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Chapter 4

Product of Measures

4.1 Products of o-Algebras

Definition 4.1.1: Rectangle

Suppose X and Y are sets. A rectanglein X XY = {(z,y) :z € X,y €Y} is a set
of the form A x B, where AC X and BCY.

Definition 4.1.2

Suppose (X,S) and (Y, 7) are measurable spaces. Then

e The product (o-algebra) S ® T is defined to be the smallest o-algebra on X x Y
that contains {Ax B: A€ S,BeT}.

e A measurable rectangle in S® T is a set of A x B where A € S and B€ T.

SxT={(AB):AcS,BeT}
ST 2{AxB:AeS8,BeT}

Definition 4.1.3: Cross Section

Suppose X and Y are sets and E C X X Y. Then for a € X and b € Y, the cross
sections [E], and [E]" are defined by

[El, ={yeY:(ay) e E}CY
E={zeX:(z,b)eE} CX

Proposition 4.1.4: Cross Sections Preserve Measurability

Suppose (X, S) and (Y, T) are measurable spaces. If E € S® T, then [E], € T for
alla € X and [E], € SforallbeY.
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Proof for Proposition.

Let &£ be the collection of subsets of X x Y for which the conclusion of the result holds.
Note that £ contains all measurable rectangles: Ax B: A€ S,BeT.

Prove that £ is indeed a o-algebra:
e x€é&
o (Closed under complementation) If £ € £, then (x,y) \E € £.

o (Closed under countable union) If Fy, Es,--- € S, then

[ExUEyU---], = [E1], U[Ea], U~

Definition 4.1.5: Cross Section Function

Suppose X and Y are sets and f : X xY — R. For a € X and b € Y, the cross
section functions [f], : ¥ — R, [f]° : X — R are defined by [f], (w) :== f(a,y) for
yeY,and [f]’ (z) := f (z,b) for z € X.

Proposition 4.1.6

fis a 8§ ® T-measurable function, then [f] is a T-measurable function and | f}b is

an S-measurable function.

a

4.2 Products of Measures

Definition 4.2.1: Finite Measure

A measure y on a measurable space (X,S) is finite if 4 (X) < co. A measure p is
called o-finite if the whole space can be written as a countable union of sets with

finite measure.

Example.

o Lebesgue measure on [0, 1] is finite.

oo
n=—oo

o Lebesgue measure on R is o-finite, because R = | J n,n+1].

¢ Counting measure on R is not o-finite.
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Proposition 4.2.2
Suppose (X, S, 1) and (Y, T,v) are o-finite measure spaces. If £ € S ® T, then

o z+— v ([E],) is an S-measurable function on X.

oy u([E)Y) is a T-measurable function on Y.

Definition 4.2.3

Suppose (X, S, p) is a measurable space. g : X — [—00,00]. [g(z (z) means
[ g du, where du(z) indicates that variables other than z should be treated as
constants.

Definition 4.2.4: Iterated Integrals

Definition (Iterated Integrals) Suppose (X, S, u) and (Y, T, v) are o-finite mea-
sure spaces. f: X xY — R.

| [ 1@ @) dute /(/f:cy ) du( ))du(w)~

Example.

If X is the Lebesgue measure on R, then

: - [ 5= 352
/[0’4} /[0’4] (z2 +y) dA(y) dA (x)—/M (42% +8) dx(z) =.

Definition 4.2.5

Suppose (X, S, i) and (Y, T, v) are measure spaces. For E € SQT, define (u x v) (E)

by
(nxv)( //XExy dv (y) dA(z).

Proposition 4.2.6

X v is a measure on (X XY, S® 7).

Proof for Proposition.

It is trivial to see that (u x v) () = 0.
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(1 x v) is countably additive: Suppose Ej's are disjoint sets in S ® T,

<umoOJm>=//xwgm@wdwdem

k=1

k:l
:/X;U (z)
=’; Xv([ J.) du(z)
=) (uxv)(Ex)

k=1

Note that you may change the order of infinite series and integral by monotone
convergence theorem.

4.3 Order of Integration

Theorem 4.3.1: Tonellis's Theorem

Suppose (X, S, p) and (Y, T,v) are o-finite measure spaces. Suppose f: X x Y —
[0,00] is S ® T-measurable. Then

e 2 [, f(z,y) dv(y) is an S-measurable function on X.
o y— [y f(z,y) du(z) is a T-measurable function on Y.

o Jxuy f(@y) d(pxv) = Jx (Jy £( () dp(x) =
Jy Ux f (@,9) du(@)) ().

Proof for Theorem

Essentially, we only need to check if the theorem is true for f = xaxp (z,y).

/XxyXAxB duxu:/x(/YXAxB(y)) du ()

= [ v®) auta)

(B (4)
=uxv(AxB)

note that the equality in the last line is simply by definition of p x v.

Example.
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o Without o-finite:

— ([0,1],B.X\): Lebesgue measure space on [0, 1].
— ([0,1], B, 1): Counting measure space on [0, 1].
— Let D be the diagonal of [0,1] x [0,1], D = {(z,z) : z € [0,1]}.

/ / XDd/\du:/ 0dp=0
[0,1] J[0,1] [0,1]
/ / XDdud)\:/ 1dx=1
[0,1] J[0,1] [0,1]

o Without non-negativity:

2 _ .2 2,2
/ / %dxdy?e/ / Yy da
0.1 Jjo.1) (22 + y?) 0,1 Jjo,1] (22 + 92)

Theorem 4.3.2: Fubini's Theorem

Suppose (X,S, p) and (Y, T,v) are o-finite measure spaces. Suppose f : X x Y —
[—00,00] is S ® T-measurable, and [y [f| dp x v < co. Then

o [y |f (@)l (y) < oo for almost every z € X, and [y [f (z,y)| du(y) < oo for
almost every y € Y.

e x [y f(z,y) dv(y) is an S-measurable function on X. y — [ f (z,y) du ()
is a T-measurable function on Y.

o [xxy F@y) d(pxv) = Jx (fy f (@) () dp() =
fy (x £ (2,y) du(2)) (y).

Proof for Theorem

Apply Tonellis's theorem to f+, f~ and |f| < oo makes sure that both [ f* and [ f~
are finite.

Definition 4.3.3: Under-Graph Region

Definition () Suppose X is a set and f : X — [0,00] is a function. The region
under the graph f, denoted as Uy, is defined by

Ur ={(z,1) € (X,(0,00)) : 0 <t < f ()}
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Proposition 4.3.4

Suppose (X, S, 1) is a o-finite measure space, and f : X — [0, oo] is an S-measurable

function. Consider ((0,00),B,A) (where X is the Lebesgue measure). Then
UpeSxB

and

MXV(Uf)Z/de/J
:/(O )M({meX:O<t<f(x)}) dA (2)

Proof for Proposition.

Apply Tonellis' theorem to xy, (,t) to finish the proof.

4.4 Lebesgue Integration on R"

Consider the n-dimensional space

R™ = {(z1,22, "+ ,&p) : T1, T2, - , T, € R}

Pick any norm |[|-||2 on R™. We can define open balls:
B(z,0):={yeR": |z —ylla < §}

Definition 4.4.1: Borel s-algebra B, of R”

The Borel o-algebra B,, of R" is the smallest o-algebra that contains all open balls.

Proposition 4.4.2
B ® By, = Bt

Relate this result to R™ x R® = R™*n,

Definition 4.4.3: Lebesgue measure on R”

The Lebesgue measure on R”, )\, is defined inductively:
An = Apo1 X A1
where A; is the Lebesgue measure on (R, By).

Amtn = Am X An.
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