player 2’s indifference (in dollars) at p = %: vs L,9—1=28;
vs M,44+4=8;vs R, 14 >8. vV

Effect on the equilibrium. Player 1’s mix unchanged at (é, %); player 2’s shifts toward
M:
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Intuitively, the high-stakes outcome (U, M) pays $36, which is only 6 in utility for risk-averse
player 1; player 2 must put more weight on M to keep player 1 willing to play U.
Player 1’s expected dollar payoff. At p = %, against any L/M mix, expected dollar:

Still , unchanged.
Player 1’s expected utility.

Risk premium: $8 — $%! = $8 ~ $0.89. Expected dollar is the same in (a) and (b), but
player 1 would forfeit $0.89 to avoid the equilibrium gamble.

Problem 2

(a) Unrestricted advertising. Backward induction.

Stage 3 (firm 3 decides, given firms 1, 2 in). If 1, 2 each spend A = 100, firm 3’s net
entry payoff is 7(3) — 100 = 0, stays out. Firms 1, 2 each net m(2) — 100 = 250.

Stage 2 (firm 2 decides).

« Enter: net 250.

o Stay out: firm 1 alone faces firm 3. To deter firm 3 from entering a 2-firm market, firm 1
needs A > m(2) = 350, leaving 7(1) — 350 = 100. Without deterrence, firm 3 enters and
both earn 7(2) = 350. Since 350 > 100, firm 1 chooses no deterrence; firm 3 enters; firm
2 nets 0.

Firm 2 enters (250 > 0).
Stage 1 (firm 1 decides).

o Enter: from stage 2, firm 2 enters, both spend 100 to deter firm 3, firm 1 nets 250.
e Stay out: firm 2 enters alone, firm 3 enters, both net 350, firm 1 nets 0.

Firm 1 enters.

| Two firms enter. | Profits: 250, 250, 0.

(b) The 25% regulation. With two firms in the market, gross profit is 7(2) = 350,
regulatory cap is 87.5. Firm 3’s net entry payoff:

7(3) — 87.5 = 12.5 > 0.

Firm 3 enters under the cap—deterrence is no longer feasible. Working backwards: when
firm 1 is alone, the cap is 112.5, far below the 350 needed to deter firm 2; firm 2 enters
easily. Firms 2 and 3 then enter, with firm 3 not even spending on ads.

All three firms enter. | Each ends with 7(3) = 100.
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Lesson. A modest ad cap can break a sustainable deterrence regime by forcing the
matching cost below the post-entry profit. The regulation, intended to limit anti-competitive
behavior, causes a transition from a duopoly to a triopoly. Welfare comparison is mixed:
consumers benefit from more competition, but firms collectively lose rent.

Problem 3

(a) Supermodularity and rationalizable strategies. Profit:
mi(p1,p2) = (pi —c)(a — p; + bpj).

Compute partials:

Omi Te— 2+ b O%m;
= a Cc— i j 5
api P Pi

Strategy spaces [c, 1] are lattices; positive cross-partial confirms supermodularity.
Best response. Setting 0m;/0p; = 0:

a+c+bp;

BR; (pj) = 9

Strictly increasing in p; with slope b/2 < 1, so iterated best response is a contraction.
Solving p* = BR(p*):

« _ a+c
e

Rationalizable strategies. In a supermodular game with a contraction-mapping best
response, iterated elimination of strictly dominated strategies converges to the unique fixed

a—+c
R = {2 i b} .
(Implicit: a +b+ ¢ <2sop* <1.)
(b) Potential function. A smooth game has a potential function iff 92P/0p;0p; =
0?P/dp;Op; (Schwarz). Both equal b:

point:

om0 0m,
dp; Op; dp; Op;

Try the symmetric quadratic candidate

P(p1,p2) = (a+¢)(p1+p2) — (p} + p3) + bp1po.

Verification: op 9
1
7 = (a+¢)=2p1+bp = —,
op1 ( ) Op1
and symmetrically for po. The game is both supermodular and a (cardinal) potential game;

the maximizer of P coincides with the unique NE.

Remark (Two routes to existence).
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Supermodularity gives existence via Tarski’s fixed-point theorem (best-response mono-
tonicity on a lattice). Potential structure gives existence via maximization of a single
function. The Bertrand model with linear demand satisfies both. Whenever both hold,

the maximizer of P provides a refinement-friendly NE selection.
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Date: March 81, 2026. Three questions; answer all three.

Problems

Problem 1

Carefully define the following terms.
(a) A bargaining solution (in the axiomatic bargaining framework).
(b) The virtual value function associated with a distribution F'.

(¢) The Vickrey-Clarke-Groves (VCG) mechanism.

Problem 2

Two players bargain via the Rubinstein alternating-offer procedure to divide a “pie” of size
1.

(a) Suppose the players have different utility functions: w;(z) = z and ua(z) = /7, and
use a common discount factor 6 € (0,1) to discount future utilities. How will the pie

be split in the unique subgame perfect equilibrium?

(b) Now suppose both players have identical linear utility functions u(z) = z but use
different discount factors 6; < dz (both in (0,1)).
1. How will the pie be split?

2. For what value of d3 is the split in part (b) the same as in part (a) when the

common discount factor 6 = §;7

Problem 3

There is a single object for sale and two potential buyers are bidding for the object. Bidder
1 assigns a value X; to the object. Each X; is iid uniform on [0, 1]. Bidder 7 knows x; and
only that the other bidder’s value is iid uniform on [0, 1]. The object has use value 0 to the

seller.

(a) Suppose the seller uses a second-price auction (SPA) with reserve price r > 0. What

is the optimal reserve price rSPA?
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(b) Now suppose the seller uses a first-price auction (FPA) with reserve » > 0. What is
the equilibrium bidding strategy £, : [0,1] — R? What is the optimal reserve r¥F4?
How does it compare to rSFPA?

(¢) Finally, suppose the seller uses an SPA but instead of a reserve price, charges each
bidder an entry fee ¢ > 0 (non-refundable, paid before bidding). What is the optimal

entry fee ¢SPA?
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Solutions

Problem 1

(a) Bargaining solution. Let U C R? denote the set of feasible expected utility profiles,
assumed compact and convex; let d € U be the disagreement point with Ju € U such that

u > d. A bargaining solution is a function
F:(U,d)— FU,d)eU

that selects, for each bargaining problem (U, d), a single utility profile in U. Nash’s axiomatic
characterization shows that the unique solution satisfying scale invariance, efficiency, sym-
metry, and ITA is the Nash bargaining solution

FN(U,d) = argmax(u; — dy)(ug — da).
uelU, u>d
(b) Virtual value function. Let F be a strictly increasing CDF on [0, Z] with contin-
uous density f = F’. The virtual value function is

o, 1—F(x)

It captures the marginal revenue of allocating to a buyer of type z: the buyer’s value z
minus the information rent (1 — F(z))/f(x) that incentive compatibility forces the seller to
leave for higher types. The seller’s expected revenue from any IC mechanism with allocation
rule ¢ equals E[}, ¢(x;)g;i(x)], so the optimal mechanism allocates to the bidder with the
highest non-negative virtual value.

(c) VCG mechanism. Let Q*(z) € argmax Zjvzl Qj(x)z; be an efficient alloca-
tion rule, and write W(z) = > . Qj(z)x; for total maximized social surplus, W_;(z) =
> j2i @ (x)z; for the surplus of agents other than i. The VCG mechanism pairs Q* with
the Clarke pivot payment rule

M (x) = W(ag, ;) — W_i(x),

where «; is the lowest possible type. The payment is the externality ¢ imposes on others.
Truth-telling is weakly dominant; the mechanism is efficient, individually rational, and

revenue-maximizing among all efficient and IC mechanisms.

Problem 2
The Rubinstein indifference conditions in SPE are
ui(y*) = drur(z”), uz (1 —z*) = daua(l — y*),

where z* is player 1’s share when she proposes (G1) and y* is player 1’s share when player

2 proposes (G3).

© Rui Zhou 2026. Do not redistribute without permission.



SECOND MID-TERM EXAM (2026) 272

(a) Different utilities, common d. With u1(z) = z, u2(2) = /2, 61 = §3 = §:

y* = ox”, VI—z* =61 -y <= 1—z"=48(1—y").
Substituting:

1+6

1_*:2_3* *1_3:1_2 * )
¥ =07 —0"2" = z*(1-6°) 0" = x Tis15°

Hence y* = §(1+6)/(1 + d + 6%).

In the unique SPE, player 1 keeps z* and offers player 2 1 —z* = §2/(1+ 6+ 62). Player
2 accepts immediately. As 6 — 1, * — 2/3: the more risk-averse (concave) player 2 ends
up with the smaller share, because concavity reduces effective patience.

(b.1) The split (linear, asymmetric §). With u(z) = z and §; < J3:

y’k :511:*, 1—-2z* :52(1—y*>:52—61521}*.

Solving:

1—4

1752:x(175152):> x :1—76162

Player 1 keeps * and offers 1 — 2* = d2(1 — 1) /(1 — 6162).
Since §; < d2 (player 1 more impatient), as 61,02 — 1, 2* — % from below: more
impatience hurts the proposer’s bargaining position.

(b.2) Equating splits. Setting (b.1)’s share equal to (a)’s when § = d;:

1—99 . 1+
1—6165 146 +6%°

Cross-multiplying and expanding:

(1—82)(1+ 81 +02) = (14 61)(1 — 6162).

Interpretation. The square-root utility in (a) is mathematically equivalent (for the Ru-

After collecting like terms in 4y,

binstein indifference equations) to a linear utility with effective discount §2. Composing
/- with one period of §-discounting yields a payoff that, in linear-utility terms, has been
discounted by 62. Concavity is observationally indistinguishable from extra impatience.

Problem 3

(a) Optimal reserve in SPA. Truth-telling is dominant. Decomposing revenue by realized

event:

RPAMY =1 —=r)2-(r+(1—=7)/3)+  2r(l—=7)-r 40
both bid only one bids, pays reserve
(1= 7)1 +7+472)
3 .
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Differentiating,
d
- [1+3r% —4r%] = 6r — 12r% = 6r(1 — 2r).
FOC r = %:
TSPA _ % 7 RSPA(%) _ 1752

Cross-check: ¢(z) =2z —1, ¢(r) =0 < r=1.

(b) Optimal reserve in FPA. In the symmetric equilibrium with strictly increasing
Br on [r,1], a type-z bidder (x > r) chooses b to maximize win-probability times surplus.
Under symmetry, bidder ¢ wins iff opponent’s value is below 3,71(b) (covers both “opponent

doesn’t enter” and “opponent has a lower bid”). Pretending to be type v = 5 1(b):

U(v;z) = v(x — Br(v)).

FOC at v = a: p
v = (@) —2B,(x) =0 = —[ah:(z)] = .
Integrate from r to x with boundary S,.(r) = r:
2 _ .2 2,2
xﬁr(x)—rgzx 2r = Br(x):x 2—;7” , xe€rl].

Optimal reserve. By the Revenue Equivalence Theorem, FPA and SPA with the same
reserve allocate identically and assign the same expected payment to the marginal type, so
RFPA(r) = RSPA(r) for every r:

(c) Optimal entry fee in SPA. Symmetric equilibrium has a participation cutoff z*:
bidders enter iff x > x*. Among participants, bidding is truthful.
A participating type z > z* has interim utility
x 2 *)2
U(J;):x*-x—i—/ (x—y)dy—c:%—c.

T*

The cutoff type is indifferent: U(x*) = 0:
(") =c = 2% =/

Equivalence with reserve SPA. The interim expected payment of a participating type x
is x (:E*)2 + $2

xr
which (with «* = r) coincides with the reserve-r SPA payment. The two mechanisms are
payment-equivalent type by type, hence revenue-equivalent. Maximizing over c is equivalent

to maximizing over r = /c:

(SPA _

V/(SPA _ SPA _

Lol

1
2
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Maximum revenue is again 5/12.

Remark (Reserves and entry fees as duals).

Both instruments—a reserve price r and an entry fee c—implement the same allocation
rule: only types above some cutoff transact, and the cutoff is set where virtual value
equals zero. Their revenue equivalence at the optimum is no coincidence: both mech-
anisms generate the same interim payment schedule and extract the same information
rent. For practical market design, the choice is administrative (entry fees are simpler to

enforce; reserves can be set after observing competition).
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Final Exam (2026)

Spring 2026. Three questions; answer all three.

Problems

Problem 1

Consider a two-sided matching problem between students in the set S = {s1, 2,53} and
colleges in the set C' = {c1, ca,c3}. Each college has only one slot. The (strict) preferences

of the agents (top is best etc.) are:

P(s1) | P(sa) | P(sa) || P(er) | Plea) | Ples)
Cc1 Co c1 So S1 S1
C2 C1 C2 S1 52 52
c3 c3 C3 S3 S3 53

(a) Suppose that matching is determined by the Gale-Shapley algorithm when students
make offers (apply). What is the resulting stable matching pug?

(b) Is the matching p = {(c1, s3), (¢2,81), (c3,82)} stable?

(¢) Show that college ¢; can manipulate the outcome in its favor by submitting the false
preference P’'(c1) = so > s3 > sp instead of P(c1). In other words, if p denotes
the outcome of the Gale-Shapley algorithm with students proposing when ¢; submits
the false preference P’(c;) (and all others submit their true preferences), then ¢; is

better-off in the matching p's rather than pg.

Problem 2

Consider the prisoners’ dilemma game G:

| ¢ D
cl 22 -1,3
D|3,-1 0,0

and denote by G(2) its two-fold repetition in which before playing in the second period,

both players observe all choices in period 1.

(a) Show that the unique Nash equilibrium outcome of G(2) is (D, D), (D, D). (Note that
the question is not about subgame perfect equilibria but rather Nash equilibria.)
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(b) Next consider the modified prisoner’s dilemma game G’:

C D E
cl 2,2 1,3 -2 -2
D| 3 -1 00 —1,-2
E|-2 -2 —-2,-1 -2 -2

Show that (C,C), (D, D) is a Nash equilibrium outcome of G’'(2). Is it a subgame

perfect equilibrium outcome of G’'(2) as well?

Problem 3

~1,-1 1,0 0,2

(entrant, store)

Consider the entry game above in which a chain-store (player C') faces a threat of entry
from an entrant (player F). E can either enter (play In) or not (play Out) and C' can either
fight entry (play F') or accommodate it (play A). The payoffs are given in the tree where
the first number is the entrant’s payoff and the second is the chain-store’s payoff.

Suppose that there are two (2) periods and in each period, the game above is played
against a different entrant. In period 1, the chain-store faces the first entrant, F4, and in
period 2, it faces F5. Outcomes in period 1 are observed by both C and Fs.

But there is a probability € < % that the chain-store’s payoffs are not as specified above
but rather such that the chain-store prefers to fight (play F') rather than to accommodate
(play A). Call such a chain-store “irrational”.

Consider the following strategies in the two-period game when the probability that the

chain-store is irrational is € < %.

(i) In period 1, the entrant E; enters for sure. The chain-store fights with probability

e/(1—e).

(ii) In period 2, the entrant Fs enters for sure if the outcome in period 1 was (In, A) and

enters with probability % if the outcome in period 1 was (In, F).

(a) Show that the strategies in (i) and (ii) constitute a perfect Bayesian equilibrium (PBE).
Make sure you specify players’ beliefs.

(b) (Optional for extra credit) Show that the outcome in (a) is the unique PBE out-

come of this game.
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Solutions

Problem 1

(a) Student-proposing DA.

Round 1. s1,83 — ¢1 and sy — co. College ¢; has {s1,s3} and under P(c;) = s9 = s1 >
s3 holds s1, rejects s3. College co holds ss.

Round 2. s3 — co (next on P(s3)). ¢ has {s2,s3}; under P(cy) = s1 = s > s3 holds
So, rejects ss.

Round 8. s3 — c3. c3 holds ss.

ps = {(s1,c1), (s2,¢2), (s3,¢3)}

(b) Stability of = {(c1,s3), (c2,$1), (¢c3,52)}.

Consider the pair (s1,¢1). Under p, s1 is matched to ¢o, but P(sq1) ranks ¢; = ¢, s0 $1
prefers ¢;. Under p, ¢; is matched to sz, but P(cp) ranks s; > s3, so ¢; prefers s;. Hence
(s1,c1) is a blocking pair. The matching p is not stable.

(c) Manipulation by ¢;. Run student-proposing GS with ¢;’s reported preference
P'(¢1) = s9 > s3 > s1 (others truthful).

Round 1. s1,83 — ¢1 and so — ¢o. Under P’(c1), ¢; holds s3 and rejects s1. ¢ holds ss.

Round 2. s1 — ca. ¢ has {s1, s2}; under P(cz) holds s1, rejects ss.

Round 3. s3 — ¢1. ¢1 has {sao, s3}; under P’'(c1) = s3 = s3 = $1 holds sq, rejects s3.

Round 4. s3 — c2. c2 has {s1,s3}; under P(cz) holds sy, rejects ss.

Round 5. s3 — c3. c3 holds ss.

s = {(s1,c2), (s2,c1), (s3,¢3)}

Comparing under ¢1’s true preference P(c1) = so = s1 > s3: in pug, ¢1 gets s1; in pl, ¢
gets so. Since s >, s1, college ¢ is strictly better off under py. Misreporting pays.

Remark (Why students-proposing DA is not strategy-proof for colleges).

The Gale-Shapley algorithm is strategy-proof on the proposing side but not on the re-
ceiving side. By dropping s; down its list, ¢; rejects s; in round 1, which forces s; to
chase ¢y and displace s3. The displaced sy then proposes to ¢;, who—having reserved
a slot by rejecting its true top—mnow lands its true top choice so. This is the canonical
example showing that no stable mechanism is strategy-proof for both sides; one side

must be willing to manipulate.

Problem 2

(a) Unique NE outcome of G(2) is (D, D), (D, D).

The stage game G has D strictly dominant for both players, hence the unique stage NE
is (D, D) with payoff 0.

Consider any NE (01,02) of G(2). In any on-path period-2 history, the action profile
played must be a stage-NE of G: each player’s period-2 action solves a one-shot best-

response problem given the opponent’s period-2 action (continuation payoffs are zero in the
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last period). Since (D, D) is the unique NE of G, every on-path period-2 history must
produce (D, D), with continuation payoff 0 for each player regardless of period-1 play.

Knowing period-2 contributes 0 to total payoff irrespective of what happens in period 1,
period-1 play in any NE must be a NE of G itself. Hence period-1 must also be (D, D).

The unique NE outcome is ((D, D), (D, D)).

(b) (C,C),(D,D) is a NE outcome of G'(2).

Note first that in G', action E is strictly dominated by D for both players (compare row
by row: D payoffs 3,0, —1 vs E payoffs —2,—2, —2, and similarly by columns). So (D, D)
is again the unique stage NE of G'.

Consider the strategy profile:

e Period 1: play C.
o Period 2: play D if period-1 outcome was (C, C); play E if anyone deviated in period 1.

Beliefs are trivial (perfect monitoring); we check NE.

On-path payoffs. 2+ 0 = 2 for each player.

Deviation by player 1. The most attractive period-1 deviation is D, paying 3. Under
the prescribed strategies, player 2 plays F in period 2. Player 1’s strategy in period 2 (after
the deviation) is also F, giving —2. Total: 3+ (—-2) =1 < 2.

(Player 1 can additionally deviate in period 2 against player 2’s E: best response is D,
giving —1. Total: 3 + (—1) = 2 < 2. Not strictly better.)

By symmetry the same holds for player 2. Hence the profile is a NE; the outcome path
is (C,C),(D,D). v

Is it SPE? No. The threat “play FE if there was a period-1 deviation” is not credible:
in the period-2 subgame following any history, the only NE of the stage game G’ is (D, D),
since FE is strictly dominated. Playing E off-path is therefore not sequentially rational—
neither player is best-responding at the off-path period-2 information set. Thus the profile
fails subgame perfection.

In fact, by the same logic as part (a), every SPE of G’(2) plays the unique stage-NE
(D, D) in both periods. The outcome (C, C), (D, D) cannot be sustained as an SPE outcome.

Remark (NE vs SPE in finite repetition).

Cooperation can be sustained as a NE outcome in G'(2) but not in G(2), even though
both stage games have (D, D) as the unique NE. The difference is that G’ contains a
third action E that is worse than the stage NE D. This gives players an off-path threat
that is harsher than the stage NE—enough to deter the period-1 cooperation deviation.
In G(2) no such threat exists, since (D, D) is the worst achievable continuation (given
that period-2 must be a stage NE). The trick collapses under SPE because the threat
itself is not stage-NE; SPE forces both periods to be (D, D).

Problem 3

Throughout, write o for the probability that a rational chain-store fights when entered upon
in period 1, and ¢ for Es’s probability of entering after observing (In, F') in period 1. The
proposed strategies fix 0 =¢/(1 —¢) and ¢ = .
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(a) Verification of PBE.
Beliefs.

Ey’s prior at his initial decision: Pr(() rational) =1 —e.

E5 after (In, A): rational store with probability 1. (Irrational store always plays F, so A

rules out irrationality.)

E, after (In, F'): by Bayes’ rule,

. 1—¢)o (1—¢)- =
u = Pr(()rational | F) = (1_(5)J+€.1 = E+51 < =1

E, after Out: off path; assign the prior, Pr(() rational) = 1 — ¢ (Bayes-consistent since

Out reveals no type information).
Sequential rationality, period 2 (last period).

In period 2, the rational store strictly prefers A (gives 0) to F' (gives —1) whenever

entered upon—it’s a one-shot subgame. The irrational store fights by definition. v/

Es5 after (In, A): believes store is rational, so accommodation is certain; payoff from In
is 1, from QOut is 0. Enters. v/

E, after (In,F): = %, so expected payoff from In is 1(1) + 2(—1) = 0, equal to Out.
Indifferent; mixing %-% is sequentially rational. v

Sequential rationality, period 1.

Rational store after F; enters. Continuation payoffs:

uc(F) = =1+ [q-0+(1—q)-2] = -1+2(1—¢q) = 1—2g,
uc(A) = 0+ [1-0] = 0,

where after (In, A) the rational store accommodates entry in period 2 (payoff 0), and after
(In, F) entry occurs with probability ¢ (giving 0 since the rational store accommodates)
and Out occurs with probability 1 — ¢ (giving 2). At ¢ = 3: uc(F) = uc(A) = 0. The

rational store is indifferent, so mixing o = ¢/(1 — ¢) is sequentially rational. v/

FE4’s expected payoff from In:
Pr(OF)- (1) +Pr()A4)-1 = —2e+(1—2¢) = 1 —4e > 0,

using Pr(() F) = (1 —€)o + £ = 2e. Since € < 1, this exceeds the Out-payoff of 0. v/

All beliefs are consistent with strategies via Bayes’ rule on path, and all actions are

sequentially rational given beliefs. The pair (8, i) is a PBE.

(b) Uniqueness of the PBE outcome (extra credit).
Fix any PBE. We show the equilibrium has the same play as in part (a).

Step 1: Period-2 rational store accommodates whenever entered upon. The period 2

subgame (after any history with entry) is a one-shot game; the rational store strictly prefers

A to F. So in any PBE, the rational store accommodates in period 2.

Step 2: Ey’s period-2 strategy is pinned down by beliefs. Given step 1:
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o After (In, A), E5’s posterior must put probability 1 on rational (irrational types never

play A). So Es strictly prefers In (payoff 1 vs 0); enters for sure.

o After (In, F), let u be Fy’s posterior on rational. Expected payoff from In is 2u — 1; from
Out is 0. Es enters iff > 3, stays out iff 4 < %, and may mix (any ¢ € [0,1]) iff p = 3.

Step 8: The period-1 rational store mizes. Suppose E; enters (we verify below); let o be
the probability the rational store fights and ¢ the probability Es enters after (In, F).

o If 0 = 0: by Bayes, u = 0, so Es stays out after (In, F'), ¢ = 0. Then uc(F)=1>0=

uc(A) for the rational store, contradicting o = 0.

e If o =1: by Bayes, u=1—¢ > % (since e < i < %), so Fy enters after F', ¢ = 1. Then
uc(F) = =1 <0 =uc(A) for the rational store, contradicting o = 1.

o Mixed o € (0,1): rational store indifferent requires 1 — 2¢ = 0, i.e., ¢ = % For E5 to

mix, 4 = 3, which by Bayes requires (1 —€)o = ¢, i.e., 0 = ¢/(1 —¢).

So in any PBE in which E; enters, 0 = ¢/(1 —¢) and ¢ = 3.

Step 4: Ey enters. Given the period-1 strategies in step 3, F;’s expected payoff from In
is 1 —4e > 0. So In strictly dominates Out; F; enters. Hence the assumption “FE; enters”
in step 3 is in fact forced.

(If we instead try to construct a PBE in which E; stays Out, we still need to specify off-
path play for the rational store and F5. By step 1, the rational store accommodates in period
2; by step 3 applied to the off-path subgame, the rational store mixes with o0 =¢/(1 —¢) in
period 1. But then F;’s expected payoff from In is 1 — 4e > 0, contradicting the optimality
of Out. So no such PBE exists.)

The PBE is therefore essentially unique on the path of play, with outcome distribution:
E; enters; with probability 2¢ the store fights and Es randomizes; with probability 1 — 2¢

the store accommodates and F5 enters for sure.

Remark (Reputation as the engine).

Without the small probability € that the store is irrational, the unique SPE of the two-
period entry game is for both entrants to enter and the (rational) store to accommodate—
fighting is never sequentially rational in the last period, and unraveling kills deterrence
in period 1 too. The Kreps-Wilson reputation model shows that an arbitrarily small
€ > 0 overturns this: the rational store mimics the irrational type in period 1 with
positive probability, exploiting Fs’s residual uncertainty to deter entry. The probability
of fighting ¢/(1 — €) is calibrated to keep Ej’s posterior at exactly %, the indifference
threshold; any higher and Fy would surely stay out (so the rational store would always
fight, breaking equilibrium); any lower and Es would surely enter (so the rational store

would never fight, also breaking equilibrium).
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