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Chapter 3

Differentiation

3.1 Hardy-Littlewood Maximal Inequality

Definition 3.1.1: L'-Norm, Lebesgue Space

Suppose (X, S i) is a measure space. If f : X — [—00,00] is S-measurable, then the
L'-norm of f is denoted by ||f||1 and is defined by

191 := [ 151 du.
The Lebesgue space (L!-space) is defined by

L' () :={f + |Iflls < oo}

Remark.

e The Lebesgue space is a Banach space, i.e., a complete normed vector space.

o If f = g almost everywhere, we would consider f and g to be the same functions. In

fact, they would at most differ in a set of measure 0.
¢ (Definition of Norm) [|-||1 is a norm such that
— |Ifllk = 0, and ||f||» = 0 if and only if f = 0 almost everywhere.

— leflls = lel - I £l for c € R.
— (Triangle Inequality) ||f + glli < |Ifllx + llgll1-

Next, we will first detour to two lemmas that are crucial to the induction of Hardy-

Littlewood Maximal Inequality: Markov’s Inequality and Vitali Covering Lemma.
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Lemma 3.1.2: Markov's Inequality
Suppose (X, S, u1) is a measure space. If h € L' (i), then

p({zeX:|h(2)]>c}) <=-|hlh

Q|

for any ¢ > 0.

Proof for Lemma

p{e e X h@)]| > b = 1 du
{zeX:|h(z)|>c}

1

= 7/ C d,u;
C J{zeX:|h(z)|>c}
1

< */ |h| du
C J{zeX:|h(z)|>c}

1
*/|h|du
CJx

1
Z A
Al

IN

Before introducing Vitali Covering Lemma, we shall formally define the notion of 31.

Definition 3.1.3: 3/

Suppose [ is an bounded nonempty open interval of R. 37 is defined as an interval

with the same center as I and three times the length of 1.

Lemma 3.1.4: Vitali Covering Lemma

Suppose I, - - , I, is a list of bounded nonempty intervals in R. Then there exists a
disjoint sublist Iy, ,--- , I such that

m

LU---UI, €3I U--- U3, .

Proof for Lemma

We use the idea of greedy algorithm to take the largest remaining interval that is disjoint
from the previously selected intervals.
Let kq be such that

Ik, | = max{[I1],-- -, [In|}
Suppose ki,---,k; have been chosen. Let k;;1 be such that |ij+1| is as large as
possible subject to the collection that Iy,,- -, Iy;, I, , are disjoint. If there is no choice

of kj+1 such that Iy, , -, I,

j+1
start with a finite list, the procedure must eventually terminates after some number m

are disjoint, then the procedure terminates. Because we

of choices.
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We want to show that for any j € {1,--- ,n}:

I; €3I, U--- U3,

If j € {k1, -, km}, then we are done.
If j & {k1,--- , km}, let Iy, be the first that is not disjoint from I;. Thus I; is disjoint

from Iy, ,--- ,Ir,_,. Because I; is not chosen at the lth-step, which implies
1| < |

Also, I; and Iy, are not disjoint.

I; €3Iy, €3Ik, U--- U3y,

3 is the best constant here.
Definition 3.1.5: Hardy-Littlewood Maximal Function
Suppose h : R — R is a Lebesgue measurable function. Then the (Hardy-Littlewood)
mazimal function of h is the function h* : R — [0, co] defined by

b+t

1
h* (b) :=sup — |h| dA
t>0 2t b—t

1

b " . .
5 [, // |h| d\ represents the average over [b —t,b+t|. Hence h* aims to pick the largest

average around b.

Proposition 3.1.6: Hardy-Littlewood Maximal Inequality

Suppose h € L (R). Then

o lw

A({beR: A" (b) > c}) < — - [[h]h

for any ¢ > 0.

Proof for Proposition.

We will use the following fact for a measurable set A:

A(A) =sup{A(F): F C Aand F is closed and bounded}

Let F be a closed and bounded subset of A = {b € R: h* (b) > ¢}. We hope to show

A(F) < 2 |n]s
For each b € F, there exists t;, > 0 such that
1 b+t

— h| dX > ¢
2ty Jy—t, i
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Therefore
FC U (b—tp, b+ tp)
beF
By Heine-Borel theorem, there exists a finite subcover of F. Hence, there exist
b1, ,b, € F such that

n
F C U (bk _tbkabk +tbk)
k=1

Denote Iy, = (b — ts,, br + s, ). By Vitali covering lemma, we can extract a disjoint
sublist of {I};} such that

U I €31, U+~ UL,
k=1

m

Therefore,
AMF)<3ATey)+ -+ 2Ux,))

S o [ wa)
¢ Tk, Iy,
s§/ h] dA

c — 00

3
= —|hll
C
There is a "best” constant instead of 3.

3.2 Lebesgue Differentiation Theorem

3.2.1 First Version
Theorem 3.2.1: Lebesgue Differentiation Theorem, First Ver-
sion
Suppose F € L' (R). Then
b+t
tim oo [ 17 @ =@ ax=0

for almost every b € R.

Proof for Theorem

If f is a continuous every where, then

1 b+t

If (@)= f®)] drx< sup  |f(2)— f(b)

2t Jo_ z€(b—t,b+t)

If f is continuous, then f (x) — f (b) when t — 0.
Unfortunately, f € L' (R), we have no concrete information on the continuity of f.
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There exists a simple function A such that
If —hl<e
There exists a continuous function g : R — R such that

If =gl <e

Let 6 > 0. For each k > 0, there exists a continuous function hj : R — R such that

5
Ilf = hells < Tk
Let ) .
b= {peRslf - O < and (7- ) 0)< |
Then

R\B = {b € Ri1f (0= o) > for (7= 1" 0> 1 )

:{beR:|f(b)_fk(b)|>;}U{beR:(f—fk)*(b)>;}
=AUB

Apply Markov's and maximal inequality:

1) 1)
<k |f— Lo =2
)‘(A) <k ”f thl <k L2k ok
30
AA) < 3k-(I1f =Pl < 5
Therefore,
49
Let -
B=()Bx
k=1
Then
= 5
AR\B) <> Sz =40
k=1

Let b € B and t > 0. For each k£ > 0, we have

1 b+t 1 b+t
[l A< g [ 5@~ @) @)~ f B+ 1 (B)— £ B)) ax
b—t b—t
1 b+t
SG=h) O+ 5 [ @) = b ®)] A 16— £ )
b+t
<1+l |h () — hy (B)| d)\—i—l

=% 2, ki
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The intuition of the first version of Lebesgue Differentiation Theorem is that, when
taking the average over a small interval around a point b, the average will converge the
functional value f (b) at b.

3.2.2 Second Version

The first version of Lebesgue Differentiation Theorem does not bring in the concept of
derivative, which we have learned and got familiar in calculus. Soon we will see the second
version of Lebesgue Differentiation Theorem interacts well with the derivative. The following

gives the formal definition of derivative:

Definition 3.2.2: Derivative

Suppose g : I — R is a function defined on an open interval I, and b € I. The
derivative of g at b € I, denoted as ¢'(b), is defined as

Theorem 3.2.3

Suppose f € L'. Define g : R — R by

9@%=/;fM-

Then
g’ (b) = f(b)
if f is continuous at b.
Proof for Theorem
We have bt
— d\
1] ot
-3 G@-ro) ax
< sup [f(@)=f®B) 0

z€(b,b+t)

Theorem 3.2.4: Lebesgue Differentiation Theorem, Second

Version

g’ (b) = f (b) for almost every b € R.

Proof for Theorem
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fbb+tf d)\ -
t

gb+1t)—g(d)

) 7

SGE

1

t

t—0
=50

b+t
/b (f () — £ (8) dA

for almost every b € R, by the first version of Lebesgue Differentiation Theorem.
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